Envmeration wnder 9rovp. achon (2/2)

Recall +he general set-vp from
last +ime,

We have o set X of objects,
with o grovp G of symmetries.

The grovp G ‘"acts” on X.

We identify +wo objed't of X
i§ +hereis o grovp element that
Mmaps one +o +he other.

This defines an eguivalence
relation (why?) on X by

y ~ % ¥ ”y = gx for smeaeﬁ.

Sunom we have o erp G achp
on o Set of oebjects X, Wiﬂ\wfj

loss, we may assume G is a
PRrmutetion grovp.

Pef: The cycle index monomial
of a rermuh#ion ™S
X:"X;"'"' X:K"'

where €y denctes the nvmber of
eyeles n of LthH-s K.

Note <thet as (ohJ as X is Fate,
4hece Vill reo be monomials.,

?_ei'- The cycle index of the grovp
G 1S +he averagqe of the ¢7c|0.
\ndices of all its elements. We
denote this by 2(6).

The eclu'wc.(.ance classes are +he
orbits,

orb(x) =g : gea],

We want 4o covnt inetluivgle.n'l'
objects, or ia other words,
orbits.

Orb\{'Cw/sfiAJ Lemma: Svryose

the grovp G acts on +he set
X. Then )
Zorbits = o.\)erar. & Fixed points

L 7 \fix(j)l,
K-
where fix(g) = frex: J% e,

Example: G =Dy
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So, the cycle index of Dy 15:

—'3-(%? v 32+ 250k * 2%y)



How can we je+ the number of
2-colored squares out of 2(v7?

¥orbity = average #fixed peints,

An oVJ&ci is fired by 36(1 13

it coelors are constant across
cycles.

Therefore:
& 2-colored squares
# orhits
averaje ¥ Fixed points

E(Dq)\x'-'xtgx’gj,‘%z

'7 (z‘** 32222 +7.-2)
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Graphs on Lebelled vertices [n]:
n
2(") = trivial
Graphs on Lebelled verices (n)
ot are Conpected:
Complicoted summation
vie MGBIVS  1aversion
in the set partition
lattice.
Graphs on unlebelled vertices?
?Bl\,ﬂ counting...

But we wn do more.

If 9 has a cycle of length. K, hen
(n o Fixed ok)&d) we ecan have
al Kk pointg (Mlve or ol ¥
poiats  (Fed.

Se § we subséitute
X,sr+hb
Xy = ey
¥y ¢ A
Xy * \'q + b*
inte B(DY), we et .
L
1 (eagie st w2 (8l
] ((r#b) , 4’1(;“#5“))
= eV actbez A er b ent,
This s the generating function
for 2-colored Squares "by color.”

Vnlabeled J.‘Z‘Phs on Y vertices

The growp of S‘ymmeéries here
1S Sq, but unlike pro.v'tous e.xwple.s,
we want 4o knrow abevt +he

ackion 04 +his jl’OUP on deﬂ-s.

wesSy action on edges| == | eyele index
identity | identity \ xe
2-cyele, | 2 t-eycles 6| »¥xt

2 2-cyeles | 2 2-cyeles 3| x x:-
3-cycle | 2 Y-cyeles 3 x§
Y-cyele | 2-eyeleBY-eyde| 6 | ¥y%y

The cycle index % +herefore

|
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To §ind the ae.nero.{'mj funetion
for valabeled 3\'«'7'15 on 4

vertices by +he ¢ of ,_d’“’
Wwe  qubshitute!

%\ = |+t

%X = V4t

Xy = |4 E

Ry ® ‘ *twi
and we 9get
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Note <het +his Po‘ynomial. 158

CD symmchr'\c, and

@ unimedal.



