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ABSTRACT. We examine the structure of central twisted trans-
formation group C*-algebras Co(X) Xiqu G, and apply our
results to the group C*-algebras of central group extensions.
Our methods require that we study Moore’s cohomology group
H?(G,C(X,T)), and, in particular, we prove an inflation result
for pointwise trivial cocyles which may be of use elsewhere.

Twisted transformation group C*-algebras and Moore’s cohomology group
H?*(G,C(X,T)) arise naturally in the study of the group C*-algebras of group
extensions and have far reaching applications in operator algebras. Packer’s survey
articles [13], and especially [12], give an excellent historical context as well as
providing additional references and the basic definitions for what follows.

In this paper we examine the structure of central twisted transformation group
C*-algebras Co(X) Xiq,u G, where G is a second countable locally compact group
acting trivially on a second countable locally compact space X, and u €
Z?(G,C(X,T)) is a 2-cocycle on G taking values in the center C(X,T) of the
multiplier algebra of Co(X). A primary motivation is the study of the group C*-
algebra C* (L) of a central group extension

(%) l—=N—L—G—1

It is well-known that C*(L) is isomorphic to the central twisted transformation
group Co (N) Xia,nG, where n € Z2(G, N) is a 2-cocycle associated to the extension
() viewed as taking values in C (N,T).

Our results apply, in particular, to groups G which are smooth in the sense of
Moore [8], in that there is a central group extension

l1—Z—H—G—1
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(called a representation group for G) such that the transgression map tg : Z —
H?(G,T) is an isomorphism of topological groups. Thus our results apply in par-
ticular to groups G that are either discrete, compact, compactly generated abelian
or connected, simply connected Lie groups. Our results substantially generalize
results in [23, 24, 20], where central twisted group algebras have been studied
for abelian groups and pointwise trivial cocycles u € Z%(G,C(X,T)), and re-
sults in [25], where Smith considers central twisted group algebras for groups with
H?(G,T) discrete (which, for example, is the case whenever G is compact).

The structure of Co(X) Xiq,u G is easiest to describe when u is pointwise triv-
ial; that is, u(x) is trivial in H*(G,T) for each x € X, where u(x)(s,t) :=
u(s,t)(x). As was shown in [23, 20] for abelian G, each pointwise trivial cocy-
cle is naturally associated to a locally compact Gp-bundle p : E, — X, where
G = G/[G,G] is the abelianization of G (Definition 1.2). The bundles £,
and Z, are isomorphic if and only if u and v are equivalent in H*(G, C(X,T)).
Furthermore, the map u — Z, is multiplicative in that £y, = Ey * Ey, where
the £y * Ey is the usual product of Gap-bundles. In the case of abelian G, the
bundles E,, appeared in [24] under the name of characteristic bundles, the isomor-
phism classes of which form an (often proper) subset of the set of all isomorphism
classes of free and proper G-bundles over X. Moreover, in this case, the alge-
bra Co(X) Xigq,u G is isomorphic to Co(Ey). We shall give a short proof of this
well-known isomorphism below.

When G is not abelian, Co(X) Xiq,u G is still a Co(X)-algebra, and therefore
can be thought of as the (semi-continuous) sections of a C*-bundle over X. If

A is a Co(X)-algebra admitting a Co(X)-linear Gap-action, then we can form the
C*-analogue of the bundle product above, and obtain a C*-algebra F,, * A ([4,
Definition 3.3]). One benefit of this construction is that, if u is pointwise trivial
and G is smooth, then we can show that

(1) Co(X) Xiau G ~mE Eu * Co(X, C*(G)))

(Theorem 2.11). A crucial ingredient in the proof of (1), which may be of in-
dependent interest, is showing that u is equivalent to a cocycle inflated from a
pointwise trivial cocycle on Gy, (Proposition 1.7). More generally, we show that

€3) H*(G,C(X,T)) = C(X,H*(G,T)) ® H} (Gap, C(X,T))

(Proposition 1.10). If u € Z*(G,C(X,T)), then the map x — [u(x)] gives us
an element @ € C(X,H?*(G,T)) and we can use (f) to write U = V - il with
v pointwise trivial. Since H is a representation group for G, C*(H) is a Co(f)—
algebra. Since we can view @ as a continuous map of X into 7 = H%(G,T), we
can form the pull-back @*(C*(H)). Our main result (Theorem 2.9) implies that

Co(X) Xigu G ~mg Ey * @*(C*(H)).
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This result is new even in the special situation where H2 (G, T) is discrete as is the
case in [25] (see Theorem 2.11 below).

In the case of a central group extension C*(L) = Co(N) Xia,n G, our results
take a more elegant form as our auxiliary constructions can be formulated in group
theoretic terms. For example, if L is pointwise trivial—that is, the associated cocy-
cle n is pointwise trivial—then res : L.i, — N is a G.p,-bundle which is isomorphic
to Ep, and we have

C*(L) = Loy * Co(N, C*(G))

(Corollary 3.3). In general, we prove (Theorem 3.5) that
C*(L) = L'a, % @* (C* (H)),

where L’ is the quotient of {(¢{,h) € Lx H | p(¥) = q(h)} by the subgroup
AZ) = {($p(2),2) | z € Z}, where  : Z — N isthe dual to @ : N —
H2(G,T) = Z.

The paper is organized as follows. In Section 1, we make a careful study
of pointwise trivial cocycles and prove our results on inflation of pointwise trivial
cocycles, and on the decomposition of H(G, C(X, T)). In Section 2, we prove our
structure theorems for general central twisted transformation groups. In Section
3, we show how to apply our results to the group C*-algebras of central group
extensions.

We should mention that this paper is very much related to the papers [5,
4], where we consider more general systems. However, in the special situations
considered here, the results are much easier to describe, and allow more general
statements.

1. POINTWISE TRIVIAL COCYCLES

If X is a second countable locally compact space, then the set of continuous func-
tions C(X, T) from X into the circle group T is a Polish group when equipped
with pointwise multiplication and the compact-open topology. In this section,
we look carefully at the Moore cohomology group H?(G, C(X,T)) for a second
countable locally compact group G acting trivially on C(X, T).

The definition and basic properties of Moore’s cohomology groups H" (G, A)
for an arbitrary polish G-module A are laid out in Moore’s original paper [9]. (A
summary with additional references can be found in Section 7.4 of [21].) An
important facet of the theory is that these groups can be computed by using two
different complexes: one can either take the complex

. — C"(G,A) — C" (G, A) — - -
0 0 0
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where C"(G, A) denotes the group of A-valued Borel functions on G™ and 0
denotes the usual group coboundary, or one can work with the complex

- — C"(G,A) — C"N(G,A) — - -
2 2 d

where C"(G, A) is the quotient of C"(G, A) obtained by identifying Borel func-
tions on G™ which coincide almost everywhere and 9 is the induced map. Moore
shows in [9, Theorem 5] that the canonical maps C"(G,A) — C"(G, A) induce
isomorphisms of H" (G, A) with H" (G, A) for all n = 0. One advantage of work-
ing with C"(G, A) is that C"(G, A) is a Polish group when equipped with the
topology of convergence in measure (after replacing Haar measure with an equiv-
alent finite measure). Thus we have a topology on H" (G, A) (and therefore on
H™(G, A)), although this topology can be non-Hausdorff in general. On the other
hand, elements in C"(G, A) are not defined everywhere, and this can often be a
nuisance; thus it is useful to work with both definitions simultaneously, and we

shall do so below.

Definition 1.1. Let u € Z2(G,C(X,T)) and define u(x) € Z?(G,T) by
evaluation at x: u(x)(s,t) := u(s,t)(x). We say that u is pointwise trivial if
u(x) is trivial (i.e., u(x) € B*(G,T)) for all x € X. We say that u is locally
trivial if each x € X has an open neighborhood V such that the restriction uy €
Z2(G,C(V,T)) of u to V is trivial (i.e., uy € B*(G,C(V,T))).

We denote by Zrz)t(G, C(X,T)) and ZIZOC(G, C(X,T)), respectively, the subsets
of pointwise trivial cocycles and locally trivial cocycles in Z 2(G,C(X,T)). Simi-
larly, we let Hgt(G, C(X,T)) and HIZOC(G, C(X,T)), respectively, be the images of
72,(G,C(X,T)) and Z2.(G,C(X,T)) in H2(G, C(X, T)).

Pointwise trivial cocycles have been studied extensively in the literature. A par-
ticularly important example—having applications in the study of C*-dynamical
systems—is Rosenberg’s [22, Theorem 2.1], which shows that

Z2.(G,C(X,T)) = Z£.(G,C(X,T)),

whenever H2(G, T) is Hausdorff and the abelianization Gy, is compactly gener-
ated. However, Rosenberg’s Theorem can fail without the assumptions on Gap
and H%(G, T) (see [5] and Example 1.8 below).

