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Philosophy

▶ (local-global) gluing together “local” things to get a “global”
thing
▶ if something is true locally, is it true globally?

▶ (Yoneda) understand a space by studying the functions on it

Sheaves are a tool at the intersection of these two philosophies.



Presheaves

A presheaf F on a topological space X is the following data:

▶ for each open subset U ⊂ X , it assigns an abelian group F (U)

▶ (restriction maps) for each inclusion of open subsets U ⊂ V ,
there is a group homomorphism F (V ) → F (U)



Sheaves

Let U ⊂ X be an open subset, with an open covering U .

A sheaf F is a presheaf such that

1. (locality) if s, t ∈ F (U) are such that s|Ui
= t|Ui

for each
Ui ∈ U , then s = t.

2. (gluing) if for each i ∈ I there is a section si ∈ F (Ui ) such
that si |Ui∩Uj

= sj |Ui∩Uj
for all i , j ∈ I , then there exists a

section s ∈ F (U) such that s|Ui
= si for each i ∈ I .



Compact Riemann surfaces

▶ even topologically distinct compact Riemann surfaces have
the exact same global holomorphic functions

Source: greatmathmoments

https://sites.google.com/site/greatmathmoments/characteristic


Riemann-Roch

Theorem. For a compact Riemann surface X ,

dimCH0(X ,OX (D))− dimCH1(X ,OX (D)) = deg(D) + 1− g .
















