The Matrix-Tree Theorem

Firsé, what's a tree?

A psth in a graph G is a
sequence Vi, V..., VK of vertices
Se +hat V|~Vt~.--~vn.
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A cyele is a rath Vi, vy, 4V
with K23 Such that Vi~ V.
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Fact: Every tree with az2
vertices hag at least <we
leaves (vertices of Aegru ),

Proof: Let T be o tree. Since
T is connected, deg 3| For o\l

veT, Now

) deyv 2(n-D =20-2,

veT Rach eda’ .
covntediuvice

So deqv=| for ot least two
vertices. A

Fact: If G hes n vertices and
n-l edges oand s no¥ a tree,
then G has an 1soleted vertex

(verter of degree O).
Prw}: Similar. A

A greph is connected f there
is o path betueen every 1uwe
of itc verkices,

A +tree is o connected 3!’“?'\
with out Lﬂdts.

Theorem: The F,l(owin?\ are
etv'walh\'t for o g7op T:

@ T s a tree,
any 4o verdices of T are

comected by @ vaigue e,
@Tis Miﬁ.'\lwal!] connected,

e -e \§ disconnect
,f:r' Iw.ry djt e of T,
® T M,,,‘y,ﬂy acych’c, e,

T+ hay © cyele for eery
ed’Q 2 not in T.
Prack: B2,

How many +rees on [n] are
+here?
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g:~,|_ey‘s Theorem: There ore
A"t trees en (M)



Ancther perspective

The graph He(Vy,E) 15 o
subqrarh: ok the Jrqh & (Ve, Eq)
‘\; VHEV(‘ G'\A E“E E(I-

N is & spanning_svbgraph of G
'\‘; V“ =VG A'\J E“E E(.,

H ' a ¢panning tre¢ 4 4
¥ His as anning subjraph
ot 6 and is & ¥ree.

The complete graph Kn hag
verkices (n] ond all edges (t"?).

So: how many Spanning Frees
does kn h\l&? 3
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We will actually Figure out
how 4o compute +he number
of Spamiing +rees for any
grnph G.

%: Let & be o directed groph
without Lloeps. Let
Vg = 1oy, o Ve

Ee, = (@0 o Em.
The iAcidence Matrix A G s
the nx M ek rix A debined

by

and

T EARL Dl
. A'».') : -\ 16 e b.cjw, at Vi
. Ah) =0 cTherwise,

Theorem (020 |let G be a

dicecked Jraph without  Leeps,
ond let ‘A be the incidence
mokein of G, Remove any

row (corresponds +o & vertex)
from A 4o obtain The makrix
A,. The Aumber of S?tnnins
Subtrees of G 15 det A,gg.

Note: Sv“nn'mj tree of o direded
graph?  This Jost meang +hat
W yov ignore  +he directions
you have o spnminj +ree.



Proof: The Binet-Cauchy formula
shakes that
det hAS =T (det BY

Back to Ex:
Remove lagt row of A to r.t

\ ] 3 \
T -\ 0 O
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which 1xl watrices B

where +he sum Tonges over
WL (a-)) r(n-1) submatrices B

of Mo
3‘w0.

(Here = #vertices of &)

det 8407
Every sveh B cotrresponds to A -
o s?\luminj vajmvh Heof G det[ : Ol] = 1. ‘M["‘ °|]g "L
W - ' o
with ool edges. at [y 9] = Lfae[pd] =t

. H i dree, : v
Clims dee 8=y N T A P A R

®) otherwise,
4 Spanning trees = S.
We prove +the clovm b\, \nduction panting

on n.

First suppose that H has +oe
lesves. Then ot least one of
+hese leaves correspends 4o a
row of Ao, So 2 has a row
with o sinjle. nonero en+r~{.
E%?andinj det B atonj +his
row, we see +that

det B = tdet B
where B' denctes the Submatrix
of B with 4hyg Cow ond
Corces‘aond'mj column removed.
B defines o graph fself, W

By induekion, det B' =%l £
and O otherwise.

Now suppese that H does not
have +wo leaves, Then H s
not o tree, ond alse, Siace
H has gp(\, n- | edj es, ]

most  have o vertex of
453\.0_ o) (an 'seloted verkex),

Thos B hes on oll-O To%

¢o et B=0. ®

H’ % a tree