We shall study pointwise trivial cocycles u € Z2, (G, C(X, T)) via a canonical
éab-space Eu. Our construction of Ey, is identical to that in [20] where the group
G was assumed to be abelian. It follows from [9, Theorem 3] that H! (G, T), and
therefore H! (G, T), can be identified with G.;,. Since there are natural maps of
Gap into C1(G,T) and C'(G,T), we always have algebraic short exact sequences
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of groups

1 — G, — CL(G,T) — BX(G,T) — 1
and

1 — Ga, — C'(G,T) —a»ﬁz(G,T) —1

which are related to each other via the inclusions C" — C". Although the homo-
morphisms in the second sequence are always continuous, the second sequence
may fail to be a short exact sequence of topological groups as the associated quo-
tient map cY(G,T)/G., — B*(G,T) may fail to be a homeomorphism. In fact,
this quotient map is a topological isomorphism if and only if B*(G, T) is a Polish
subgroup of C%(G,T). This happens exactly when B%(G,T) is closed, which is
equivalent to H*(G, T) being Hausdorff (cf. e.g. [9, Section 5]).

Definition 1.2. Letu € Z2(G,C(X,T)). Then we define
Fu = {(f,x) € CH(G,T) x X | 9(f) = u(x)}.
Similarly, if u denotes the image of u in Z*(G, C(X,T)), we define
Fy = {(f,x) € C'(G,T) XX | 3(f) = u(x)}.

It follows from the short exact sequences mentioned above that both, Z,
and E, are free Gan- -spaces, and that £, becomes a topological Gap- -space when
equlpped with the relative topology from C' (G, T) x X. Moreover, the canonical
projections

p:E,—~X and p:E, - X
induce bijections between the quotient spaces £y, / G.p, and Eu/ G and X, respec-
tively. However, there are cases where p : Fy, — X fails to be open (e.g. Example
1.8 below). N

Proposition 1.3. Leru € Z%(G,C(X,T)). Then the following are true:

(@) Themap (f,x) — (f,x) is a bijection @ : Ey, — Ey.

(b) If we topologize Ey, via the identification with Ey of (), then the ropology on
Fu C CHG,T) X X is given by pointwise convergence in the first variable, and
the given topology on X.

(o Iflul=[v]e Hgt(G,C(X,T)), then Ey = Ey as (topological) éab—spﬂces.

(d) Ey is isomorphic to the trivial G.,-bundle Gy, X X (as a Gy-space) if and only
if u is trivial.
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Proof. For the proof of (a), it is enough to show that the given map induces
bijections between the G.p,-orbits in E,, and Eu. But, by the above discussion, the
orbits are just the sets p~1({x}) and 2’1 ({x}), respectively, and it is clear that
p~1({x}) is mapped into B‘l ({x}). The result then follows from the freeness of
the G ,p,-actions.

For (b), we have to show that a sequence {(fn,Xn)} converges to (f, x) in Ey
ifand only if f,, — f pointwise on G and x,, — x. Since pointwise convergence of
{fn} in C'(G, T) implies convergence of {f,} in C'(G,T), it is enough to show
that convergence of {(fy, xn)} in Ey implies pointwise convergence of { f,}. But
this follows from part (a) and [20, Lemma 3.6].

For (c), let g € CY(G,C(X,T)) be a Borel cochain such that v = 9(g)u.
Then £y — Ey : (f,x) — (g(x)f,x) is an isomorphism which is bicontinuous
by part (b).

The last assertion follows from the proof of [20, Proposition 3.4], which did
not make use of the assumption that G was abelian. O

Remark 1.4. It follows from part (d) of the proposition that Zy, is a locally
trivial G,p,-bundle if and only if u is locally trivial. In particular, when u is locally
trivial, %y, is a free and proper locally compact G,p,-bundle.

If G is abelian, then [20, Proposition 3.1] implies that y, is locally compact,
and p : F, — X is a free and proper G-bundle. A careful look at the proof
reveals that the hypothesis that G be abelian was only used to guarantee that the
coboundary map 0 : CYG,T) — B*(G,T) is open.! Thus we get the following
result.

Proposition 1.5. Assume that H*(G,T) is Hausdorff and
u € ZL(G,C(X,T)).

Then Ey, is locally compact and p : Fy — X is a free and proper G, -bundle.

We shall also need the following lemma, which can be proved along the lines
of the final part of the proof of [20, Proposition 3.4].

Lemma 1.6. Let Y be a second countable topological space and let g : 'Y —
C(X,T) be a map such that for each x € X the map g(x) : Y — T : g(x)(y) =
9d(v,x) is Borel. Theng :Y — C(X,T) is Borel.

We are now ready for our lifting result for pointwise trivial cocycles.

Proposition 1.7. Assume that u € Z2(G,C(X,T)). Then the following are
equivalent:

1If G is abelian, then H%(G, T) is Hausdorff [10, Theorem 7], and this is equivalent to the openness
of 0.
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(a) There exists a cocycle l € Zf,t (Gab, C(X,T)) such that w is cobomologous to the
inflation inf i of i 10 G.

(b) The projection p : Ey, — X is open.

(c) Ey is locally compact and p : Ey — X is a free and proper G -bundle.

Moreover, if (a) holds, then E,, is isomorphic to Eq as a @ab—space.

Proof. We will first show the last statement: indeed, if u ~ inf1it, we can use
part (c) of Proposition 1.3 to assume without loss of generality that u = inf@. It
is then easy to check that the map from Fyz — Ey, given by

(f,x) — (inf f, x)

is a G.p-equivariant bijection, which is bicontinuous by part (b) of Proposi-
tion 1.3.

We now show (a)=(c)=(b)=(a). In fact (a)=(c) follows from the isomor-
phism E,, = Ey together with [20, Proposition 3.1] (see the discussion preceding
Proposition 1.5 above), and (c)=(b) follows by definition.

We now check (b)=(a). Choose a Borel section ¢ : G, — G with c(é) = e
and define a map U : G X Gap, X Eyy — T by

(s, E, (f,X)) = 36,y (f © €) (S, ).

This map is continuous in (f, x) by Proposition 1.3(b), and since

aGab()’ ) (foc)) = aGab(fOC) fOI' all Yy € éab:

it follows that py induces a map 7 : Gap, X Gap, X X — T which is continuous on X
(since part (b) implies that p : £, — X induces a homeomorphism Z,, / Gop = X ).
Thus we may view % as a map from Gap, X Gap, to C(X, T). Since for each x € X,
(x) = 0g,, (f o c) forany (f,x) € Ey, it follows that all evaluations 7i(x) are
Borel. Therefore, i is Borel by Lemma 1.6.

It remains to check that u ~ infi. For this we defineamapv : G xE, - T
by

v(s, (f,x)) = f(s) - (foc)s).

Then v is continuous on Ey, and since v(s,(y - f,x)) = v(s, (f,x)) for all
Y € Gap, it follows that v factors through a map g : G x X — T which is
continuous on X = Z,,/G.y. Lemma 1.6 implies that g, viewed as a map from G

to C(X,T), is Borel. Moreover, if (f,x) € Ey, then
0g(s,t)(x) =0f -3(foc) =u(x) -infit(x).

This completes the proof. O
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Example 1.8 (cf. [5, Example 7.3]). There exist groups G with cocycles u
Zﬁt(G, C(X,T)) such that p : E,, — X fails to be open; it follows that such u are
not lifted from pointwise trivial cocycles on Gap,. Let 0 be an irrational number
and let G = R? x T? with multiplication given by the formula

(s1,t1,21,W1) (S2, b2, 22, W) = (81 + So, b1 + by, @122 2y, 01012001 w,).

This is the example of a group with non-Hausdorff H?(G, T) presented by Moore
in [8, p. 85] (see also [5, Example 7.2]).

Let X = {% | n € N}U{0} and choose a continuous map A : X — Z+0Z < R
such that A9 = 0 and such that A;;, # 0 for all n € N. Define a cocycle v €
Z2(R2,C(X,T)) by

v((s1,t1), (52, 82)) (x) = A9 ¢t e G x € X.

Since the v (x) are non-trivial cocycles on R? = Gy, if x # 0, it follows that v is
not pointwise trivial. However, the inflation infv € Z2(G,C(X, T)) is pointwise
trivial. Indeed, a short computation shows that if we define A(x) = f(x) +
Om(x) where £, m : X — Z, and if we define fy € C'(G,T) by fx(s,t,z,w) =
2! M) then infv(x) = 0 fy.

