An alternstive Formulation

[‘-Y]’i?\ )‘Slsys

1$ o cleyed \'f\(!er n P

We defined +he incidenct s\Jter
T(P) ay +he st of all R-valved
(‘or some ring K) matrices M
indexed by the elements of P
svch fhct H(K.y)’O unless l.‘y.

Others define T(P) a¢ the set
of all 4$unctions §:Xnawevai >R
with  multiplicetion given by

(F-9)((*02) =) $0u3) g2,

neRsy
These are equivalent.

Not all posets are Lattices

Minimum and Max'imum elements

B socccﬂ'\vdj dakine meets, e
see +hot every Finite Latdice has
a un'utve MinIMVM element. R
This dement s vovally duncted O,

BY synndzryl Finte Leteices have

, '
u'\"%ie M‘l‘MuM Qu"eht$, d‘na CJ

by 1.

Lattices

The poset P is clled o (attice

3 every peir of elements ,('ng

has

e & umgqut \east vpber BounJl
called the join and denoted xvy,

and
e o unique drestest lower bovnd,

called +he Meet aad dencted x Ay.

Ex P=(3™ €) is a lottice,
svT=SvT,
=S NT,
Ex P=(N,\) is a laktice,
mV A = Acmlmn),
m AN = ged (min).

Set partitions

Let TV, dencte the collection of
ol (sed) Pcrﬁ\l'\om of [N

(Recall +hal 1Tl = 8Cn))

Dfine an order on . by

relinement:

T every block of o
13 (endained ine Meck of .

123 =7

/1IN

\/13 1/ 312

AN ¢

\J1]y =0
B(3) = 5,



4 4 h oy lll)/u 1342 12f9y

WP

VY ARl DN By T

7

W =0
B(4)=15.

Ls o o Lattice?

1 = 1z-+-n (one bleck)
6 - \/g/\../n (all sinJLCQOﬂS)
m

AT: the elements L and ) share
o block in AT if and
only W they share & block
in both MY and T.

‘ﬂ'vtz

Ex: set partitions of cards
i = oall cards in same block
5 = oll cards in different blocks
¢ = blocks are +he suits
C = blocks are +he wlors
VE blocks are the \:\ack;\ack
valves
N = bLo:.:s are +he names (CCC,KMJ.-»)
Observe:
Ss¢
NgV
NAS =0

NAC is al dovbleton blocks
svvs="T

T is a lattice

The poset ? s a meet - semilattice
it Ay existy for all %y P

Ex: TTy s o meet-semilattice.

Lemma 1630 Every finite meet—
semilattice with o MOAY IMU M
clement 19 @ Lattice.

M Svppose b satishies these

hypetheses ond take Xyel.

Let L={zel’ 22 yYd .

U s nonempty becavse c\Y,

and W i Finte becavse L

finte. Therebere W has &

miamed element  given by
W A VY A A U

where Uz, v, - vl This is

+he join f xand v. @



Weisner's Theorem 1633 Let L be
a finite (ettice ©oth 0 o 1. Then
Foe any element a #1 ia L,

S M1y =0

V‘Aﬁ:a

Note: The vsefulness o this
result 1o thet t allows vt
+o Compvtc M(G,L)' with less

hassle +han ouf 7r¢viws
recurrenct, Ohich wWa¢ based on

M(xli) = O,

N
Dexst

Example 1634 VUse Weisner's
Theorem <to compute /‘441-"('6.?).

T+ s up o us o choose a.

Set o 123 (A=) /f\.

Then XA = 6 = \il,"~/ﬂ W and
only d al elements of [n-1] Le
in afferent blocks A X.

There are n-1 svek ?Arti{iong

x = \[2f~[i ]t nfislf/n1.

Proof of Weisners Theorem

Fix a$l. We can rewrite Yhe sum
n ¥he +heorem @as

Z_M(“‘h {\ W xnaz O,

xeL o) o¥Yherwise,

3\, a bit of cleverness, 4this 1S
Zﬂ(x.i) Z M(0,7).

X eL yénna

Note Ahat yexne ifF yex adyss
S0 \,\, rgve,rs'mj +he order of
summat ion, this 19

ZM(S' y)ZM(X,T).

y¢o xely, 1]
Now Since Y <o, the aner
sum 15 alweys O. B

Nowu Weisner's Theorem shows
A AN
2_~81) =0,
x;*Aﬁis
so we have

,u,'“(a, ™ = -Z_Mw,,(",’i).

x €Wq
%0
lA‘:a

For these cheices of %,
[u, \ ] =3 ﬂ,\,\‘
So we set 4+hat

Akﬂl(ao?) = '\'
A

A

pa, (8,1 = 2 An )2 2,
i (6,7) = 3AT BN 6
and '\ general, oA
Mﬂ’n(a;‘i\ _'-(n-‘)#“n-\(o'\)/.
thus we see by induction that Mq (8.)
is )0 @



The £oll Mobius function for T

Suppese thet T, where

= B, IB;/'“ [ Bx.
Then T is formed bY spLitting
+hese blecks. Suppose By i
5?'.;{ iate b blocks in T.

Then ['_‘t,ff] 2 T\'b\ x‘ﬂ'btu w % '“—\,_,

$e b+~ by”

g (T, M = * e (D!

Connected graphs are counted by
3('&.) = J(\Z'--n).

But § s 4rivial 4o compute:

\" g = B\/B:,/'\"‘\/)B.. ,N‘f;\&ﬂ (|E,J)
fe) =t

Thesefore, W& con gt &

formuls  For g(&) by Mobibs

inversiomn.

Cevn{'ms connect ed Jr«phs

n
There are Q,(‘) (Labeled) Jraphs on (0],
How many are connected”?

Eoch j“‘?h G on [n] determings a
set partition, whose blocks are
t+he Verkices of its connected
chqaono.nis. Coll this pm{a'ﬁon (@),

For TeT,, define
3(‘() = # graphs with wlL)=T,

Fgr O'f‘“.n, J&g;ﬂa
$(9) = # graphs with (e,

= Z g(f).

TES



