Palya Counfo'/\j (lecture \[2)

USvally coins have +two sides
heads and +4ails, but W yev
Wwont 4o cheot at coin

flipping, you'll want 3 ceins:

HT, HH, TT
1MFor{cm'H , TH is +he "same”
o5 HT ¢o there are 3, net
q, Coinsg.

This 15 becavse +he grovp Zz
acts on The set+ of coing, and
its  orbits ore {HT, THY, {HHi,
and $TTY,

The first step is +o Figure out
Which group T3 4°'Hnj on hese
coLoriA3$.

This qroup is Dy, the symmetries
of e syuare.

To be precige, (label +he wvertices
as
(—21

|

4-—73
Then f‘o+a.+'|(\3 clock wise by q0° is

12 3 4
P’(z 34 )
and Flipping obout the Line B
- (\ 2 3 4
T2\ 4 32/,

'PSIYA Coua-lr»'aj Jenua(o'tes +his
\dea to ony Sitvation where o

grove ects on He opjects of
int erest,

Exomple:  Suppose we color the
Four cocners of a sguare with
+he color¢ red and blve. How
Many different Ccolorings are there
if We allow +he square +o
Mmove around 1

So, for eromple, we Consider =he

Cplor'mjs
R —B 3—8
l \ and \ \
3—B8 R—B

to be equivelent.

These two elements generate
Dy={e0 ¢ ¢, T, T, 16, TP,

Let X={all colorings of +he Square3,
For all xeX and 3'6;
X 15 eiu'wa(eh'{' +o 9%

Therefore, +o count 'v\eiu'uvalen-l-
colorings, we Wort to couvnt

orbits. The orbit of neX is
orb(x) = § 9% '“3°C7}.

Orbit -Counting Lemma (aka Burnsdes

lemma) Suﬂpcgg +he grovp G acts
on the set K. Then

storbits = average + £ixed points
= L .
al 'jz.'_c!'F\X(j“'
where Fix(gd={xeX: 9% =x\.




To prove this, we introduce a

bit mere fototion and Pprove
a lemma,

Su‘apof.o, G acts on +the set X,

The shabilizer stab(x) of xeX
¢ defined as

stab (X) =i3e6 : 3*=>‘3.
Note +hat Stab(x) is & subgrovp
of G.

Proof of the Orbn‘t-C°unﬁrg lemma:

Congider '
7 Ifix(pl 2(§(g0 €6k IX=X
3 = Z_ \s‘\'a\a()‘)\.

‘ xek
B\/ the Orbit-Stabilizer Thesorem,

| Gst o) = |ersea),

% us'mj LaJrMJe‘s Theorem.,

lQ‘ . = \orb LT‘)\'
‘S"a&(*)\
and thug | @

lstab OO = Torbx)] -

Orbit - Stabilizger Theorem:

The map g shebl) F> gx i &
bijection between 6/“‘5(‘) and

orb ().

Mi First wve must show the
map is well-defined. SvPPese
q stablx) = hsteb ),
S 9= hs Ffor Some sé€ sdab 1),
Then we have
3x = hsx = hx,
so +he map is well-defined.

Clearly the map is ento: W Yeorb(*),
then \[=j>< Sor Some 3ec,, So
y s 4he mage of 9 stab(x),

Now svppose gx=hx. Then 3"hx=x,
So q'h € stab(x), and +hus
g steblx) = hetab). B

Making Hhis SUBs'l'i{vHon\ yields
=S el
Z_ lf\)((j)‘ - Z_ \0\'5(“)\

JCC\ xg% \
= |G\ L*T’\IJ\ .
Xe

Now note +hat eath or®it A
oeevts (Al times A +h\$ su.m,'
so the sum s the ¥ of orbits:

\
\ - —
2_ Tervl 'Q%, ;;A‘M
T
B OZ—;;“ \A\

A
= & o(b‘ts

Therefore _
5 \fix(9l =l‘1l(’°'5'ts). o
9e@



Rekurn'\nj 4o the colored Simres
arample, we see +hat we need
o count Fixed “Po'wds': e,
Fixed colorings.

3e6 | 943 fix(e)l
€ a5 (6
T -;;. >
RN Y
i 2
T /Ly $
T R
fP'It}_‘: : 33 "
tf’s[‘«z: = 1\?11 Y
43

Therefore +he aumber of
inequivalent colorings is H49/a=6.