We now show that the projection p : Einry — X is not open. If it were, then
Proposition 1.7 would imply that Z;,ry would be a locally compact free and proper
G.p = R2-space. Since every free and proper R2-bundle is locally trivial by Palais’s
Slice Theorem [16, Theorem 4.1], and therefore trivial since H!(X,R?) = {0},
this would imply that Fiyfy would be a trivial bundle. In that case, there exists a
continuous section @ : X — Fj.r,. Then we could find elements y, € R2 such
that

(p(x) = (Yx -fX|X)l Wlth YO = 1G!

and where fy is defined as above. This would imply that y1/n - fi/n converges
pointwise to 1, and hence, that f1,n|12 converges pointwise to lt2. But this
is impossible since for all x # 0, fx|t2 is a non-trivial character of T2, T2 =
72 is discrete, and pointwise convergence of characters implies convergence [9,

Theorem 8§].
Corollary 1.9. Assume that H*(G,T) is Hausdorff. Then the inflation map

inf: H} (G, C(X, T)) — HZ (G, C(X, T))
sending [V] — [infv] is an isomorphism of abelian groups.

Similarly, if G is any second countable locally compact group, then the inflation
map inf: H: (G, C(X,T)) — HE (G, C(X,T)) is an isomorphism.
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Proof. It follows from Propositions 1.5 and 1.7 that
inf: H} (G, C(X, T)) — HZ (G, C (X, T))

is surjective. Injectivity follows since [infv] = [1] in Hgt (G,C(X,T)) ifand only
if Finfv is the trivial bundle (Proposition 1.3(d)). But Finry = Ey by Proposition
1.7, and this implies [v] = 1. The second statement is proved similarly using
Remark 1.4 and Proposition 1.7. O

The above results can be used to give a description of H?*(G,C(X,T)) along
the lines of [5, Section 5]. We restrict our attention to groups which are smooth
in the sense of Moore (see [8]—an extensive discussion of smooth groups is also
given in [5, Section 4]). Recall thatif 1 — Z — H — G — 1 is a central group
extension, then the transgression map tg : 7 - H 2(G,T) is defined by composing
the characters of Z with a cocycle n € Z?(G, Z) corresponding to the extension
(recall that such an n is given by n = 0c for any Borel section ¢ : G — H). A group
G is called smooth if there exists a central extension as above such that tg : 7 -
H?(G,T) is bijective, which automatically implies that it is an isomorphism of
topological groups. The extension H is then called a representation group for G. In
particular, if G is smooth, then H2(G, T) is Hausdorff. The list of smooth groups
is quite large; it contains all discrete groups, all compact groups, all compactly
generated abelian groups, and all simply connected and connected Lie groups (see
[9, 5]).

Suppose now that G is smooth and that 1 — Z — H — G — 1 is a representa-
tion group of G. Let n € Z%(G, Z) be a corresponding cocycle. Then any contin-
uous map @ : X — H?(G,T) = 7 determines a cocycle up € Z2(G,C(X,T)) by
defining Uy (s,t) (x) = @(x)on(s,t). Itis easy to check (and it follows from the
proof of [5, Theorem 5.4]) that @ — [ug] determines a well defined group ho-
momorphism Yy : C(X,H*(G,T)) - H?(G,C(X,T)), which depends only on
the particular choice of the representation group, but not on the particular choice
of n € Z%(G, Z) corresponding to this extension.

Proposition 1.10. Suppose that G is smooth with representation group H. Then
the map
inf®¥y : H} (Gay, C(X,T)) ® C(X,H*(G,T)) — H*(G,C(X,T)),

sending (v, @) — infv - Wy, is an isomorphism of groups.

Proof. Let
®:H*(G,C(X,T)) - C(X,H*(G,T))

be the evaluation map given by ®([u])(x) := [u(x)]. Then ® is a group homo-
morphism and ker® = HZ (G, C(X, T)). Since H*(G, T) is Hausdorff, we can ap-
ply Corollary 1.9 to see that inf : H%t(Gab, CX,T)) — Hgt(G, C(X,T)) = ker®
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is an isomorphism. The result then follows from the fact that ¥y : C(X, H*(G, T))
— H?(G,C(X,T)) is a splitting homomorphism for @ (see the proof of [5, Theo-
rem 5.4] for more details). O

Remark 1.11.
(1) If H*(G,T) is discrete, then every continuous map @ : X — H?(G,T) is
locally constant. Thus, together with the classification of characteristic bundles
given in [24], the above result subsumes [25, Corollary 9]—without having to
assume that G is abelian as in [25]!

(2) Since every countable discrete group G has a representation group by [8,
Theorem 3.1] (see also [15, Corollary 1.3]), the above decomposition applies to
such groups. If, in addition, G,y is free abelian, then it follows from the clas-
sification of characteristic bundles in [24, Lemma 3] (but see also [13]), that
H2,(Gap, C(X,T)) = {0}. Thus Proposition 1.10 implies that

(1.1 H2(G,C(X,T)) = C(X,H*(G,T))

in these cases. Notice that if G is a non-abelian free group, then H2(G, T) = {0}.
Then (1.1) implies the well know result that H*(G, C(X, T)) = {0}.

2. CENTRAL TWISTED TRANSFORMATION GROUP ALGEBRAS

In this section, we want to describe the central twisted transformation group al-
gebra Cy(X) Xiqu G corresponding to a cocycle u € Z2(G,C(X,T)). The basic
properties of twisted crossed products are given in [14]. We recall some of the
fundamentals here. A (Busby-Smith) rwisted action («,u) of G on a C*-algebra
A consists of a strongly measurable map « : G — AutA together with a strictly
measurable map u : G X G — UM(A) such that

sy = Adu(s,t) oxsy and o (u(s, t)u(r,st) = u(r,s)u(rs,t),
forall s, t, r € G. We also require that ., = id and u(e,s) = u(s,e) = 1 for

all s € G. The twisted crossed product A Xy G is a completion of L' (G, A) with
convolution defined by

fxg(s) = JGf(t)at(g(t‘ls))u(t, t~1s)ds.

The covariant representations of the twisted system (A, G, &, u) are the pairs (17, U)
in which m: A — B(H) is a nondegenerate *-representation of A and U : G —
U(H) is a measurable map such that

Ue=1, m(xs(a)) =Unm(a@)US, and UsUr = m(u(s,t))Us.
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There is a natural one-to-one correspondence between covariant representations
(rr,U) of (A, G, &, u) and nondegenerate *-representations of A X,y G associat-
ing (11, U) to its integrated form

TxU(f) = JGTr(f(s))uSds, f el (G,A).

The dual action (¢, )" of Gap, on A Xy G is defined on the L!-functions via
(o, u)y (f)(s) =y () f(s).

(Just as with the Fourier transform, there is a choice to be made when defining the
dual action, and it is a matter of convenience whether one multiplies with y (s)
or y(s) in the formula above. It should be noted that our convention here is the
opposite of that in [4]). There are canonical embeddings i4 : A = M(A Xy G)
and ig : G — UM (A Xgu G) givenon f € LY(G, A) by

(ia(@)f)(t) =a- f(t) and (ic(s)f)(t) = s (f (s ))u(s, s 1t).

Then (ia,i¢) is a covariant homomorphism of (A, G, &, u) into M(A Xy G),
and for f € LY(G,A), ia X ig(f) is the image of f in A Xgu G under the
embedding of L!(G, A) into its completion A Xy G.

Ifu e Z3(G,C(X,T)), with C(X,T) regarded as a trivial G-module, then
(id, u) is a twisted action of G on Cy(X), and the central twisted transformation
group algebras are precisely the crossed products Co(X) Xiq,4 G which arise in this
way. For a good survey article on twisted transformation group algebras we refer

o [12]. Since we usually have & = id in this section, we shall often write i for
the dual action (id, )" of G.p,.

To further reduce the notational overhead, we won't distinguish between v €
Z%(Gap, C(X,T)) and its inflation, infv in Z2(G,C(X,T)).

Ifu € Z2(G,C(X,T)) isaproductu = v-0 forsome v € Z% (Gap, C(X,T))
and 0 € Z%(G,C(X,T)), we want to obtain a description of Cy(X) Xiqu G in
terms of the algebras Co(X) Xiq,v Gap and Co(X) Xiq,o G. (Of course this is mo-
tivated by Proposition 1.10.)

We start by giving a description of Cy(X) Xiq,u Gab in terms of the bundle
p : £, — X. The following result is well known. It follows from the work of
Smith [23] and the discussion given in [20, Remark 3.11]. However, we feel it
worthwhile to include the following direct (and much shorter) proof.

