Combinadorial A(jorif’l'ms

An al;oro'l'hm is an effective
Mmethod for Solviﬂj a Probum
with o fin'te sequence of
InStrvetions.

Hilberk's Ent schziclunls_-rrelaltm=
Posed in 1928, 15 there an
ﬂ-LJorH'hM which can decde

if an acbitrary Mathemat icaf
foct is trve er false ?

Note: The .o.l_gorl'fhm needn't
provide jus+iFicaJcion, bot musin't
Make migtakes,

Suppese we can decide if T
halts when given the imput 4,
So we have on algorithwm teo
Compute Halt (T, ¢).

Now define _¢ raturns "Ves' (ond Vett)
D'\aj (M= \§ Walt (T,T) is "No;
oes into an iafinite
LOOP \# Halﬂ'\'ﬁ)
i " Yes"
But +hen, what does 'D'\«J(Diqﬁ do?

If ‘.'{ returns “Yes' +hen Halt(Diag,Dieg)
is "Ne', but this Means Diag(diay)
9o€s o an infinite Loop!

If t qoes into an infinite |oop, +hen

Hot(Diag, Diag) is "Yes, but Thet
Means +hat D'\GJ LDigj) ha\‘\’s\,

The Hal{inj Problem

Svpposo. we hod a formal definition
of an algorithm. Thea given some
text T, can we decide W T

s an o-lJoriﬂ\M?

Can we even decde if, given +he
npvt ¢, T hes (ie, stops
runaing)

Dedine Nes if T halts when

HaL‘E(T, )= given the input ¢,
No If T gots into
an ndinte loep
when aivu\
‘\(\?V"' <.

Maoral: There are things that ne
computer can compute, just like
+here ere  theorems thet ne
preot can prove,

Of course, when dealing with specific
problems, we often know ovr
o.lsothMS will  halt.

We now consider one of these
specific ?rob\Q.M-S.



§or{in9 algorithms

There are n children in a ding,
all of different heights.

We would ULke +e sort <+hem,
what is +he best waj?

WUhat 16 Meant by "best' ¢

Let's suppose +hat we den't have
a Measuring Stick, So tell
f one child iy +eller +han
anocther we have +o put them
back=- to-back, and <+his is
time conguming process.

So, we want 4o ainimize +he
number of comparisens.

After the First "cound", which
consicfs of n-l Comparisons,
We can be gure that the
tallest chitd s last, but
We ceant be sure of av\j'H'tinj
e\se.

So, we need o re.pud' +his
for The (n-1) shortest children,
4hen the (n-2) chortest, and
o ofn.

n-l .
Totol ® comparisons =Z (n-¢)
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CNICQ OJ\'\MG‘HW\ on u'lk‘\ PQBQ F.r
“C,Mparison Sc\'("]

Bubblesort

Com?are +he first and sec ond
children, put +he Shorter one
£irst.

Then compare +the 2" and 3%

Continve vntl wWe cempare +he,

a-15t and n*"

EL_qp_v\Pf_Q'. SuPPo;g we  start with
q1s23.

g2 |qs2}

2aa& 3rd v o chcﬂjg

44 yth: 142s3

¢ha gthi143S

A lower bovund

How Few CompcriSoﬂf Cou(d
we Ju away with ?

We have +o compare ever

child ot least once (or e\Se
we would have no information
obout that child), So

Tetal #comparisons L\i

We can impreve +his by noting
that +he ‘‘comparisen sraph“
Must  be  cennected, So

Total #Comporisons 2 n-|,



ﬁ b'—*"'l\" (OWQT bound

Suppese  we could sort all
permutot ions of [n) with M
r.oN\?qr‘\Scns.

If we do m comparisens, we'll
get ot most 2™ different sets
of recuts.

Bvery permotation Must be sorted

d%“e.ren’clj, ¢o we Must have
2" 2 nl

Since nl= (§)) 4his shows that

m;,nLan.

Let M(n) dencte +he 2 of

Comparisong thet MerjeSor‘t
needs 4o Sort a Ligt with
n elements, Then:

M(2k) = 2™(K) +(2k-Y)

M (K40 = M Uk & M6 + (26),

Lets define o sequence $md by

me = M.
Then ~ = 2;«“_\* Zk -\
The 3c-hardc'\t\3 function for CM
¢ Ccheck!)
| A - _Z_
'(T:'-Z;)z +i-x -2,

> M = (k-1)2% *1,

mjegorf
Split the permvtetion into tue
halveg, a3 equally as possible.

Thea Sort +hose halveg, 4o 3&'\'
Lists

a\ <°«1< (AR <qK
«

b‘<b|_<°" < ba.

Now merge +hese Lists, whidn
reiv\re.s at most n-| comparisons,

Example: Stert with {21563,

Sort 42l and 563..
Then merge 124 and 356.

So f n=Z“, then I<=(o]‘ n,
and

M) = (log, n= )0+ 1,

This ¢ ~therefere about +he
best Sor{inj OL)orH:hm we
covld hepe for.



