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GENERATING FUNCTIONS; SUBTRACTED SINGULARITIES 445

illustrated by Example 1. Debomposing the generating function of the
Fibonacci numbers into partial fractions, we obtain

PPN, ¥ o R T T
1—1—1 J5-1)/2—t (J5+1)/2+¢
The first partial fraction has a pole at t=1, == (~/§ —1)/2, the second at
t,=(—v5—1)/2. We note that || > |,].
Ignoring that the complete partial fraction decomposition is known, we
write the foregoing in the form
d(11c0i 1 B0 leg
1-t—7* 5-1)/2—1t
where about g we merely need to know that it is analytic for || <p where
p > |t;|. Now the first term can immediately be expanded in a power series:
1/v5  J5+1 S ( 2t )"
V5-1)/2-t 2¥5 Zo\W5-1/

As to the power series of g, we know by the Cauchy estimate that its
coefficients are bounded byup ™", where u is a constant. It thus follows that

g(1),

/. =‘/2§j§1 (7=) +o6™.

or

h— 00,

f"—_‘/ig(\/gz_‘_l)uﬂ,

We next consider a more general case:

{la. © THEOREM 11.10a

Thibe
Thm,

Let the function p be meromorphic, with simple poles at the points t,,
m=1,2,...,where |ty 1| >|t.|,m=1,2,...,andletr,, be the residue at by,
Then the coefficients p, defined by R TOTCHTT

pt)= § Pat”
n=0

£930ipa) i, (E—t.)

possess the following asymptotic expansion in terms of the asymptotic sequence
Tl
T'm

PLERR n 0o, (11.10-11)
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446 ASYMPTOTIC METHODS

Proof. For any positive integer m, the function 5t Lads. ‘%’ :
e, 5 g o o P
1= 1'1 =t St N
is analytic in |t| < |#,+1|. Its nth Taylor coefficient,

r ¢
< hr o Sl +rn_Ti',
1

thusis O(p™") for n >0, where p is any number <|t,,,,|. There follows
! r r,
lim ] pn + b+ - +or] =0
i t Im

form=1,2,....The formal series (11.10-11) thus satisfies property (B) of
§11.9, which is equivalent to the statement of the theorem. W

EXAMPLE 8

Let {p,} be the sequence of Taylor coefficients of I'(z) at z =1,

'(l+= § Fo o

n=0

It is known that p,= 1, p,=—y (the Euler constant); no simple formula for the
general coefficient exists. However, an asymptotic expansion is easily found. The
function I'(1 +¢#) has simple poles at the points #,, =—m, m =1, 2, . . . , with residues
Im =(—1)""'(m — 1)!; hence Theorem 11.10a yields
!
Z ( 1)n+k 1 (k n+1')’ n->00

k=1

[t is easy to see by means of the ratio test that the above series diverges for every n.
However, as an asymptotic series it has a definite meaning.

Theorem 11.10a can be extended to the case in which there are poles of
order higher than 1, or where several poles have equal moduli. We leave
these generalizations to the imagination of the reader and turn instead to the
situation, also of frequent occurrence in practice, in which the generating
function has singularities other than poles on the boundary of its disk of
convergence. Because there is no partial fraction expansion in such cases,
the simple device of subtracting singularities no longer works. However,
asyn?ﬁfbﬁc expansions can frequently be obtained by a method originally
Elue to Darboux. It makes use of certain elementary properties of Fourier
b!series.

Before stating Darboux’ result in a simple special case, we recall from

§11.9 that, for any complex number » that is not an integer, the sequence of (

functions defined on the positive integers n =1, 2, ... by

gk(n)1=-(£-:{f)-2,' v R WO, ... (11.10-12)
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