Lemma 2.1. Suppose that G is abelian and v € Z% (G,C(X,T)). Then the
dual system (Co(X) Xiqw G,G, D) is isomorphic to (Co(Ey),G,T), where T : G —
Aut Co(Ey) is given by Ty (W) (f, x) = Y (¥ - f,x).

Proof. Since v is pointwise trivial, it is symmetric, i.e., V(s,t) = v(t,s) for
every s, t € G. Using this it is easy to check that convolution on L' (G, C(X)) is
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commutative.  Thus, Co(X) Xigy G is commutative, and isomorphic to
Co((Co(X) Nig,v G)") via the Gelfand-Naimark theorem.
Thus we have to show that %, is G-equivariantly homeomorphic to

(Co(X) Xiau G)".

It is straightforward to check that the one-dimensional covariant representations
are precisely the pairs (ex, f) with (f,x) € E,, where &x : Co(X) — C denotes
evaluation at x. Thus we get a canonical bijection ® : £, — (Co(X) Xiq,u G)",
given by

(f! X) i fx A f

Since the action of a character y € G on a covariant representations (77, U) is
given by (11, y - U), it follows that ® is é—equivariant.

So it only remains to check that @ is continuous and open. For continuity, let
(fn,xn) converge to (f,x) in Ey. Then €x, X fn(h) converges to &x X f(h)
for all h € Cc(G x X) by Lebesgue’s dominated convergence theorem. Since
Cc(G x X) is dense in Co(X) Xiq,u G this implies that &y, X fi; converges to
&x X f in the weak-* topology. This proves continuity.

To prove openness, we could appeal to some deep results of Olesen and Rae-
burn such as [11, Corollary 2.3]. Instead, we give a more elementary argument.
We suppose that €x,, X f, converges to €x X f in (Co(X) Xigu G)". In view of
Proposition 1.3, it will suffice to show that {(f ,» Xn)} converges to ( frx)inEy.
Let h € C.(G x X) be such that €x X f(h) = 1. Then if ¢ € C.(X), we note that

Exn X fnlic,ony (Wh) = W(xyn) (Exy X fu(h)).
Since &x,, X fnlic,(x)(W)h) converges to &€x X f(ic,x)(@)h), we must have
Y(xn) — Y(x) forall ¢ € Cc(X). Thus x5, — x. Thus we may assume there

isa € C.(X) such that y(x,) = 1 for all n. If @ € L'(G) and we define
h € LY(G,Cy(X)) by h(s) = @(s), then for all € L' (G) we have

2.1) fG Q) fn(5) AU(S) = £xp X fu(h) — £x X f(h) = jG @ (s)f(s) duls).

We claim (2.1) implies that f,— fin C'(G,T). In view of [9, Proposition 6], it
will suffice to show that

(2.2) | 1fnts) = Fi)1dpts) ~ 0
for each compact set K C G. Since | f(s) fn(s)| = 1, we have

| fn(s) = F)I? =11 = £(5) fn(s)1? <2 = 2Re(f(5)fn(s)).
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But then by Hélder’s inequality

ey (] M- fo) du(S))2
<K [ 1) = 5P duts)
<2u(K)Re( | 1= TG fuls) du(s))
= 2u(K) Re | 16() = kTG a5 dn(s) ).

Since g - f € LY(G), (2.1) implies that (2.3) goes to 0, and the result follows. O

To state our main result in this section, we want to recall some constructions
from [4, Section 3]. A Co(X)-algebra is a C*-algebra A equipped with a fixed
nondegenerate *-homomorphism ® from Cy(X) into the center ZM(A) of the
multiplier algebra M(A) of A. This allows us to view A as a Co(X)-module,
and we shall usually write @ - a in place of ®(@)a. A twisted action (o, u)
of G on A is called Co(X)-linear if «;(f -a) = f - xs(a) forall s € G, f €
Co(X) and a € A. A Cy(X)-algebra A should be thought of as an algebra of
(semi-continuous) sections of a bundle of C*-algebras Ay, x € X, where Ay =
A/(Co(X\{x})-A): theimage of a € Ain Ay is denoted by a(x). Then Co(X)-
linearity means that « induces compatible twisted actions (¥, u*) on the fibres
Ay. The crossed product A Xy G of a Co(X)-linear twisted action is a Co(X)-
algebra with respect to the composition iy o ® : Co(X) — M(A Xyu G), and the
fibres are just the crossed products Ax X~ ux G. In particular, the dual action of
G, on A Mau G is again Co(X)-linear and restricts to the respective dual actions
on the fibres Ay Xxyx G. It is worth mentioning that the dual A (respectively,
the primitive ideal space Prim A) of a Co(X)-algebra A has an induced bundle
structure g : A — X (resp. g : Prim A — X) with fibres Ay (resp. Prim Ay).

Suppose that L is an abelian group, that & : L — AutA is a Cy(X)-linear
(untwisted) action and that p : Z — X is a locally compact free and proper L-
bundle. Since L is abelian, ™! is an action and we can form the induced algebra

Indf(A, 1) which is the set of bounded continuous functions F : Z — A satis-
fying

&p(F(z)) =F{™'-z), foralseGandze Z, and
such that z — [|[F(z)|| vanishes at infinity on X = Z/L. As in [4], we'll write

Z X1 A in place of Indf(A, «~!) to stress the analogy with classical topological
bundle constructions (see [4, Definition 3.1(s)]). Note that Z x; A is a C*-
algebra when equipped with the pointwise operations and the supremum norm.
Moreover, Z X1, A carries a strongly continuous action Ind « of L given by

(Indx)¢(F)(z) = F' - 2) = ap(F(2)).
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If (A, L, x) is a Co(X)-system, then there is a Co(X X X)-action on Z X1 A
given by

(h-F)(2)(x) = h(p(z),x)F(z)(x), he C(XxX),

and the L-fibre product Z x A is defined as the restriction of Z X1 A to the diagonal
A(X) = {(x,x) | x € X}. Identifying X with A(X) gives Z * A the structure of
a Co(X)-algebra and Ind « restricts to a Cy(X)-linear action Z % & of L on Z x A.
Further details on this construction and those in the previous two paragraphs can
be found in [4, Section 3].

Note that the construction of Z * A is the C*-algebraic analogue of the usual
construction of L-fibre products of topological L-bundles given by

ZxY ={(z,y)€eZxY|p(z) =aqay)}/L,

where ¢ : Y — X is assumed to be a topological bundle over X equipped with a
compatible L-action on the fibres Yy, and where the quotient space is taken by
the anti-diagonal action ¥ - (z,) = (£z,€7'y). In particular, we always have
(Z x A)N = Z % A and Prim(Z % A) = Z % Prim A with respect to the bundle
structures of A and Prim A (see [4, Proposition 3.5]).

If A and B are Cy(X)-algebras, and if « : L — AutA and B : L — AutB are
Co(X)-linear actions, then (A, L, ) and (B, L, B) are Co(X)-Morita equivalent if
there exists an A — B imprimitivity bimodule X satisfying? @ - & = & - @ for all
@ € Cy(X) and &€ € X, and such that X carries a Cy(X)-linear action 6 : L — AutX
such that

(60(8),0p(m) =ep((E,n)) and (5p(8),0¢(M), =Be((E, M)

forall &, n € Xand ¢ € L. Note that Cy(X)-Morita equivalence implies equiva-

lence of the topological L-bundles A and B (resp. Prim A and Prim B)—see [21,
Proposition 5.7].
We can now state the main result of this section.

Theorem 2.2 (cf. [4, Theorem 5.3]). Suppose that w has the form v - o with
v € Z2(Gap, C(X,T)) and 0 € Z*(G,C(X,T)). Letp : Zy — X be the free and

proper Ga,-bundle associated to v as in Definition 1.2. Then the systems
(Co(X) Miau G, Gap, 1) and (Zy % (Co(X) Xia0 G), Gup, Ey % &)
are Co(X)-Morita equivalent systems.

2The left and right actions of Co(X) on X are obtained from extending the left and right actions of
A and B to M(A) and M (B), respectively.
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Remark 2.3. If v is actually locally trivial, then a stronger result holds. It
follows from [4, Theorem 5.3] that there exists a éab-equivariant and Cy(X)-
linear isomorphism between Co(X) Miqu G and Zy * (Co(X) Niq,o G). The action
0 appearing in that theorem, and which is used to compare (id, u) with (id, o),
is the locally unitary action 6 : G — AutCy(X,XK) corresponding to infv €
Z%.(G,C(X,T)) as constructed in [6, Proposition 3.1]. However, the proof of [4,
Theorem 5.3] requires localizations of both systems and breaks down if v is only
assumed to be pointwise trivial. We do not know whether the stronger result of
Co(X)-linear isomorphism also holds in the situation of Theorem 2.2 above.

