A combinatorial View of grovps

Originally, grovps were defined as
“all STMML‘“'"CS of an objed.“

To be concrete, we ¢ake an
“object” 4o be a pair (x,5)
where X 9 a set (+Hhe

3roundse£) and S s a Strueture

defined on X,

Ex: S covld be & graph on X
= . a garh‘b’on of X

a permutotion of X

Even, avtomor phis m grovp

cokisFies three properties:

@ 1t contaias the Identity
permutation, trivially,

@ it contains +he inverse
of each of its elements-
i§ w()=s +hen S=T'(s),

@ it ¢ closed wunder
composition = if mw($)=S

and T(S)= S, then o(Tl)=5,

For our second definition of
o “grovp" we are more
Jenera-(- A permutation gtevp
5 a set G of permutations
of some set X which Satisfies

0-0.

Given any P&rmvéaéion (defined
here & bijection) of X there
15 a fatural way to apply it
to an object.

The permutation T of X 15 an

avkow\orfm of (X%,9) s
m(s) =S,

The avtomorphism grevP of (x3)

s the set Avt (X9) of all

avtomorphisms of (X%,9).

we will take +his ag our
First definition of o “grouvp’

First though, 1s this really
Mmore 30.«.1'0.(?

Or, is every permutation group
an avtomorphism grouvp?

(ot seme object)

Propostion: Every premvtetion
9rovp i$ on avtomorphism

grovp.

Proof: Let G be a permvtation
grovp on the set X =%x, .. x3.

Define = i(w(x\),..,,ﬂ'(x,.)) 2 149

Claim: Avt(x,$) = &.



For meg,

1(3) = § (SE, ., TS (xa)): 4G

By @ ad Q,

Gz={tem :tec,ﬂ)

So

1(9) = {(rE@ (T, . 7o (Tl
el

= § (T, Tixa) : TeG}

= S,
se G SAut(X,S5).

Now censider some ar eAvt(X,$),

By ®' G contaijas the idenh"!y,
S0 S containg (x,,.,%n). The
action of T on § sends this
tuple to (rlx), ., T(xa)), $o

Teq, proving Avt(x$) <6 WA

Ts this definition any mere
9eneral ?

No:

E&\,\i.y's Theorem: Every abstract
roup is iSomorphic to o
permutation grovp.

P_rgo_{‘_! Let & be an abstract
grovp. We want e find an
1somorphic ?e.rmo'\:o.tion Jrove on
Some  Set X,

Let X=G, and G'=% (ajzjec,;
where

B(x) =9
for all xe€X (‘G)-

In the (ote 18005, Dyck decingd
an  abstract qrovP as o set
G with an operotion - that
Satisfies
® associativity:
j{h-k) < (;'h)'k
@ idtnﬁ'\'y\
deeG such that &9:9:€+§
© inverses:
VSGG 33"6(1 such +hat

R I R

This was not well-received.

Klein: “the disadvantage of the
abstract method is that '\'E"
fails 4o encovrage 'rkouah,é.

Becavse G has an dentity
element e, it 9#h then

%(Q-) 55 * h= Pn(e),
By + B

We also have
(B e )00 = By (R,L1)
G
: 3.(\-\-)!)
-.(3.h)-x
= 93-\\“)'

Ver'lfyi!\j +he pgrmu+q+ion grovp
axioms  [@©- For Q' is easy, and
*hug Q26 o permutation
arou?. a

So



Recoll +hat f N ¢ a nermal
subgrovp of G, then G can
be broken iate +we groups:

N and G/N, the 2\,o+(e,n+ grovp.

I§ we start with a Finite growp,
we can continve this breo.kinj
Process until we end up with
a collection of simple 9roups
(jrwps without normal subgroups),

The Jordan-Hslder Theorem says
+hat -the Set ’oF Simple grovps
we end up with is unique,

In the 19605, work on +he
characterization took off, and
indicated +hat other $peradic
S\-wps M'|3h+ ex\o¥,

In generol, the number of
elements and +heir orders
wovld be knewn, but one
needed to actvally construct
+he grovp to preve +hat it
existed.

These were MOSHJ constrveted
as automorphism grevps of
3re~phs.

Therefore, we really only care
sbout +he finte simple grovps.

These have been clossjfied into
18 iafinite families and

20 Weeptions, called Sporadic
groves.

The firgt of +hese +o be found
were +he Mathiev groves

Mu, M, Mgy M2y, and My
Teported in hijs pPepPers £rom
1261 +o 1973,

Until 1960, no others were Sovad...

I:!_ijman-S'nMs gcovp KS

44352,000 elements

Consteucted in 146F as, essenthdlly,
the avtomorphism gqrovp of a
22-reqular (e.vu-s/ vertex
has degree 22) groph
with
loo vertices,
and thus...
\loo rdqes.

The sfe.ph. '$ actvally +he W\i?ug
graph with these parameters
such that

o it does not contain Ky, and

o every pair of non-nei hboring
vertices share precisel
b common  AQighbors,



Are all finite groups isomorphic to

. Facts: @ ©(6S) is connected ¥ and
ovtomorphism jroul’s of (7raPks.? orly SIS jehero&% G
Frucht's Theorem: Nes, C.e, every dement of G

s a ?rodud' of elements
We sketch o proof. First, we of )
define Cayley digraphs. (@ For each 9¢G, +he mep
P X j'x
Suppese G is &  grovp and 6 an auvtomorphism o
ScG\fel, The Cayley digraph D(6, 9).

D(&,8) has vertices G, and
for eoch Jefa oand s€ S, +here
IS an edqe  from to 9:5

J 3
Labeled by s,

@ The au'l'omorFMSMS of G
which preserve edge
Labels are precisely
+he au+omofpkis~\s e&@

| Therefore +hese avto-
Ex: C”?z, S=i'!‘" motphisms  Form & grovp
LT, Somorphic 4o G.
D(CD,S)' ) ﬁTJ \ orto P ‘

Proof: Exercise.

Sketch of Fruchés Theorem proot:

Take G t+o be & grovp with

m elements, and set
S’G\‘e-s:is\,n-; SM'IK'

We Knoew +hat G is isemerphic

40 the auvtomerphisms of V(4,9)

which preserve edje labels.

How can we build an undirected
Jrq?h, with ‘Pf‘ecise(y +hese
avtomorphisms ?




