Computot ional Complexity

Last 4ime we studied sording
o\gorithms, and  measured their

performance by +the number of
Comparig ons,

In 4he next two lectures, we
will  ohudy general “decision
Problemg! measured by +he number
of computakions.

Decision problems are +hese with
Yes /ae  answers, Like:
o are +hese twe 9raphs isomorphic !
o 15 This flow maximum?

o does +his 3raph have &
Hamiltenian CY“Q?

Forna\\\,, a Turing_machine 15 a
quedrvple Mz (K, Z,5,¢) where:

e K s a finite set of “glutes”
(hink of K as +he set of

all possible states of RAM
en a compuier)

*J is a Ffinite set of
symbols, called the
“alpha bet"

(+hink of & as either 20,1}
or all letters and digits
or all vnicode ckaradtr&)

Toe 'mj Machines

In order +teo make these questions
precise, we need to s‘ne'\&y a
“model of computation"

A Mj mochine, 'm-femalls/, 5 a
finte machine equipped with an
indinite "tape” where it can
fead and write symbols from
Some  finike "alphabet’

o 5 15 “4he transibion Suackion
which +edis the maching whet
40 do once it has read a
sy mbol, given what state it
is in., Possible actions are:

= hal+

- retura “yes' or “no’

- d-\anje states

- write a S\,M\u\ on the
+ape ot ‘he eurcent
position

= Move the tape,

(Think of § a5 +he Prejruv\.)
Tednically, § 1% a function from

KxZ
+o

(K V Thelt, yes, no)) xZ x {e, =, =1,

¢S 16 +he state 4o shark in.



Gorl

Encede a?ro\»lzm as o s+rMJ
with letters From &,

Feed +his S-l-rinJ 4o +he Tun'AJ
Mmoa.chine,

I{ 4he Tuen i .
9 Machine returng "yes"
then the problem hay a h‘:ﬁ:{:"

If +he Turing machine !
. e (3 "
4hen & does 2\9*. turng “nd,

™ gives o cofrespondance:

a\jof\t\\m > '\'vf'\c\s Mochines
problems <=7 skrings (words)

Phile Sepl\'\ul IuPL'\cc'H ong

Are the laws of physics
computoble?

I6 <o, +hen our universe is
equivalent +o a Turin machine.
Free will is impossible. Ete.

If not, why can't we harness
one of -thesk incomputable
'ijs'lcd events 4o build a

“hyper computer” ?

Open: ace all ‘lvam\'um mechaniced
events (Turing-) compvtable. ?

Roger Tenrose: +he human mind
Ve es quantum-mechanicoad
“nm-al,or'ﬁhm'm“ (om‘w"'o:eion.

The Chuech -Tvr;nj Thesis

Ev ery function “that may be
colevlated can be comp vted
By @ Turinj maching,

At some level, +his 15 o theorem.

+hot hag been Froved. However,
4here S Mo clearcut definition of

“coleulable" Sunctions, so +his
remeing o “thesis!

Boolean functions

An  n-ary Boolean function is
o mop

$: {teve, Salse}" =» § +rue, false],

For zxamp\ﬂ., v (or), A (and),
= (implieg), and & (iff) are
fovr of +he sixteen bdinary
Boolean SLunckions,



D_|SJ' vnetive NO(MO.‘ Fo\'N\

A Beclean expression is \n
d\'Sj\Mr.tiVl normal Foem ONF)
W it 15 a digjunckion
of con)vnctions, e.9,

(%, Axy) V (%, AXy) v (X v Ky),

Fack: Every n-ary Beclean
Suaction can be expressed os
o DNF Boolean Q\(PFGSSieﬂ
\l\volvvir\j variables X, ., Xa:
Prooh: Let TS firve, folsed” that
wake £ +rve. For each TeT,
let S be the Loqu\d'ion of
all variables X; with €} =drue
wirh  negetiens of all x; with
ti,:"O‘SL. Then ‘FEEYT Sp. A

Note: +hs expression may have Wponential
Ltng‘\‘\'\.

Fock: Every n-ary Boolean Sunckion
Con be expressed os a CNF Boolean
ewpression in +he voriables %y Xn

E‘l‘.’f’ Let F <€ 3rrue, false)” bethe
set of Msianmu\{-s +hat make f
folie. For each JeF, let
ky be +he disjunckion ot all
vociobles X; with §i=5a\se,
and with M.jak'\ms of all
vociables ¥i with §;=+rve.
Then £2 N ky |

TeF

g_ﬂ‘\juncfwe Nermal Form (ENF)

A Beolean erpression IS in
unjuactivt notmal Form (CNF)

i & s a Conjvﬂc{iOh of
disjunctions, e.9,

(%, VXV Ky) A (%)Y PRVNCRALY
/\(x,\l-vx\) A (1x,v-\x,_v-rx3),
(Question: 15 there an assign -
ment of true|false 4o X\, X2,Xy
Fat  mokes this 4rve? T.e, s
“Wis expression satigfiable ?)

SATisfaction

The SAT Pro&\gm % simﬂa'- 3iv0.n
o Boolean erpression in ENF form,
determine \F ik is gatisfiable.

!ﬂae.r\:ovnc“- SAT cean be selved
by exhavstive search.

But: This reguires exponential
time.



SAT 1S Aot oo eaty

I+ 's commonly believed +hat
SAT rq\a'\ﬂ.s an UPonu\‘HaL
amov it of time, or at least,
svper-polynomial.

Yet, +he best we know +oday is:

Theorem (Williams 2006): There

S no Turil\s Machine <that can
solve SAT in less +han
n®

time,

3-SAT ¥ no easier than SAT

Consider an arbitrary CNF expression,

QG ACL A AcCn,
where +he ¢'s are disjuackions

Col\'.'ail\'\hj Variables and +heir
N.Jo*ions.

We will predvce an eiu'walen-t
3-SAT expression.

CLS'-_" ci = X, (withowt \ois)
Replace € by
SRR 1) INCIR D A .'%)
A VY V) A (VYY)
where | and 2 ore new variables,

K-SAT

Every CNF expression is —+he
Conjunction of a number of
clavses,

The Kk-SAT preblem ig: given
& CNF WBoolean expression
where every clavse hag KK variobles

(alse called "literals"), determine if
it s satisfiable.

Cose 2! CL= X,V X,y (without Less)
Replau. L oy

(%, V %2V Y) A (R v XV Y),
where Y 'S a New Variable.

Cose 3t Do no‘EW\AJ.

Cace 2Y: CLs K VKV iV X (without
LOSO.

Replace ¢ by
(X V%V YY)
A (1‘[, V Xy V Yl)

N (171 METIAR Y
A Ve
N (‘\\/m_}\l XM”VXM\