In what follows, we denote by A®c, (x) B the maximal balanced tensor product
of Cy(X)-algebras A and B (see [2] and [4, Section 2]). It is obtained by restriction
of the Cy(X x X)-algebra A ®m, B to the diagonal A(X) and therefore carries
a canonical structure as Co(X)-algebra. If (,u) and (B,v) are Co(X)-linear
twisted actions on A and B, respectively, then the diagonal twisted action (x ®
B, U ® V) on A ®mu B restricts to a Cy(X)-linear twisted action (x ®x B, u ®x V)
on A ®c,(x) B (see [4, Section 4] for more details).

Suppose now that & : L — AutA is a Co(X)-linear (untwisted) action of the
abelian group L, and let p : Z — X be a free and proper L-bundle over X. Let T
denote the action of L on Cy(Z) given by Tp(y)(z) = (€71 z). Then it follows
that the crossed product (Co(Z) ® A) Xrgat L is a Co(X X X)-algebra, and the
restriction to the diagonal A(X) is isomorphic to (Co(Z) ®c¢,(x) A) Xreya- L. We
define a Cy(X X X)-linear action & of L on (Cyp(Z) ® A) Xrex-1 L by the formula

oy (f)(s) =id ® xg(f(s)) for f € LY(L,Co(Z) ®c,x) A) and £, s € L.

Note that this extends to an automorphism of the crossed product since id ® x oy
commutes with T, ® o1 forall £, h € L. Since « is Co(X X X)-linear, it restricts
to a Co(X)-linear action o of L on (Cy(Z) ®¢,(x) A) Xreya-1 L. The proof of
Theorem 2.2 depends heavily on the following result.

Proposition 2.4. In the situation above, the systems
((Co(Z) ® A) Xrex1 L, L, @) and (Z xp A, L, Indx)
are Co(X x X)-Morita equivalent, and the systems
((Co(Z) ®cy(x) A) Xrayat L, L, &) and (Zx A, L, Z * )

are Co(X)-Morita equivalent.

Proof. Note that it is enough to prove the first Morita equivalence, since the
second will follow from the first by restricting to the diagonal A(X).
The proof of the first equivalence is based on the proof of [19, Theorem

2.2]. Note that our algebra Z x; A is equal to the algebra GC(Z,A)™®*" in
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the language of [19]. The proof of [19, Theorem 2.2] shows that we obtain a
(Co(Z)®A) Xrga1 L—Z X1 A imprimitivity bimodule X by taking the completion
of Cc(Z, A) with respect to the left and right (Co(Z) ® A) X L- and Z x1 A-valued
inner products and left and right actions of C¢ (L, Co(Z) ® A) C (Co(Z) ® A) X L
and Z X1 A on X given by the formulas

€, m(2) = E@ g (n(E12)%),
€., = | «etEe nez) auce),

Ce(L,Cy(Z)®A)

foE@) = Jwa,z)ae(aﬁz)) du(0),
§-F(z) =&(2)F(2),

where FE Z X1 A, f € C.(L,Co(Z) ® A) and &, n € C.(Z, A). To see that these
formulas are equivalent to those given in [19], note that our action ™! plays the
role of the action B in [19], and that we may replace £ by £~! in all integrals above
since L is abelian and therefore unimodular.

It is now easy to check that the Cy (X x X)-actions on both sides of X are given
by the formula

@-&(2)(x)=@p(2),x)8(2)(x), @€ C(XxX)and & e C(Z,A).
Moreover, if we define
0p(E)(2) = op(E(2)), for&Ee€C.(Z,A),¥cL,andz € Z,

then it is straightforward to check that § extends to a Co(X x X)-linear action
on the completion X of C.(Z,A) which is compatible with the actions & and
Ind &. O

Suppose that (&, u) is a twisted action of G on A and that N is a closed
normal subgroup of G. Then, depending on a choice of a Borel section ¢ : G/N —
G, Packer and Raeburn [14, Theorem 4.1] showed that there is a twisted action
(B, w) of G/N on the crossed product A Xy N such that

ANO(,MG = (A N(X,MN) Nﬁ,w G/N.

We want to apply their result in the very special case where G is the direct product
L x N. In this case, we get a particularly nice description of the twisted action
(B, w) and the isomorphism @ in the following proposition.

Proposition 2.5. Suppose that G = L X N is the direct product of two second
countable locally compact groups L and N and ler (¢, u) be a twisted action of G on
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A. Then there is a twisted action (B, w) of L on A X N given by the formulas

Be(f)(n) = g (f(m)Hu((L,e), (e,n))ul(e,n), ¥, e)*, feL(N,A), and
wl, h) =is(u(({,e),(h,e))), ¢, hel.

With this action, there is an isomorphism between A Xy G and (A Xxu N) Xgw L
which restricts to a homomorphism 0fL1—ﬂ/gebms ®: LY (LxN,A) - LY (L,LY(N, A))
given by the formula

O(f) ) (n) = fFE,nu((e,n), (L, e))*.

Proof. The proof is basically a consequence of [14, Theorem 4.1]—in partic-
ular, the formula for the action (8, w) directly follows from the formulas as given
in [14] with respect to the cross section L — L X N defined by £ — (£,e). We
only have to check that the isomorphism is given on the L!-algebras by the above
formula. For this let (ia,in) denote the canonical embeddings of (A, N) into
M (AXuN) and, similarly, let (jaxn, jr) denote the embeddings of (AXyu N, L)
into M ((AXxuN)XgwL). Thenitis shown on [14, p. 307] that the pair (ka, k¢)
defined by

ka=jaxwcoia and ke((€,n) = jaww(ia(u((e,n), (£,e))*)in(n)jr(¥)

is a covariant homomorphism of (A, G, &, u) into M ((AXx,uN) Xgw L) such that
the integrated form k4 xkg is the desired isomorphism. Thus for f € L' (LXN, A)
we get

kaxke(f)
- L;kA(fxﬂ,nJ>kG<<€,n)>duL<€,n)

= L JN Jaxn (ia(f ((€,n)u(e,n), (£,e))*)in(n))jrL(€) duy(n) dug (£)

=LMW@UWMMmmmm=MWxﬁ@u»

This completes the proof. 0

Remark 2.6. Note that it follows directly from the formula of the isomor-
phism A Xgu G = (A Xu N) Xgw L given in the proposition that this isomor-
phism is L., X ﬁab-equivariant. Moreover, if A is a Co(X)-algebra and (o, u) is
Co(X)-linear, then it follows from the definition of (B, w), that it is Cy(X)-linear
and the formula for the above isomorphism shows that it is Co (X)-linear, too.

We shall also need the following result.
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Proposition 2.7. Suppose that (o, u) and (B, v) are Co(X)-linear twisted ac-
tions of L and N on the Co(X)-algebras A and B, respectively. Define the twisted
action (X®x B,u®x V) of LXN on A®c,(x)B in the obvious way. Then there exists

a Co(X)-linear and I, x Ny, -equivariant isomorphism between
(A ®Cy(X) B) NxoxB,uexv LxN and (A Nou L) ®Cy(X) (B XBv N).

Proof. Restricting the twisted action (x ®x B, U ®x V) to the subgroup N =
{e} X N of L X N gives the action (id®x 8,1 ®x V) of N on A ®¢,(x) B. It follows
from [4, Proposition 4.3] that (A ®c,(x) B) XidexB,1exv N is Co(X)-linearly and
Nab- -equivariantly 1somorph1c to A ®¢,(x) (B Xg,v N). Using the formula for this
isomorphism as given [4, Propsition 4. 3], it follows from Proposition 2.5 that
the decomposition action of L on (A ®¢,(x) B) XideyxB,1exv N corresponds to the
twisted action (x ®x id,u ®x 1) of L on A ®¢,(x) (B X N). The result then
follows from another application of [4, Proposition 4.3]. ]

We are now ready for the proof of Theorem 2.2. The proof relies on the above de-
composition results, and the Takesaki-Takai duality for twisted actions of abelian
groups.

Proof of Theorem 2.2. We consider the diagonal twisted action (id®xid, vex
0) of Gap X G on Co(X) ®¢,x) Co(X) = Co(X). If we restrict this action to the
diagonal A(G) = {(5,5) | s E G} C Gab X G and identify G with A(G) via
s — (8,5), then it follows that the isomorphism Co(X) ®c¢,x) Co(X) — Co(X),
given on elementary tensors by @ ® ¢ — @ -, carries (ide  ®x idg, v ®x 0)
to the twisted action (idg, v - 0) = (idg, u). Thus we get a natural Co(X)-linear
isomorphism

Co(X) Xigu G = (Co(X) ®cyx) Co(X)) XNideyidveyxas A(G),

which transforms the dual action of Gy, to the dual action of A(G)),
For the crossed product by the full group Gap X G, it follows from Proposi-

tion 2.5 that we have a Cy(X)-linear and Gap, X Gap- equivariant isomorphism

(Co(X) ®c,(x) Co(X)) Nideyidpveyo Gab X G
= (Co(X) Xig,w Gab) ®c,(x) (Co(X) Nig,o G).

