Review of last lecture

An independent set in a graph is
a cubset T SV of vertices,
no two anace.nt.

A moximal independent set (MIS)
s an independent st that i
not contained in onother

In 1965, Erdés asked: How many
M1%es$ can a 3rth on n vertices
have ?
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by wduetion on A, The theorem

is eaty o check e NS, so we
assume Azl Lt G be o
3raph on N vertices.

Case 00 If 6 containg o vertex
v ot degre@ O, then clearly
m(6)= mLG-V) ¢ 3Ln-\)<3(n).

Case |* Tf G containg o vertex v
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Then by +he No.i,hb.rh,,a Propesition,

mle) ¢ m(6-w) + m(6-NLwD)
'Zj (n-1) [orite ovt)
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Moon - Moser Theorem: The

Mmoximum  Auvmber of MISeg
N a Jro«ph with n  vertices
s P i ns 3k

j(n\: TR R ¢ n= 3k+l,
2.3¢ b a3k

Union Proposition: For oll ]Fﬂrhs
G and H LR have
m(GU H) = m(Q) mlW),

E&‘\Jhborhooé L”?”.'{"M'- For any

vertex veb,
" m(G) ¢ M(G-V)*M(G'N[V]),

where

N[“] : ?,“.S VAR'S w~vy,

Coase 23! If G condoing a vertex
v of degree 23, then

m(6) ¢ m(g-v) ¢ M(G-N[V])
9(n- )+ g Ca-y)
3(!\),

with e.ilusl.i}y WE n:z kel

In
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Cace2: TIf every Vertex o G
has  degree 2, then G is +he
Jisjoit\{ onion of a et o cye‘e‘.
If oMl of +hese cycles have 3
vertices, then nzlk and mla)=gln),
and we are done.



Thus we May agsume that at
Least one of -these eycles hag
124 verdices,

By owr Union Prepesition,
m(6) ¢ m(Cy) 9(n-2),

So it sufficed to show +hat
m(Cy) ¢ 3(1)

for A2,
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Tnteger Complexity

The complexity of the integer
n is +he Lleast aumber of Is
needed to represent it using
On\s/

odd‘l‘ﬁoﬂ,

o multiplication, and

e parentheses.

For example:
= (1+0N01+1+1)
1: " "\
g = (1 +NC14N0I+D
q = (1ersD)(1+1¢D
1o 3 " +\

or (1aV)(1+1+1+1+))
or (I*\)((wn(lu)u)_
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We then have
m(€) € m(Cg-w)*m(CyNIWD)
$ m(gy-w-y)
+ m (- w- NL)
+ M(C{NC“‘:\)
< 2943+ 9 (4-4)
< 9w = 39(2-3). @

This notion was introduced in
1953 by Mahler and Popken.

Note +hat if c(n) denotes +the
complexity of n, then
cln) = min zcu)* c(%),

d|n

eefn-1] (e c(n-e{S.

T"‘"‘, however, is not very
nice,

Questions abovnd:
@® Fer prime p, does
cp) = |4 clp-1 ¢
® Ts cln) ~ (3+€) Loy, n?

@ What's +he Larjes{' m
wth em =n ?



®m\3 @ are sHll open,
Seffridae (19905) ansered @

with Y an indvetive proof,
we J'\VQ 'S fru{' us‘mj +he
Moon- Moser Theorem,

Suppese that m can be expressed
with A A and write out
+his  expression,

Now replace the Is by Xy Xa
(firgt | becomes x,, lagd becomes
¥a). T§ we expand thr's
Pelynemial, we Jgf m terms,

Nou define the graph G with
vertices [n] by
L~) f x; & X; ecevr
foqether in one of
the terms.

This jrqyk has MS‘,Ctﬂ
Max | mak cligves. W



