The Matrix-Tree Theorem, Cont.

A §P°\“ﬂiN3 rree of the 3\'«?]\
G=(Vg, Eq) 16 & tree T=(V1,Ep
with VT '-'VG ond E.‘.Q EG-

wWe want o count these,

%: Let & be a directed groph
without loops. Let
\IQ’- ‘V\' wep Vg\\

‘“A E“: §9'\| wey e—m\.

The iacidence matrix A G s
the nx M makrix A delined

» A =\ it e) U\A? ok Vi..
TR B A
.0 dthervise.

The Matrix-Tree Theorem [0.21:

Let W be o Simple, undirected
3\1\»\\ on +he vertices (nl. Define
the (n-1) x(n-1) metrix L by

z de3 L '

Ly ol f L) and iy
'Li,) = O eotherwise.

Thea W has  precisely det L

Spenning frees.

L
£
'

Theorem (020 lat & be a

dicected  qroph without Leops,
ond let A be +he incdence,
mokrix of G Remove any

cow (corresponds +o & vertex)
Srom A 4o obtain the MakriX

Ao- The Aumber of svtnnins
subkrees of G 15 det A,ﬂ..

But whet qo0od s +his for
Cow\Hr\J sPAMil\j +rees of kn7.

Proof: We convert W inte o
dicected 3\\?\1 and then “P?'Y
Theerem 10.20.

Construet o directed jra?h G

by re.?lu.'mj each edqe of U
by & pair of directed edqes,
one n each direction.

Let A dencte the iacidence
matrix of G, and femove the
Last row of A to form A,

We claim that Aoks = &k



The entry in el (i) of
A he 15 the produet of the
th oand J*“ rows of Ao

T4 =), +hen every edge of
G vhich bej'ms or ends ot L
contributes L, o the Gi,W
entry 15 Qdeq, b, °% desired.

PR L#J. then QVQ,V\, edqe from
Lte ) (ot vice verse) contributeg
-1, Since U was simple, &
hee either O orf 2 edje,g
between L ond |, So the
U.)‘)] Q.n'('r\/ s -2 if L“J
in U ond O otherwise.

C_a_\,_l.ﬂ's T heorem

The Matrix-Tree Theorem says
+hat the # of s?e.nn'm" 4rees
O$ Ka 1S

a-l =1 o =\

-1 A=) "\

det L :
L=\ e nel
Add ol( rows to the first:
T IO
= det [-1 et m)
el e
pPdd +he first o all othess:

n-2

\
= det o =n
0
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So, indeed, AoAy = 2L, and
+hus
det A AT = 2" det L.

Every spanning tree of WU
<°rre§?ond$ 4o Q™ 5?""‘"‘
trees of G, So the Fheorem
follows ferom Theorem 1020 .0

ComPlQ{O. B'l?ari'nfe. Grapm

Def: The complete bipartite jro.ph.
Km,r\ has m+n vertices ‘ao.r-(Hiond
iato sets A ond B with

|Al:m ond [Blzn, and all edses
between A and B,
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How many SP«nnin7 4rees !



-~ 0
IR
\---‘|
m 0
O m

De Leﬁj_(_l / Contraction

Here we consider o (ess

efficient method For C°m?v+"r:j
+he number of Spaning +rees
of G which we dencte T(G),

While this methed isn't 3eod
Sor %his  vpreblem, & i
good for others,

%f_l Let e=xy be an edje of
+he g§reph G=(V, €), The erk
C'/e is censtructed b~/ cen’xmd'ivﬁ
+he 9-439. e 4o form o new
verter Vg adjacent +o A\
Neighbors of x ond V.

For Qﬂy j\’ﬂ?h G an QJJQ e'
+there are twoe kinds of

9]>°~v\n'm 9 +rees:

®'tho$e +hoat dont use e
i\
Spanfing trees of G-e

@tlsose +hat do vse e

S(nnn'mj trees of Gle.
Trerefore:  T(6) = T(4-€) +T (G/e).