By Lemma 2.1, the algebra Co(X) Xigq,p Gap is éab—equivariantly isomorphic to
Co(Ey), and this isomorphism is clearly Co(X)-linear. Thus we obtain a Co(X)-
linear and Gap, X éab—equivariant isomorphism between

(Co(X) ®c,(x) Co(X)) Xideyidpeyxo Gab X G and
Co(Ey) ®c,(x) (Co(X) Xig,0 G).
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We now split Gap, X G as the product Gap, X A(G) via the isomorphism (§,t) —
(t713, (t,1)). Iterating the crossed product with respect to this decomposition of
Gab X G now provides Co(X)-linear isomorphisms

Co(Ev) ®¢,(x) (Co(X) Xiq,o G)
= (Co(X) ®cy(x) Co(X)) XNidexidvexe Gab X G
= ((Co(X) ®cyx) Co(X)) Nideyidvexo AG)) Xgw Gap
= (Co(X) Xigy G) Xgw Gap.

We need to compare the natural Gap, X Gap-action on (Co(X) Xy G) X Bw Gab
with the Gap, X Gap-action on Co(Ey) ®c,x) (Co(X) Xiq,¢ G) under the above
isomorphism. Indeed, if we identify CA}ab with A(G)%, via x(t,t) = x(f) (as
we do in the last isomorphism above), we see that our given isomorphism ¢ :
Gab X G — Gap X A(G) induces the isomorphism E Gy X AG)Y, — G X Gar,
given by

Py, x) (8,0 = y(E's)x ().

It follows from this that the dual action @t of G, on Co(X) Xigu G (and then
extended to (Co(X) Xy G) Xpw Gap) corresponds to the action id ®x 6 of G.p, on
Co(Ey) ®c,(x) (Co(X) Xiq,s G), while the dual action (B, w)”" of G.;, on
(Co(X) Xy G) X g 1w Gap corresponds to the action T®x G ! of Gap, on Co(Ey) ®c,(x)
(Co(X) Xiq,0 G). Thus it follows from Proposition 2.4 that we get a Co (X)-Morita
equivalence between the systems

(((Co(X) Nig e G) X Gan) X(Baw)r Gaby Gap, )

= ((Co(Ey) ®cyx) (Co(X) Mo G)) Xrgs1 Gab, Gapy 67)

and

(Ep * (Co(X) Xiao G)y Gan, Ey * 6),

where @ denotes the canonical action induced by %t on ((Co(X) Xy G) Xgw

Gab) X(Bw)» Gab. Now the Takesaki-Takai theorem for twisted actions (see [17,
Theorem 3.1]) implies that

((Co(X) Mgy G) Xpw Gan) H(Bw)r Gap = (Co(X) Xigu G) ® K(L2(Gap)),
and this isomorphism carries the action @ to # ® idx. Since the systems

((Co(X) Xiqu G) ® K(L*(Gap)), Gap, Tt ®idx) and
(Co(X) Nigu G, Gap, 1)

are clearly Cy(X)-Morita equivalent, the result follows. O
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We are now going to use Theorem 2.2 to give a bundle theoretic description of
Co(X) Xig,u G when G is smooth. Then Proposition 1.10 implies that we obtain
a factorization u = v - Uy, where v € Zrz)t(Gab, C(X,T)) and uy is obtained
by pulling back a given cocycle n € Z2(G, Z) corresponding to a representation
group 1 — Z — H — G — 1 for G via the continuous map @ : X — H2(G,T) = Z
defined by x — [u(x)]. Recall from [19, 4] that if A is a Co(Y)-algebra and
if @ : X — Y is a continuous map, then the pull-back @* (A) is defined as the
balanced tensor product Co(X) ®c,(v)A, where Co (X) is viewed as a Cy(Y)-algebra
via @ : X — Y. Note that ¢*(A) becomes a Co(X)-algebra via the canonical
embedding Cy(X) — M(Co(X) ®c,(v) A). Moreover, if « : L — AutAisa Co(Y)-
linear action on A, then @* () = id ®y « is a Cy(X)-linear action on @*(A).
The following description of Co(X) Xid,u, G follows from [4, Lemmas 6.3 and
6.5].

Proposition 2.8. Let 1 — Z — H — G — 1 be a representation group for
G. Let C*(H) be viewed as a CO(Z)—a[gebm via the canonical embedding Co(2) =
C*(Z) — ZM(C*(H)) given by convolution. Let @ : X — H*(G,T) = Z be a
continuous map, and let wyp € Z 2(G,C(X,T)) be the cocycle defined in Proposition
1.10 (with respect to any cocycle n € Z*(G, Z) corresponding to H). Further, let &

denote the dual action of Gap, = Hay, on C*(H). Then the systems
(Co(X) Xiduy Gy Gany Tip) and  (@*(C*(H)), Gap, @*(5))

are Co(X)-isomorphic.

We can now gather our results to obtain a general description of the bundle
structure of Co(X) Xiq,u G in terms of a given representation group H for G.

Theorem 2.9. Suppose that G is smooth with representation group 1 — Z —
H— G -1, and thatu € Z*(G,C(X,T)). Let ugp € Z*(G,C(X,T)) be as above
with @ (x) = [u(x)] for all x € X. If v := u - Uy, then v € Z2,(G,C(X,T))
and there exists a Co(X)-Morita equivalence between the systems

(Co(X) Niqu G, Gap, 1) and  (Fy % @*(C*(H)), Gup, Ey * (@*(5))).

Proof. The proof is now a direct consequence of Propositions 1.10 and 2.8,
and Theorem 2.2. ]

Remark 2.10.
(1) If the cocycle v = u - U in the above theorem is actually locally trivial, then it
follows from Remark 2.3 that the Cy(X)-Morita equivalence in the theorem can
be replaced by Cy(X)-isomorphism. By [22, Theorem 2.1], this is automatically

the case whenever Gy, is compactly generated.

(2) If A is a CR(X)-algebra in the sense of [5, 4] (e.g. if A is unital and X is the
complete regularization of Prim A as in [5, Definition 2.5]), then any inner action
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of G on A determines a unique class [u] € H*(G,C(X,T)) (see [18, Section 0]
and [5, Section 2]). It is shown in [4, Corollary 4.7] that the crossed product
A Xy G is then Cy(X)-linearly and éab—equivariantly isomorphic to (Co(X) Xigu
G) ®¢,(x) A, so Theorem 2.9 also gives new insights into the structure of crossed
products by inner actions.

We end this section by giving a description of Co (X) Xiq,4 G, where u is a cocy-
cle in Z2(G,C(X,T)) with constant evaluation map [u(x)] = [w] € H*(G, T).
Note that if H?(G, T) is discrete (as considered by Smith in [25]), then every co-
cycle u € Z%(G,C(X,T)) has a direct sum decomposition into cocycles u; €
Z?(G,C(Xi,T)) such that X is a disjoint union of the open subsets X; < X, and
each u; has constant evaluation map. It is then easy to see that we get a decompo-
sition

Co(X) Xiqu G = P Co(Xi) Xiau,; G-
1

As is standard, C*(G, w) will denote the twisted group algebra C Xiq,(» G of G
with respect to w € Z2(G, T). Of course, if w is trivial, then C* (G, w) is the full
group C*-algebra C*(G) of G.

Theorem 2.11. Assume thatu € Z*(G,C(X,T)) has constant evaluation map
x ~ [u(x)]:=[w] € H*(G,T). Suppose further thatv = u-w € Zﬁt(G,C(X,T))
satisfies one of the equivalent conditions of Proposition 1.7 (which is automatic if
H*(G,T) is Hausdorf). Then the system (Co(X) Xiqu G, Gan, 0) is Co(X)-Morita
equivalent to

(£y X¢,, C*(G, ), Gap, Ind 5),

where 8 1 Gap, — Aut(C* (G, w)) denotes the dual action, and the Co(X)-structure
of Ev X¢,, C*(G,w) is given by (y - F)(2) = w(p(2))F (2).

