Q_\Ick poths

A poth in the plane From (0,0)
+o (7-'\.03 which uvses on|~, he
steps (1) and C4o0) and Never

goes below e line Y=o i &
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Evet‘\, ?c’th from (o,8) to (2n,-2)
crosses the Line y=-1 Semewbere.

At the first soch step, reflect
£he cest of the peth about This

Line.
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This yields o bijection:

® non-Dydc poths =¢ ?oA’ns
(0,0) (2n, 0) (0,0)® (2n,-2)

André's reflection principle. (1981)

Total number of paths (net nue«ari\\/
Dyck) from (0,0) o (20, 0) with
these steps:
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Therefore,
*91 ck PO-‘H\Q = & paths - # non -Dycle
=fen). [2)]
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Since i‘_r:) = _Lﬁ'l_.—
(n-\)‘.(.fw\)‘.
= 0 (2!
ax\ n\. f\\
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we see 'thc:k
( 2n
#Dyck peths = 75 o).
These are known as the
Catalan numbers,




First passage decompesition

Noew we know that

D n= *D\,c,k paths €0,0) ¥ (21,0)
A (W)
Cn (the ath Cotalan *)
Is there oan easier "’“72

Consider the £firet time ¢€he peth
hits the Lline Y=0:
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Examp le poth £rom Dg

To find F explictly, we solve
xFt-F+\ =0
us‘mJ +he -lucdrcrtic_ formula.

£ = INI-Yx
%
We need +o know w"\e."'hu ‘o
Yoke + or -, e decide by
plvgging ia x=0. Siace Flo)=),
we most  “Yoke the —:
E = (- m
T a—
X

We could double-check This (7~P.
using Newtons Binomial Theorem;
this® is on the homework.

Therefore,
n-1
Co = Z Ci_cﬂ_i__\.‘;or nzl
=0

This shovld remind Yyov of a
P\—oduct...

F(x) = 2 CaX
Then the coeffient of X" ia Fe s
[ PO = 2 Gicnt,
izo

So what we have abovtzis the
coeffient of x* in xF (0.

Therefore,
= \:1(’0 +\
Fl) = »
hig accovnis
For Co

‘Pl\ye.brai ¢ jtﬂﬂm{‘irzj functions

Last time we showed that a
3e.ne.ra+-' nJ function s rati oned
f and only i the sequence

satisfies a Llinear recufrence
relation.

Todo.\, we would ke +e consider
more gznerd recvurrenced.

Recod) thet a complex number is
&Lse.braic W it is the roet of

o fonzero polyromial with radiond/
coefficients.

The je.no.rxl:ins $function Fix) is glawc
' there is o nfonzero Ppelynomiad
P04 Y) waith rationel coefficients such

thet Plx,F(x) =0,



The permutation T avoids 131
¥ there do not exist three
indices i< jek such thet
) ¢ ) ¢ iy,

Congider any l32,-cwc'\d.i;\g 'Pe.tmuh‘(’l'm.
Lo

Draw its plet and ot its
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This gives 4he Cekolan recurrence!

Lemma 149 The number of permutations
of [n]) +hot aveid (L3 is alse Ca.

P;_“‘S"‘ A left-to-right MmimiMa  in TF 1S
an enkey which is  smaller thath old
those Yo itS le§t.

Toke o ?e.vmu\:o:tion T +hat avoids
123, and plet it, cireling the
Left-to-rignt Mminimat

Buts1:=I® .
®
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Note that +he remaining entries
are A descmdinj order.

The same Aumber of ‘PexMuto:t\'ons
avoid 132 a3 eaveid

73\,

312, and
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(\I\\\,’.)

Thecedore the only other cases eé’,
Lenji-\q 3 4o Consider are 123
ond 32, and “these are +he

Same (why ).

Now ramove evefy *hi/\J bot the
Left - to-right Mini ma
+
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Thus We are missing +he entries
%36, 3, ond 2. Insert these
from Le,’«-t-to-rijht, ot each stage
inserting +he omallest entry possible
witheut creating & new left-ko-right
MIN\Ma. .

This is a bijection between
\L3-  and \31~Qvo\dinj Pevmvb:tims,



