Artichains in (F ¢)

Sperner's Theorem (%) ¥ a <"
s an astichain, then |al€ (L))

Proof: We uvse +he “LYM -l-uhm'zue,"
of Lobell, Yamamoto, and Mehalkin

from =~ lagHy.

A chain % meximal 1§ o other
element can be added to it withot
destroying the choin property.
The poset (2‘-'"], e) clearly has
n,  moximeh chains

FJemoC A C AgC cAh=['\1

An applicat ion of Sepecners Theorem

Littlewood - Offord (1943): Suppese

3,2, ., 2 C SO&iS‘V EMER

For every K. Then the number

of sums of the form Z txZx
&)

where E“Git\z‘ which lie jaside

the unit circle is at most

C 2 dogn
'
for ¢ome constant C20.

Ao, f A 15 a set o; siee k,
then K!(n-K)! of these maximed

chains  include A. Finally, i
06 2 s an astichaia, +hen
every saturated chain can inclvde
ot most one element of @, s0:

nl = st moximal chaing

> & moximel chains which include
a Mmember 0‘9 al

= J_ N (a1t

aAcQ \
: nl Tn
n: AZ‘Q (?&

This expression i minimived when

(\Q\) : (L‘r\lzﬂ, o we see that
lal /, n P
/(L"/zl) ¢l =

Ef“db’i ("HS): SUPPOSC X\'X;"wxnem
S°~'t‘f‘/ \Xe\2 | for every K. Then

the naumber of sumg of the form
S tuXe where £, €151 which Ut

Keln)
ingide any apen (N\'c.wc»( o? (ﬂrgﬂx

a ot mest (W)~ S

Proof: Fix an open interval TSR
of length A, WLOG, we may assume
that each Xe 19 Ppesitive, For any
Ac[n), we define

SN =S’ =2 *«.

ken K¢ A

Note thet the S(A) ivawﬁ'b'cs
ore precite!] the gums we are

interested in.




I$ AGB then S(B)>S(A) ja
fact, S(B) 2 S(A) +A. Therebore
at most one can Lie a I, so
the collection

A ={Asln]: s(A)eIY
forms an antichain. The resvlt
how Follows Srom Sperner's

Theerem. @

Symmetric Chain Decompos itions

We b'j\h with an Q.xaMp'.e, for Qtﬂi

@ O

A chain A\cp\lcn-cA,\QL\ﬂ is
a Symmetric chain 1
® \Axn\ P\k\ =\ £or oll k, and

@ lA.‘ "lAh\z n.

A symmetric chain decomposition SS“’)

of (At ¢) is a collection of
disjoint symmetric chains Whose
unien 15 (A ¢)

To ‘79.{ the FvW Liftlewood - OFford
recult, we will need ¢o genm»li!e.
Sperner's Theorem. While the LYM
tednaique 9gave o beavh{vl proof
of Sperners Theorem, we need to
vse o more combinatorial -proo‘
for the acntra.(igo.tior\.. As an
added bonus, +this combinatoriad
prood also Shows that the
binomiak coefficients are vnimoded.

Tt had been known that (I ¢)
has an SCD since the early
1a50's. The wmost e.)trl.iu'i, ond
frequently used, SCO for (A, ¢)
s dve to Greene and Klewt man
Lrom 19%6.

To specify an SCD, we need te
describe:

e when to shop

e how +e go "up’ 1§ we don't stop
We do this by sPeci#yMJ a
Suecessor function

g™ o MU {sterd,



The set AS(n]l has characteristic

vectoc (Al ia which the K™
component i | if Ke€A and
O otherwise.

Given A(A), we Mot ch the O and
\'s from  Left ¢o right: when o
O s encovntered, It becomes
an vamatched 0: when & \ 1
encovatered, it gets motched to
the right most uamatched ©
(which bSecomes MA‘(:d\ed).

B A:i3d es3eld]

(A = oo\\0\\1\0O
— 1\ vnmatchd O

vamotched 1S

Ve now strengthen Sperners Theorem:

Katona and Kleitman (i“dQPWMi, 1945):
Choose any pattition X/Y of (n)
wto nonemphy parts, and  a colleckion
Qa ¢ 1‘“3_ T{ there are no indices
13K So that beth

. A_\ < AK QV\A

¢« A\A) ¢ Xor \(,
thea Al ¢ ((M2)).

Now we can describe the
succesSor  Tunction:

Q—(A) - Stop
AUfK) it K iy the

Lek4moct vnmetched O

€§= g (Ilvqo“'ql ") =i3,“,6,'+, ’,1}.
Zz (13,4,63,90)=00110 1111

This has no vametched Os,
s the chaia steps here.

C'rgme—ku"tﬂ"\ ('976): _n’\\S
Jives an SCO for

Construction
(atﬂ.l' S .
Proof. Homewerk. a

Proof: Consider SCDs for beth X

ond N. For any pair of chains
C: E.CE,_C”-CEJ and
D: FCF € CF,,

we form the “s,mmetric red’.Mgll."

eE,VR EVR E,VF,
E.VF

Tf a sotisfies the hypetheses, then
We can have ot most one member
of O i any row or eolvma, So
the aumber of members of O
which occur abeve 18 bounded by
min (9, h).

€ no vunmatehed O



By homewock problem #7, M‘“(j"‘)
\$  peecisedly He nvmber of
subsets oj sige (N2l which
occur In +Hhis reefongh.

Th.n/orc, LJ considvig oall suvch
Symmeteic reclangles, we Jsee¢

thet
[al < (L"?z,.\)- w

Proof: WLOG, we mey assume thet
Re W S nonr\ejo.é‘we for every k.
Set
x=ik=IM2.¢>,O'j ﬁ X
Y:ik:Tm 2 <0) g\ Y

For A ¢ [nl we define
s z; = & e .
SN Z- K¢ A

KeA
If AGB and BNACSYX, then S(A)
and S(B) differ by © set of Complex
numbers oll in the et 1u¢\dr~»¢
ond ol of norm ot least A, Se
okt most one of SA) end S$(B)
can Lie ingide the unit circle,

Finally, we retura ¢o the Littlewood-
Of€ord  problem.

Katona and Kieitman (indeperdent, 1965):
Svryo‘t 2\)!‘,"‘; !n‘¢ 9*"“7 |lgl>,|
fr eveory Ko Then the aumber of

Sums of the Hrm 3 LT where
ke(n)

iui?tl\ which Lie inside +he
. (A
wit cirele 1§ at mogt (L'Vz.\)

The Same holds & A $B and
B\A X, so the collection

SR NNISHHOPER

Sobiches +he i'gpoﬂw.su of the
previovs ‘H\eorm, Show’nJ that

lal < (L"'/Lz.\). a