Proof. 1f we apply Theorem 2.2 to the factorization u = v - w, we obtain a

A~

Gab-equivariant Co(X)-Morita equivalence between Co(X) X4 G and
Ey * (Co(X) Xigw G) = Ey * (Co(X) ® C* (G, w)) = E,y X C*(G,w)

(with respect to the obvious identifications), where the last isomorphism follows

from [4, Remark 3.4(c)]. O

Ifv e ZIZOC(G, C(X,T)), then the conditions of Proposition 1.7 are automat-
ically satisfied (Remark 1.4), and Remark 2.3 implies that for such u we may re-
place Cy(X)-Morita equivalence by Cy(X)-isomorphism in the statement of The-
orem 2.11.
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3. THE GROUP C*-ALGEBRAS OF CENTRAL GROUP EXTENSIONS

In this section we use our methods to study the group C*-algebra C*(L) of a
central extension 1 — N — L — G — 1. Of course, the study of such algebras
and their dual spaces is one of the main motivations for studying central twisted
transformation group algebras.

To each central extension as above, we can associate a cocycle n € Z2(G, N)
of the form n = dc for a Borel cross-section ¢ : G — L satisfying c(e) = e.
Viewing N as the dual of N, n can be viewed as a cocycle in Z2(G, C(N,T)), and
it follows from [14, Theorem 4.1] (but see also [4, Lemma 6.3(a)]), that C*(L)
is Co(N )-linearly and @ab—equivariandy isomorphic to Co(N) Xid,n G, where the
Co(N)-structure on C*(L) is given by the canonical inclusion Co(N) = C*(N) —
ZM(C*(L)) given by convolution (compare with the discussion preceding Propo-
sition 2.8). Thus the results of the preceding sections are directly applicable to
the study of C*(L). However, for central twisted transformation group algebras
associated to central group extensions, many of the abstract constructions in the
preceding sections, like the bundle F,, can be realized quite naturally on the group

level (e.g. Remark 3.2(5)).

Definition 3.1. A central extension 1 — N — L — G — 1 of G by N is
called pointwise trivial if every character x € N can be extended to a character
of L; that is, if the restriction map res : H'(L,T) — H'(N,T) = N is surjective.
We denote by th(G,N) the cocycles, and by Hgt(G,N) the classes in H2(G, N),
corresponding to pointwise trivial extensions.

Remark 3.2. We collect some straightforward observations on pointwise triv-
ial extensions, which are no doubt well known to the experts.

(1) A central extension 1 — N — L — G — 1 is pointwise trivial if and only if
any corresponding cocycle 17, viewed as an element of Z2(G, C(N, T)) is pointwise
trivial in the sense of Definition 1.1. This follows directly from the Hochschild-
Serre exact sequence

1 — HY(G,T) — HY(L,T) — H'(N,T) — H?*(G,T)
in res g

(see [7, Chap. I Section 5]), but can easily be computed directly.

(2) If G is abelian, then the pointwise unitary extensions of G by N are precisely
the abelian extensions. Indeed, if 1 = N — L — G — 1 is a pointwise trivial
extension with G abelian, then one easily checks that the characters of L separate
the points of L. It follows that [L, L] is trivial and L is abelian. Thus if G is abelian,
then Hrz)t(G,N) = Hgb(G,N), where Hgb(G,N) denotes the set of cohomology
classes corresponding to the abelian extensions.

(3 If1 = N—-L - G — 1isa pointwise trivial extension, then the quotient
map L — L, is injective on N (since the characters of L separate the points of
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N). Thus we obtain an abelian exact sequence 1 = N — Lo, — Gap, — 1, and the
extension I = N — L — G — 1 is actually inflated from this abelian extension.
Recall thatif 1 = N - M 2 Gap — 1 is any extension of G,p, then the inflation
of this extension is the extension 1 — N — inf(M) — G — 1 obtained as follows.
We set inf(M) = {(m,s) € M X G | p(m) = q(s)}, where g : G — G, is
the quotient map. The inclusion N — infM sends n — (n,e), and the quotient
map infM — G sends (m,s) — s. The isomorphism L = inf(L,y,) is given by
£~ (p(#),q(¥)), where p : L — Lo, and q : L — G are the quotient maps.

(4) Of course, inflation of extensions in the above sense corresponds to the infla-
tion of the corresponding group cocycles. Indeed, if 1 = N — M — Ga, — 1
is as above and if ¢ : G,, — M is a Borel section, then we obtain a Borel sec-
tion d : G — inf(M) by defining d(s) = (c(q(s)),s). Of course we then get
dcd = infdg,, c. Combining this with (3), we see that inflation determines an
isomorphism inf : H2, (G.p, N) — HZ (G,N).

(5)Ifne z%(G,C (N, T)) is a cocycle corresponding to a pointwise trivial exten-
sionl -~ N — L — G — 1, then the Gap-bundle p : Ey — N is isomorphic to
the bundle res : L., = H'(L,T) — N. Incieed, if n = dc for some cross section
¢:G — L, then we define amap ¥ : £, — Ly}, by

Y(f,x)(c(s)n) = f(s)x(n).
This is well defined, since

oL (Y (f,x)(c(s)m,c(t)m) = f(s)x(n)f(t)x(m)f(st)x(c(st)~Te(s)c(t)nm)
=06 (f)(s,t)n(s, t)(x) =1,

50 Y(f,X) € Lap. Since pointwise convergence of characters implies uniform
convergence on compact sets (see [9, Theorem 8]), the map ® is continuous, and
it is certainly Gan- equlvarlant The assertion follows from the fact that Lo, — E n
defined by pt — (u o ¢, puln) is a continuous inverse for V.

Thus, as a direct corollary of item (5) of the above remark and Theorem 2.11
we obtain the following result.

Corollary 3.3. Supposf that1 = N — L — G — 1 is a pointwise trivial central
group extension and let 8 : Ga, — Aut C*(G) denote the dual action. Then C* (L) is
Co(N)-Morita equivalent to Loy, % C*(G) = Indié?;(C* (G),871). (In fact, the
corresponding Gan -systems are Co (N)-Morita equivalent.)

Again, if the bundle res : L, — N is locally trivial (which is automatic if

G is compactly generated), then we can replace Co(N)-Morita equivalence by
Co (N) -isomorphism.
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We are now going to discuss the group algebra of general central extensions of
a smooth group G with a fixed representation group 1 — Z — H — G — 1. Let
u € Z*(G, Z) be a corresponding cocycle. Then, identifying H*(G, T) with 7, the
transgression map for 1 = N — L — G — 1 (which is just the evaluation map x —
[n(x)] € H*(G,T),ifn € Z2(G, C(N, T)) is a cocycle corresponding to the given
extension) determines a homomorphism @ : N — Z. Let @ : Z — N denote the
dual homomorphism defined by @(z) (x) = z(@(x)) (where we identify Z with
the dual of Z and N with the dual of N via Pontryagin duality). Then we obtain
a cocycle @4 (1) € Z?(G,N) by defining @ (1) (s,t) = @(u(s,t)). A short
computation shows that this cocycle, viewed as a cocycle in Z%(G, C (N,T)), is
precisely the one we obtain from the evaluation map for n via the process described
in Proposition 1.10. It follows in particular that n - 4 (u)~! € Z2,(G,N). Thus,
a small variation on the proof of Proposition 1.10 gives us the following result.

Proposition 3.4. Let1 — Z — H — G — 1 be a representation group for G and
let u € Z*(G,Z) be a corresponding cocycle. Then, for any locally compact abelian
group N, viewed as a trivial G-module, we get an isomorphism

H? (G, N) x Hom(Z,N) = H*(G,N),
defined by ([n], @) ~ [infn - g (W) 1.

As a consequence of the above discussion and Theorem 2.9 we obtain the next
theorem.

Theorem 3.5. Let1 — N - L — G — 1, n € Z*(G,N), ¢ : N - Z and
N - ®x(u) € ZL(G,N) be as in the discussion preceding Proposition 3.4, and ler
1 = N — L' — G — 1 be the central extension corresponding to the pointwise trivial
cocycle n- @y () =Y. Then C* (L) is Co(N)-Morita equivalent to L% @* (C*(H)).
(Again, if we consider the G, -actions, the Morita equivalence passes to the dynamical
systems.)

It is actually easy to give a direct construction of the pointwise trivial extension
1 - N—-L — G — 1 corresponding to the cocycle n - @ (u)~! without even

mentioning the cocycles. For thislet 1 = N — L £ G — 1 be the original
extension corresponding to 1. Let g : H — G denote the quotient map for the
representation group H. Define

L'={{,hyelLxH|pH{) =qh)}/AZ),
where A(Z) = {(p(2),2) | z € Z}. Then we obtain a central extension

— L h]—
1 N n—[n,e] I’ [£,h]-p (L) G 1.

