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Basics in noncommutative index theory:
A noncommutative Chern character
Given

o A C*-algebra p. e. A= C(B), B closed manifold

e A, C A “smooth” subalgebra (=closed under holomorphic
functional calculus, dense, etc.) Aoo = C®(B)
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Basics in noncommutative index theory:
A noncommutative Chern character

Given

o A C*-algebra p. e. A= C(B), B closed manifold

e A, C A “smooth” subalgebra (=closed under holomorphic
functional calculus, dense, etc.) Aoo = C®(B)

one gets

o a Z-graded Fréchet algebra Q,.A. of noncommutative differential
forms with differential d : QA — Q11400

o a Chern character ch : K,(A) — HIR(A)

o HIR(A) pairs with continuous reduced cyclic cocycles on A,
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A noncommutative Chern character

Given

o A C*-algebra p. e. A= C(B), B closed manifold

e A, C A “smooth” subalgebra (=closed under holomorphic
functional calculus, dense, etc.) Aoo = C®(B)

one gets

o a Z-graded Fréchet algebra Q,.A. of noncommutative differential
forms with differential d : QA — Q11400

@ a Chern character ch : K,(A) = HIR(A)

o HIR(AL) pairs with continuous reduced cyclic cocycles on A,

Motivating example used in higher index theory: T finitely generated group
with length function, A = C*I', A the Connes-Moscovici algebra
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Dirac operators over C*-algebras

Given

e (M, g) closed oriented Riemannian manifold

@ E — M hermitian bundle with Clifford action and compatible
connection (Z/2-graded, if dim M even)

e P e C®(M, My(Ax)) projection

we get an A-vector bundle F := P(A" x M) — M
and a (odd) Dirac operator Dr : C*(M,E ® F) — C®°(M,E ® F).
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Dirac operators over C*-algebras

Given

e (M, g) closed oriented Riemannian manifold

@ E — M hermitian bundle with Clifford action and compatible
connection (Z/2-graded, if dim M even)

e P e C®(M, My(Ax)) projection
we get an A-vector bundle F := P(A" x M) — M
and a (odd) Dirac operator Dr : C*(M,E ® F) — C®°(M,E ® F).
Important example for higher index theory:
the Mishenko-Fomenko vector bundle: F = M x C*I" with [ = 71 (M).
E = S the spinor bundle (gives twisted spin Dirac operator)
E = N*(T*M) (gives twisted de Rham or signature operator).
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Index theory

The Dirac operator Dr is Fredholm on the Hilbert .A-module
L?(M, E ® F) with ind(Dr) € K.(A).
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Index theory

The Dirac operator Dr is Fredholm on the Hilbert .A-module
L2(M, E @ F) with ind(D7) € K.(A).
Proposition (Atiyah-Singer index theorem)

ch(ind(Dx)) = /M A(M) ch(E/S)ch(F) € HIR(AL.) .
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Index theory

The Dirac operator Dr is Fredholm on the Hilbert A-module
[2(M, E ® F) with ind(Dx) € Ki(A).
Proposition (Atiyah-Singer index theorem)

ch(ind(Dx)) = /M A(M) ch(E/S)ch(F) € HIR(AL.) .

Application in higher index theory: If Dr is the signature operator twisted
by F = M xr C*T' , then ind(Dr) is homotopy invariant.

The proposition implies: By pairing ch(ind(Dx)) with cyclic cocycles one
gets higher signatures.

This can be used to prove the Novikov conjecture for Gromov hyperbolic
groups (Connes-Moscovici 1990).
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Secondary invariants

Let A be a smoothing symmetric operator on L?(M, E ® F) such that
Dr + A'is invertible. (A should be odd if dim M is even.)

Then one can define

n(Dx, A) € Quloo/[1Aso, QuAoe] + d 2 Aso

generalizing the classical n-invariant (with A = C)

1 (o]
n(Dr, A) = ