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Inversion sequences

An inversion sequence of length n is an integer sequence
e=e1e---e,such that 0 < ¢ < /.

I, = set of inversion sequences of length n.
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Inversion sequences

An inversion sequence of length n is an integer sequence
e=e1e---e,such that 0 < ¢ < /.

I, = set of inversion sequences of length n.

Example. e = 00213 € Is.

Permutations can be encoded as inversion sequences via the

bijection © : S, — |,,, defined by ©(7) = e1e2 - - - e, where
e = ‘{_j . j < iand Uy >7T,'}’.

For instance, ©(35142) = 00213.



Classical patterns in inversion sequences

» The reduction of a sequence is
obtained by replacing its
smallest entry with 0, its
second smallest with 1, etc.
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Classical patterns in inversion sequences

» The reduction of a sequence is
obtained by replacing its
smallest entry with 0, its
second smallest with 1, etc.

» e contains the (classical)
pattern p = p1p> - - - p; if there
is a subsequence ej e, - - - €,
whose reduction is p.
Otherwise, e avoids p.
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Classical patterns in inversion sequences

» The reduction of a sequence is  Example. e = 00213 contains
obtained by replacing its 012 and 001, but it avoids 201
smallest entry with 0, its and 110.
second smallest with 1, etc.

» e contains the (classical)
pattern p = p1p> - - - p; if there
is a subsequence ej e, - - - €,
whose reduction is p.
Otherwise, e avoids p.
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Classical patterns in inversion sequences

» The reduction of a sequence is  Example. e = 00213 contains
obtained by replacing its 012 and 001, but it avoids 201
smallest entry with 0, its and 110.
second smallest with 1, etc.

» e contains the (classical)
pattern p = p1p> - - - p; if there
is a subsequence ej e, - - - €,
whose reduction is p.
Otherwise, e avoids p.

Let I,(p) = {e € I, : e avoids p}.
For example, 13(001) = {000,010, 011, 012}.

The avoidance sequences |l,(p)| have been studied by
Corteel-Martinez—Savage—Weselcouch and by Mansour—Shattuck.
Go to Megan'’s talk tomorrow to hear more about this!
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Consecutive patterns in inversion sequences

e € |, contains the (consecutive) pattern p = pipy - - - py if there is
a consecutive subsequence eje;41 - - - ;171 whose reduction is p.
Otherwise, e avoids p.

Example. e = 0023013 contains 012 and 120, but it avoids 000
and 010.
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Consecutive patterns in inversion sequences

e € |, contains the (consecutive) pattern p = pipy - - - py if there is
a consecutive subsequence eje;41 - - - ;171 whose reduction is p.
Otherwise, e avoids p.

Example. e = 0023013 contains 012 and 120, but it avoids 000
and 010.

Ih(p) = {e €l,: e avoids p}.
Goal 1: determine |l,(p)| for consecutive patterns p = pi1ps-- - p;.



Avoiding consecutive patterns of length 3

Let I, k(p) = {e € I,(p) : e = k}, so that 1,(p) = g ln.k(p)-
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Avoiding consecutive patterns of length 3

Let I, k(p) = {e € I,(p) : e = k}, so that 1,(p) = g ln.k(p)-

Pattern p [I5(p)| in the OEIS  Recurrence for |l, «(p)|

A049774*
012 ! | =l _ |
equals |Sp(321)] ik (P)| = [1n-1(P)] / 1 Zj OZ;Z/ 1h-3,i(P)|
AQ071075*
021 : | (o) — (=2 — K .
equals ‘Sn(1324)‘ | nk( )l | l(p)‘ (n )Z | 2J(p)|
102 New |IHJ<(P)| = |In—1(P)‘ - ZJ'le “nlej(P)‘
A200404 .
120 ' | . 5. AV
equals ‘sn(1432)| | n,k(P)l | n I(P)‘ Z_,>k(" J)‘ n 2J(P)‘
o New (P = I a(P)] = b X -2
210 New Mnk(P) = ta-1(p)| = 11 Sof=ia Sicj a3 (p)]

* Formulas were known for these sequences.
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Avoiding consecutive patterns of length 3

Let I, k(p) = {e € I,(p) : e = k}, so that 1,(p) = g ln.k(p)-

Pattern p [I5(p)| in the OEIS  Recurrence for |l, «(p)|

A049774*
012 ! | =l _ |
o equals |Sp(321)] [1nk(P) = [1n-1(pP)| / 1 Zj UZ,ZJ [1h-3,i(P)]
AQ071075*
021 i | = In - —2—k In
21 e k(P = ea(P)] (02 = S ()
102 New ||n,k(P)| = |In—1(P)‘ - ZJ'le “nlej(P)‘
A200404 ,
120 : | (o) 5 (2 Yl
120l (sy(azz) k(P = Ihaea () = 2y (n =2 = ) o2 (P
o New n(p)| = ln-1(p)| = kZMlln 240)
210 New Mok (P)] = [1n-1(p)| = 227241 /+1 i<j l1n=3,i(P)|
000 A052169" [la(p)| = (Hl)!%, where d, = # derangements
001 New i (P)] = [la-1(p)| = X ta-2,1(p)]
010 New Ik ()] = 1n=1(P)| = (n — 2 = k) [ln—2.k(P)]
o1l New Mk (P = lla-1(P)] = Xjci Ma-24(P)| (if k # n = 1)
100, 110 New 1k (P)] = Ma-1(P)] = Xk 1n—2,1(p)!
101 New ok ()| = a-1(p)| — K [ln—2.4(p)|

* Formulas were known for these sequences.
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Recurrences

For p = 110: ,1
1 k(110)] = [l1(110)] = Y [l 2(110)].
>k ! g '_1
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Recurrences

For p = 110: ,1
1n4(120)] = [1,-1(120)[ = > [l,—2,(110).
>k !
For p = 000: 7

[1,(000)| = (n — 1) [1,-1(000)| + (n — 2) |I,-2(000)].
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Recurrences

For p = 110: ,1
1n4(120)] = [1,-1(120)[ = > [l,—2,(110).
>k !
For p = 000: 7

[1,(000)| = (n — 1) [1,-1(000)| + (n — 2) |I,-2(000)].

= |lh(p)| = ("H)!%, where d, = #derrangements in S,,.
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Recurrences

For p = 110: ,1
1n4(120)] = [1,-1(120)[ = > [l,—2,(110).
J>k !
For p = 000: 7

[1,(000)| = (n — 1) [1,-1(000)| + (n — 2) |I,-2(000)].

= |lh(p)| = ("H)!%, where d, = #derrangements in S,,.

Open: find a direct bijective proof.
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Recurrences

For p = 110: ,1
1n4(120)] = [1,-1(120)[ = > [l,—2,(110).
>k !
For p = 000: 7

[1,(000)| = (n — 1) [1,-1(000)| + (n — 2) |I,-2(000)].

= |lh(p)| = ("H)!%, where d, = #derrangements in S,,.

Open: find a direct bijective proof.

More generally, for p = 0":
r—1

1507 = "(n = j) la—;(07)!.

j=1
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Equivalences between patterns

For e € I, and a consecutive pattern p, let
Oc(p, e) = {i : ejej+1€i+2 is an occurence of p}.

Example. Oc(012,0023013) = {2,5}.
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Equivalences between patterns

For e € I, and a consecutive pattern p, let
Oc(p, e) = {i : ejej+1€i+2 is an occurence of p}.
Example. Oc(012,0023013) = {2,5}.

Definition. Two consecutive patterns p and p’ are:
» Wilf equivalent, denoted p ~ p/, if

n(p)| = “n(p/)| vn.

Consecutive Patterns in Inversion Sequences



Equivalences between patterns

For e € I, and a consecutive pattern p, let
Oc(p, e) = {i : ejej+1€i+2 is an occurence of p}.
Example. Oc(012,0023013) = {2,5}.

Definition. Two consecutive patterns p and p’ are:
» Wilf equivalent, denoted p ~ p/, if

n(p)| = “n(p/)| vn.

» strongly Wilf equivalent, denoted p ~ p/, if
{e €1, :|0c(p,e)| = m}| = He €l,:|0c(p,e)| = m}’ Vn, m.
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Equivalences between patterns

For e € I, and a consecutive pattern p, let
Oc(p, e) = {i : ejej+1€i+2 is an occurence of p}.
Example. Oc(012,0023013) = {2,5}.

Definition. Two consecutive patterns p and p’ are:
» Wilf equivalent, denoted p ~ p/, if

n(p)| = “n(p/)| vn.

» strongly Wilf equivalent, denoted p ~ p/, if
{e €1, :|0c(p,e)| = m}| = He €l,:|0c(p,e)| = m}’ Vn, m.

» super-strongly Wilf equivalent, denoted p ~ p/, if
[{e €1,:0c(p,e) = S} =|{e€l,:Oc(p,e) = S}| Vn,SCIn]
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Equivalences between patterns

For e € I, and a consecutive pattern p, let
Oc(p, e) = {i : ejej+1€i+2 is an occurence of p}.
Example. Oc(012,0023013) = {2,5}.

Definition. Two consecutive patterns p and p’ are:
» Wilf equivalent, denoted p ~ p/, if

n(p)| = “n(p/)| vn.

» strongly Wilf equivalent, denoted p ~ p/, if
{e €1, :|0c(p,e)| = m}| = He €l,:|0c(p,e)| = m}’ Vn, m.

» super-strongly Wilf equivalent, denoted p ~ p/, if
[{e €1,:0c(p,e) = S} =|{e€l,:Oc(p,e) = S}| Vn,SCIn]

Note that p = p' = p~p/ = p~p.
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Equivalences between patterns

For e € I, and a consecutive pattern p, let
Oc(p, e) = {i : ejej+1€i+2 is an occurence of p}.
Example. Oc(012,0023013) = {2,5}.

Definition. Two consecutive patterns p and p’ are:
» Wilf equivalent, denoted p ~ p/, if

1a(p)| = |In(p")|  Vn.
» strongly Wilf equivalent, denoted p ~ p/, if
{e €1, :|0c(p,e)| = m}| = He €l,:|0c(p,e)| = m}’ Vn, m.
» super-strongly Wilf equivalent, denoted p ~ p/, if
[{e €1,:0c(p,e) = S} =|{e€l,:Oc(p,e) = S}| Vn,SCIn]
Note that p = p' = p~p/ = p~p.

Goal 2: classify consecutive patterns into these equivalence classes.
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Equivalences between patterns of length 3

[1,(100)| and [I,(110)| satisfy the same recurrence, so 100 ~ 110.
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Equivalences between patterns of length 3

[1,(100)| and [I,(110)| satisfy the same recurrence, so 100 ~ 110.

Theorem. 100 ~ 110.
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Equivalences between patterns of length 3

[1,(100)| and [I,(110)| satisfy the same recurrence, so 100 ~ 110.

Theorem. 100 ~ 110.
Proof sketch.

1. For any S C [n], construct a bijection
{e €l,:0c(100,e) O S} — {e € l,:0c(110,e) D S}

that replaces occurrences of 100 in positions S with
occurrences of 110.
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Equivalences between patterns of length 3

[1,(100)| and [I,(110)| satisfy the same recurrence, so 100 ~ 110.

Theorem. 100 ~ 110.
Proof sketch.

1. For any S C [n], construct a bijection
{e €l,:0c(100,e) O S} — {e € l,:0c(110,e) D S}

that replaces occurrences of 100 in positions S with
occurrences of 110.

2. Using inclusion-exclusion, we get

|{e € 1,:0c(100,e) = S}| = [{e € I, : Oc(110,€) = S}|.
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Equivalences between patterns of length 3

[1,(100)| and [I,(110)| satisfy the same recurrence, so 100 ~ 110.

Theorem. 100 ~ 110.
Proof sketch.

1. For any S C [n], construct a bijection
{e €l,:0c(100,e) O S} — {e € l,:0c(110,e) D S}

that replaces occurrences of 100 in positions S with
occurrences of 110.

2. Using inclusion-exclusion, we get
|{e € 1,:0c(100,e) = S}| = [{e € I, : Oc(110,€) = S}|.

This is the only equivalence between consecutive patterns of
length 3.
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Patterns of length 4

Theorem. A complete list of equivalences between consecutive
patterns of length 4 is as follows:

» 0102 X 0112 » 1000 ~ 1110

» 0021 =~ 0121 » 1001 = 1011 ~ 1101

» 1002 = 1012 = 1102 » 2100 = 2210

» 0100 ~ 0110 » 2001 ~ 2011 = 2101 = 2201
» 2013 X 2103 » 2012 X 2102

» 1200 = 1210 ~ 1220 » 2010 = 2110 ~ 2120

» 0211 ~ 0221 » 3012 =~ 3102
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Patterns of length 4

Theorem. A complete list of equivalences between consecutive
patterns of length 4 is as follows:

» 0102 X 0112 » 1000 ~ 1110

» 0021 =~ 0121 » 1001 = 1011 ~ 1101

» 1002 = 1012 = 1102 » 2100 = 2210

» 0100 ~ 0110 » 2001 ~ 2011 = 2101 = 2201
» 2013 X 2103 » 2012 X 2102

» 1200 = 1210 ~ 1220 » 2010 = 2110 ~ 2120

» 0211 ~ 0221 » 3012 =~ 3102

Conjecture. If p and p’ are consecutive patterns of length m in
inversion sequences, then

/ S /
p~p =pp

Consecutive Patterns in Inversion Sequences



Patterns of length 4

Theorem. A complete list of equivalences between consecutive
patterns of length 4 is as follows:

» 0102 X 0112 » 1000 ~ 1110

» 0021 =~ 0121 » 1001 = 1011 ~ 1101

» 1002 = 1012 = 1102 » 2100 = 2210

» 0100 ~ 0110 » 2001 ~ 2011 = 2101 = 2201
» 2013 X 2103 » 2012 X 2102

» 1200 = 1210 ~ 1220 » 2010 = 2110 ~ 2120

» 0211 ~ 0221 » 3012 =~ 3102

Conjecture. If p and p’ are consecutive patterns of length m in
inversion sequences, then

/ S /
p~p =pp

Analogous to Nakamura's conjecture for consecutive patterns in

permutations.
Consecutive Patterns in Inversion Sequences



Patterns of length 4

Theorem. A complete list of equivalences between consecutive
patterns of length 4 is as follows:

» 0102 X 0112 » 1000 ~ 1110

» 0021 =~ 0121 » 1001 = 1011 ~ 1101

» 1002 = 1012 = 1102 » 2100 = 2210

» 0100 ~ 0110 » 2001 ~ 2011 = 2101 = 2201
» 2013 X 2103 » 2012 X 2102

» 1200 = 1210 ~ 1220 » 2010 = 2110 ~ 2120

» 0211 ~ 0221 » 3012 =~ 3102

Conjecture. If p and p’ are consecutive patterns of length m in
inversion sequences, then

/ S / 7 SS /
p~p =prp =p~p

Analogous to Nakamura's conjecture for consecutive patterns in

permutations.
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Equivalences are proved differently, but there are three main cases:

» p and p’ are non-overlapping, mutually non-overlapping and
“interchangeable”’. Example: 1002 = 1012.
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Equivalences are proved differently, but there are three main cases:

» p and p’ are non-overlapping, mutually non-overlapping and
“interchangeable”’. Example: 1002 = 1012.

Proof is bijective, and distribution of occurrences is symmetric:

[{e €1n:Oc(p,e) = S, Oc(pf,e) = T}|
=|{e€1,:0c(p,e) = T, Oc(p',e) = S}|
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Equivalences are proved differently, but there are three main cases:

» p and p’ are non-overlapping, mutually non-overlapping and
“interchangeable”’. Example: 1002 = 1012.

Proof is bijective, and distribution of occurrences is symmetric:
‘{e €l,:0c(p,e) =S, Oc(p',e) = T}‘
:Heeln:Oc(p, e)=T, Oc(p,e) S}!

» p and p’ are non-overlapping and “interchangeable”.
Example: 1000 ~ 1110.
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Equivalences are proved differently, but there are three main cases:

» p and p’ are non-overlapping, mutually non-overlapping and
“interchangeable”’. Example: 1002 = 1012.

Proof is bijective, and distribution of occurrences is symmetric:
‘{e €l,:0c(p,e) =S, Oc(p',e) = T}‘
:Heeln:Oc(p, e)=T, Oc(p,e) S}!

» p and p’ are non-overlapping and “interchangeable”.
Example: 1000 = 1110. Proof uses inclusion-exclusion.
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Equivalences are proved differently, but there are three main cases:

» p and p’ are non-overlapping, mutually non-overlapping and
“interchangeable”’. Example: 1002 = 1012.

Proof is bijective, and distribution of occurrences is symmetric:

[{e €1n:Oc(p,e) = S, Oc(pf,e) = T}|
=|{e€1,:0c(p,e) = T, Oc(p',e) = S}|

» p and p’ are non-overlapping and “interchangeable”.
Example: 1000 = 1110. Proof uses inclusion-exclusion.

» pand p’ are overlapping. Example: 0102 ~ 0112.
Proof uses a block decomposition of inversion sequences.
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Equivalences are proved differently, but there are three main cases:

» p and p’ are non-overlapping, mutually non-overlapping and
“interchangeable”’. Example: 1002 = 1012.

Proof is bijective, and distribution of occurrences is symmetric:
‘{e €l,:0c(p,e) =S, Oc(p',e) = T}‘
:Heeln:Oc(p, e)=T, Oc(p,e) SH

» p and p’ are non-overlapping and “interchangeable”.
Example: 1000 = 1110. Proof uses inclusion-exclusion.

» pand p’ are overlapping. Example: 0102 ~ 0112.
Proof uses a block decomposition of inversion sequences.

The 75 consecutive patterns of length 4 fall into 55 equivalence
classes.
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Longer patterns

Some equivalences generalize to longer patterns:

Theorem. For every r > 1 and s > 2,

0710720"...(s—1)0"s 20711722 .. . (s—1)(s—1)s

s—1 (s—1y

s
51
2 D 2 g e
—_—
0" 0" 0" 0" 0

SS

s0"(s—1)0"...0"10" " s(s—1)"'s(s—2)'s...s1"s0"
Rs(s—1)(s—1)(s—2)(s—2)...1710"
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Patterns of relations

Let R, Ro € {<, >, <, >, =, #}.

e € |, contains the (consecutive) pattern of relations (Ry, R») if
there is an i such that e;Riej11 and ej11Rzei10.
Otherwise, e avoids (Ry, R»).
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Patterns of relations

Let R, Ro € {<, >, <, >, =, #}.

e € |, contains the (consecutive) pattern of relations (Ry, R») if
there is an i such that e;Riej11 and ej11Rzei10.
Otherwise, e avoids (Ry, R»).

For example, e contains (<, =) if ¢; < ej+1 = €j42 for some i.
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Patterns of relations

Let R, Ro € {<, >, <, >, =, #}.

e € |, contains the (consecutive) pattern of relations (Ry, R») if
there is an i such that e;Riej11 and ej11Rzei10.
Otherwise, e avoids (Ry, R»).

For example, e contains (<, =) if ¢; < ej+1 = €j42 for some i.

Let I,(R1, R2) ={e € l,: e avoids (R, R»)}.
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Patterns of relations

Let R, Ro € {<, >, <, >, =, #}.

e € |, contains the (consecutive) pattern of relations (Ry, R») if
there is an i such that e;Riej11 and ej11Rzei10.
Otherwise, e avoids (Ry, R»).

For example, e contains (<, =) if ¢; < ej+1 = €j42 for some i.

Let I,(R1, R2) ={e € l,: e avoids (R, R»)}.

Example. 0103323431 & l19(>,>) but 0023224337 € l10(>, >).
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Patterns of relations

Let R, Ro € {<, >, <, >, =, #}.

e € |, contains the (consecutive) pattern of relations (Ry, R») if
there is an i such that e;Riej11 and ej11Rzei10.
Otherwise, e avoids (Ry, R»).

For example, e contains (<, =) if ¢; < ej+1 = €j42 for some i.

Let I,(R1, R2) ={e € l,: e avoids (R, R»)}.

Example. 0103323431 ¢ l19(>,>) but 0023224337 € l3(>, >).
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Patterns of relations

Let R, Ro € {<, >, <, >, =, #}.

e € |, contains the (consecutive) pattern of relations (Ry, R») if
there is an i such that e;Riej11 and ej11Rzei10.
Otherwise, e avoids (Ry, R»).

For example, e contains (<, =) if ¢; < ej+1 = €j42 for some i.

Let I,(R1, R2) ={e € l,: e avoids (R, R»)}.

Example. 0103323431 ¢ l19(>,>) but 0023224337 € l3(>, >).

We define the relations ~, ~ and ~ for patterns of relations like we
did for patterns.

Goal 3: Classify patterns of relations into equivalence classes and
determine [l,(Ry, R2)|.
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Equivalences between patterns of relations

Theorem. A complete list of equivalences between consecutive
patterns of relations (R, R2) is as follows:

> (2,<) R (<2) ~ (£2) > (2,>) % (>,2)
> (>,>) 2 (<,<) > (>,=) % (=)
> (2.2) R (=2)
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Equivalences between patterns of relations

Theorem. A complete list of equivalences between consecutive
patterns of relations (Ry, R2) is as follows:

> (2,9 R (<2) ~ (£ 2) > (2,>) > (>,2)
> (2,2) = (<,9) > (>,=) R (=,>)
> (2,5) % (=,2)

Note: Wilf equivalence and strong Wilf equivalence classes do not
coincide for patterns of relations.
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Equivalences between patterns of relations

Theorem. A complete list of equivalences between consecutive
patterns of relations (Ry, R2) is as follows:

> (2,9 R (<2) ~ (£ 2) > (2,>) > (>,2)
> (2,2) = (<,9) > (>,=) R (=,>)
> (2,5) % (=,2)

Note: Wilf equivalence and strong Wilf equivalence classes do not
coincide for patterns of relations.

Corollary (conjectured by Baxter—Pudwell, proved non-bijectively
by Baxter—Shattuck and Kasraoui). The vincular permutation
patterns 1243 and 4213 are Wilf equivalent.
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Equivalences between patterns of relations

Theorem. A complete list of equivalences between consecutive
patterns of relations (Ry, R2) is as follows:

> (2,9 R (<2) ~ (£ 2) > (2,>) > (>,2)
> (2,2) = (<,9) > (>,=) R (=,>)
> (2,5) % (=,2)

Note: Wilf equivalence and strong Wilf equivalence classes do not
coincide for patterns of relations.

Corollary (conjectured by Baxter—Pudwell, proved non-bijectively
by Baxter—Shattuck and Kasraoui). The vincular permutation
patterns 1243 and 4213 are Wilf equivalent.

New bijective proof:
Sn(1243) < 15(>,>) < 14(>,>) <> Sp(4213).
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Avoiding patterns of relations

Patterns of relations for which the sequence |I,(Ry, R2)| appears in
the OEIS as enumerating other objects:

Pattern (Ry, R2) OEIS Description
(<, %) A040000 2 (for n> 1)
(<,>) A000027  n
(>, #) A000124  (5) +1
(2,5 A000045  Fn11 (Fibonacci)
(#,<) A000071  Fpio — 1 (Fibonacci)

(>, <) R (<,2) ~ (#£,>)  A000079 201
(#. #) A000085  Number of involutions of [n]
(£,>) A000108  C, (Catalan)
>,3) A071356 Underdiagonal paths of from the origin
to x = n with steps (0,1), (1,0), (1,2)

(=,#) A003422 Ol + 11+ 214 -4 (n—1)!

(2.2) % (<.<) A0497T74  |S,(321)]
(#,=) A000522 S t(n—1)/il

=,>)R(>,>) A200403  |S,(1243)]
(== A052169  (mH)dnix
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Let e € 1,.
e € (>, <) iff there exists j such that

g <e<- <€ =>611>€12> > €
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Let e € 1,.
e € (>, <) iff there exists j such that
g <e<- <€ =>611>€12> > €

= (2,9 = Fop1.
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Let e € 1,.
e € (>, <) iff there exists j such that

g <e<- <€ =>611>€12> > €

= (2,9 = Fop1.

ecl(<,>)iffegp<ep<---<ep.

1 v
,

0 T 3 4 B 3
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Let e € 1,.
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The pattern 1,(>, <)

e € ly(>, <) iff there exists j such that

egle<---<eg>eq1> > 6

T 2 3 4 s s 7 8 9
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The pattern 1,(>, <)

e € ly(>, <) iff there exists j such that :

e1§e2§-~§ej>ej+1>'~>en.

T 2 3 4 s s 7 8 9

Theorem (conjectured by Martinez—Savage, proved independently
by Cao—Jin—Lin and Hossain).
1-2x —/1—4x — 4x2
Z“n(>’§)‘xn: X X X '

4x2

n>0
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The pattern 1,(>, <)

e € ly(>, <) iff there exists j such that .

e1Segg--'gej>ej+1>'~>en.

Theorem (conjectured by Martinez—Savage, proved independently
by Cao—Jin—Lin and Hossain).
1-2x —/1—4x — 4x2
Z“n(>’§)‘xn: X X X '

4x2

n>0

Using the interpretation as marked lattice paths, we also obtain:
> the distribution of the statistic #{distinct entries in e} is
symmetric on |,(>, <) (conjectured by Martinez—Savage),
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The pattern 1,(>, <)

e € ly(>, <) iff there exists j such that .

e1Segg--'gej>ej+1>'~>en.

T 2 3 4 5 6 7 8 9

Theorem (conjectured by Martinez—Savage, proved independently
by Cao—Jin—Lin and Hossain).
1-2x —/1—4x — 4x2
Z“n(>’§)‘xn: X X X '

4x2

n>0

Using the interpretation as marked lattice paths, we also obtain:
> the distribution of the statistic #{distinct entries in e} is
symmetric on I,(>, <) (conjectured by Martinez-Savage),
» enumeration formulas for inversion sequences satisfying other
unimodality conditions.



References

@ Juan S. Auli and Sergi Elizalde, Consecutive patterns in inversion sequences, Discrete Math. Theor.
Comput. Sci. 21 (2019), #6.

[ Juan S. Auli and Sergi Elizalde, Consecutive patterns in inversion sequences Il: avoiding patterns of
relations, J. Integer Seq. 22 (2019), Art. 19.7.5.

@ Andrew M. Baxter and Lara K. Pudwell, Enumeration schemes for vincular patterns, Discrete
Math., 312 (2012), 1699-1712.

& Andrew Baxter and Mark Shattuck, Some Wilf-equivalences for vincular patterns, J. Comb., 6
(2015), 19-45.

[ Wenqin Cao, Emma Yu Jin and Zhicong Lin, Enumeration of inversion sequences avoiding triples of
relations, Discrete Appl. Math., 260 (2019), 86-97.

&l Sylvie Corteel, Megan A. Martinez, Carla D. Savage and Michael Weselcouch, Patterns in inversion
sequences I, Discrete Math. Theor. Comput. Sci., 18 (2016), 21 pp.

[ Tim Dwyer and Sergi Elizalde, Wilf equivalence relations for consecutive patterns, Adv. in Appl.
Math., 99 (2018), 134-157.

& Anisse Kasraoui, New Wilf-equivalence results for vincular patterns, European J. Combin., 34
(2013), 322-337.

& Toufik Mansour and Mark Shattuck, Pattern avoidance in inversion sequences, Pure Math. Appl.
(PUM.A.), 25 (2015),157-176.

B Megan A. Martinez and Carla D. Savage, Patterns in inversion sequences Il: Inversion sequences
avoiding triples of relations, J. Integer Seq., 21 (2018), Art. 18.2.2.

Consecutive Patterns in Inversion Sequences



