COMPLEX ANALYSIS ASSIGNMENT 1
Sometime, 2008

1. Let v : [a,b] — C be a path and Q@ = C\ ~*. In class we proved that the function
Ind, : Q@ — C defined by
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is integer-valued and concluded that it is constant on the conected components of 2. To
do this, however, requires that Ind, be continuous. Prove this by appealing directly to
the definition of continuity.

2. Suppose that v : [a,b] — C is a closed path with 0 ¢ v*. Prove that fA/ 2"dz = 0 for
n=-—2,-3,....
Hint: Find antiderivatives.

3. Let Q C R? be an open subset of the plane. Recall from multivariable calculus that the
line integral of a vector field F': Q — R? along a curve v : [a,b] — Q is defined to be
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Let v be the positively oriented circle of radius 1 centered at 0.

(a) Let R be the the vector field on R2\ {0} given by R(z,y) = (7, %) where r is the
radial distance fom the origin. Prove that the integral of B along v is zero.

(b) Let C be the vector field on B2\ {0} given by C(z,y) = (=%, %). Prove that the
integral of c along v is 2.

(c) The real and imaginary parts of Ind,(0) can be expressed in terms of line integrals
of vector fields along v. What are these vector fields?

Hint: Write fv %dz as fol %7/ (t)dt and break down into real and imaginary parts.
(d) Explain geometrically why Ind,(0) is nonzero.