We claim that this extension corresponds to the cocycle n - @« (n) of the theorem.
Indeed, if we choose Borel sections ¢ : G — L and d : G — H such that n = dc
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and p = 0d, then we get a Borel section ¢ X d : G — L' by defining (¢ x d)(s) =
[c(s),d(s)]. We then compute

d(cxd)(s,t) = [c(s),d(s)][c(t),dt)1[c(st),d(st)]™!
=[n(s,t),u(s,t)]
= [n(s, P u(s, 1) el

which clearly proves the claim.
We finish with some straightforward examples which illustrate our results.

Example 3.6. Let G = Z°. Recall that the discrete Heisenberg group Hy is
the set Z3 with multiplication given by

(ni,my, 1) (ny, my, £2) = (N1 + ny,my + my, 1 + 42 + nymy).
It is easy to check that

1 Z Hy 7’ 1

is a representation group for G and that Z=T=H2Z2,T) via z — [w], where
wz((ny,my), (ny,my)) = zM",

Since every abelian extension of Z? by some group N splits, it follows from Propo-
sition 3.4 that H*(Z2,N) = Hom(Z,N) = N. Thus each n € N determines
a central extension 1 — N — L — Z2? — 1, and Theorem 3.5 gives an iso-
morphism between C*(L) and the pull-back n*(C*(Hgz)) (where we identify n
with the character of N given by evaluation). Recall from [1] that C*(Hy) is a
continuous bundle over T with fibers A, given by the rotation algebras Ag where
z = e2™0 for some @ € [0,1]. Hence C*(L) is a continuous bundle over N
with fibre Ay(n) at the base point x € N, whose global structure is completely
determined by the global structure of C* (Hy) as a bundle over Z=T.

In [5] we gave explicit constructions for the representation groups for Z" and
R". Using these, we can also apply our results to these groups. In all these cases,
the abelian extensions vanish, so that we have H2(G,N) = Hom(Z, N), where Z
denotes the center of the corresponding representation group H. Therefore, the
group algebras of central extensions of Z" and R" by N are 1somorph1c to the

pull-backs of C* (H) via the corresponding dual maps @ : N — Z.

Example 3.7. Let G = Z X Z,, where Z; = Z/2Z. Then an easy application
of [4, Proposition 4.5] shows that H = Z X Z, X Z, with multiplication given by

(n, [i1,[jD) - (m, [£1,[k]) = (m+m, [i+€],[j+k+n-L]), n,m,i,j, k<,
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is a representation group for G with center Z = Z,. In particular, we have
H%(G,T) = Z, = Z,. As there are many non-trivial abelian extensions of G by
locally compact abelian groups N, we have, in general, a nontrivial decomposition
H?*(G,N) = H% (G,N) @ Hom(Z,N). It is then an straightforward exercise to
apply our results to the group algebras of the corresponding central extensions of
G by N.

It is also interesting to revisit Example 1.8 to illustrate some differences be-
tween the general situation of central twisted crossed products compared to central
group extensions for possibly non-smooth groups.

Example 3.8. Let G = R? X T? with multiplication given by
(s1,t1, 21, W1) (S2, t2, 22, W2) = (81 + 82, 1 + bp, 0518221 25, 01951290, 05),

where 6 is any fixed irrational real number. In Example 1.8 we constructed a
pointwise unitary cocycle u € Z%(G,C(X,T)), with X = {% | m € N} u
{0}, which is not inflated from G., = R%. In particular, H (G, C(X,T)) #
Hgt (R%,C(X,T)) = {0}. On the other hand, it follows from part (4) of Re-
mark 3.2 that for every abelian locally compact group N we do have an inflation
isomorphism

inf: H3 (R%,N) = H2,(Ga, N) — H2(G,N),

from which it follows that Hgt (G,N) = {0} forall N. Thus, the transgression map

tg: N — H2(G,T) is the only obstruction for a central extension 1 — N — L —
G — 1 to be non-trivial. With a little bit of extra work one can show that H? (G, T)
is isomorphic to the nasty non-Hausdorff group R/(Z + 0Z). In particular, G is
not smooth, and the general structure theorem for the group algebras of central
extensions of G as given in Theorem 3.5 does not apply. However, some weaker
results can be deduced from [3].

REFERENCES

[1] JOEL ANDERSON ¢ WILLIAM PASCHKE, The rotation algebra, Houston J. Math. 15 (1989),
1-26.

[2] ETIENNE BLANCHARD, Iensor products of C(X)-algebras over C(X), Astérisque 232 (1995),
81-92.

[3] SIEGFRIED ECHTERHOFF & RYSZARD NEST, The structure of the Brauer group and crossed
products of Co(X)-linear group actions on Co(X, K), Trans. Amer. Math. Soc. 353 (2001), 3685-
3712.

[4] SIEGFRIED ECHTERHOFF & DANA P. WILLIAMS, Crossed products by Co(X)-actions, ].
Funct. Anal. 158 (1998), 113-151.

[5] , Locally inner actions on Co(X)-algebras, J. Operator Theory 45 (2001), 131-160.




Central Twisted Transformation Groups 1303

[6] STEVEN HURDER, DORTE OLESEN, IAIN RAEBURN, AND JONATHAN ROSENBERG,
The Connes spectrum for actions of abelian groups on continuous-trace algebras, Ergod. Th. and
Dynam. Sys. 6 (1986), 541-560.

[7]1 CALVIN C. MOORE, Extensions and low dimensional cobomology theory of locally compact groups.
1, Trans. Amer. Math. Soc. 113 (1964), 40-63.

» Extensions and low dimensional cohomology theory of locally compact groups. II, Trans.

Amer. Math. Soc. 113 (1964), 64-86.

, Group extensions and cohomology for locally compact groups. II1, Trans. Amer. Math. Soc.

221 (1976), 1-33.

» Group extensions and cohomology for locally compact groups. IV, Trans. Amer. Math. Soc.
221 (1976), 34-58.

[11] DORTE OLESEN ¢ IAIN RAEBURN, Pointwise unitary automorphism groups, J. Funct. Anal.
93 (1990), 278-309.

[12] JUDITH A. PACKER, Transformation group C* -algebras: a selective survey, C*-algebras: 1943-
1993: A fifty year Celebration (Robert S. Doran, ed.), Contemp. Math. Volume 169, Amer.
Math. Soc., 1994, pp. 182-217.

, Moore cohomology and central rwisted crossed product C* -algebras, Canad. J. Math. 48
(1996), 159-174.

[14] JUDITH A. PACKER & IAIN RAEBURN, Twisted crossed products of C* -algebras, Math. Proc.
Camb. Phil. Soc. 106 (1989), 293-311.

, On the structure of twisted group C*-algebras, Trans. Amer. Math. Soc. 334 (1992),
685-718.

[16] RICHARD S. PALAIS, On the existence of slices for actions of non-compact Lie groups, Ann. of
Math. 73 (1961), 295-323.

[17] JOHN C. QUIGG, Duality for reduced twisted crossed products of C* -algebras, Indiana Univ.
Math. J. 35 (1986), 549-571.

(18] IAIN RAEBURN ¢ JONATHAN ROSENBERG, Crossed products of continuous-trace C* -algebras
by smooth actions, Trans. Amer. Math. Soc. 305 (1988), 1-45.

[19] TAIN RAEBURN & DANA P. WILLIAMS, Pull-backs of C* -algebras and crossed products by certain
diagonal actions, Trans. Amer. Math. Soc. 287 (1985), 755-777.

, Moore cohomology, principal bundles, and actions of groups on C* -algebras, Indiana Univ.

Math. J. 40 (1991), 707-740.

, Morita equivalence and continuous-trace C* -algebras, Mathematical Surveys and Mono-

(8]

9]

(10]

[13]

(15]

(20]

(21]

graphs Volume 60, American Mathematical Society, Providence, RI, 1998.

[22] JONATHAN ROSENBERG, Some results on cohomology with Borel cochains, with applications to
group actions on operator algebras, Operator Theory: Advances and Applications 17 (1986), 301-
330.

[23] HARVEY A. SMITH, Commutative twisted group algebras, Trans. Amer. Math. Soc. 197 (1974),
315-326.

, Characteristic principal bundles, Trans. Amer. Math. Soc. 211 (1975), 365-375.

, Central rwisted group algebras, Trans. Amer. Math. Soc. 238 (1978), 309-320.

(24]
(25]




1304 SIEGFRIED ECHTERHOFF ¢ DANA P. WILLIAMS

SIEGFRIED ECHTERHOFEF:

Westfilische Wilhelms-Universitit Miinster
Mathematisches Institut

Einsteinstr. 62

W-48149 Miinster, Germany.

E-MAIL: echters@math.uni-muenster.de
DANA P. WILLIAMS:

Department of Mathematics

Dartmouth College

Hanover, NH 03755-3551, U. S. A.

E-MAIL: dana.williams@dartmouth.edu

Received: June 21st, 2001.



