The Ford - Fulkerson Theorem

So far, we have been s*udy\'/\j
"simple 3rths" Like

B\/ orie.hHAj the edges of &
simple 9rqph, we g9et a d irected
graph  (digrapks for short).

Define
Ciy ° copacity of the edge From
v to ) (0% there s
no Such edge).
A flow is a set of numbers
‘Fi.,‘, which tell how much s ?umpe.d
Seom L to \\ Flows Mmust
So.'t'\SFy three constraints:
®;L|3>,0 for all L,).
® Sy € s For ol L

@ Conservation of flow.
For oL L*\, a,

Flow W = Flow ovt

Z %K,‘\- = Z- ;i"“-

keltd Kelm)

We are joi/\j to think of these
edges a5 one-way  pipes of
varying sizes.  This  gives us
o networK.

the |
capacity

oé the
edae y->6b.

For conveience, we lobel the vertices by [n],

Goal: Fiqure ouvt how mvch can be
pomeed “from vertex L (the "Source")

+o vertex n (+he “sink'),

We want 4o find the maximum
flow, ie, the flow +hat

MoximiEes
Z_ S
Kéln]
(No*e. thot this is t+he sawme as ka'n)
Kelw

Ficst, whot obout an vpper bound ?



Def: A path from v tov is o

way to get from v TR -fo“ou'"ﬂ
+he edae.s of +he j""‘l’"‘v without
v'\S\HAS +he same vertex twice.

Def: A et inoa network s a
set of e_dje.s whose removel

Leaves ne poth from gource (V)
o sink ().

For example:

(The dashed e,dae_s are o co{'-)

Clearly 0o flow con pump more
Srom the source 4o the sink
than +he capecity of the minimum
cok, o this i$ our upper

bound.

Tn 1356, Ford and Fulkersen and
(independently) Feinstein and
Shanaon proved thot Hhis can
be acheived.

Mox-Flow Mia-Cuk Theorem: In
exe Mo
every network, The maxim
C&? N f_;*\l O“ Q ‘F LD \ﬁ? Qi\)&\.s
the MIAIMUM capacity of &

cvk.

Def: The capacity of & cut is
the sum of the capacities of
every e_e\Je in the cuk.

Exawples:

Capacrty:
Yage2ra
= 23.

quecHy:
s+1
= 14,

CaPaci'l'\l:
2414343

The Ford-Fulkerson A(Jor"u‘\m

Start with O flow.

I poessible, find an “wjmo.n{-ins
Poth’, & ?o:tk from the seurce
yo the sink with excess co.?ocﬂ'y,
and add this.

when fo c.ij@n,{'ms PQ’E"’IS Q('IS"',
we are done.




An example ot +he Ford-Fulkersen

i\_lJorith'\ {

Oone Mofe QKGMP_[Q:

Suppose our network s

Then what should we do next T

Third
path:

Last
path:

The capacity of this flow i 1+5+1.
Since this @qualg +he cenpom'i’y
of a cot, we know it is
best possible.

We now prove that this Alao\‘"\’hw\
al\.m\ls works.,

First, we need to 'Formo.ll\/ define
avgmenting paths.

Di&" The sequence of vertices
1= Vo, ¥y, oy V=1 s an gjnewh'/\j
path \§, for each \¢Lek, erther
(D The edge s not Sarureted,
QVL.‘,VE - ;V'.'-”vt> o, or
There s flew in The
opposite direction,

sv"-lviv'| > O‘



What 1f we cant find an
Aujue.n{-\‘nj Pﬂ"’h?

Let X =§v: Vv can be reached
from | by an

qvamu\.\'\,y \uﬂ\ .i,
\< - au. o'qu"- Ve.rtice,s.

Now if xeX and yeX, then

@ 1f +there is an eAje_ From
x to y, It must be
saturated, 'Fx,y = cx’\,_
@ I8 +here s an edge From
) to X, ts flow wust
ve O, &,:0
Therefore, i we canaot
ovr 'F(ou’ ks Ca?ac.ﬂx! mos+
etlvo,( that of a cut. B

'mprove,



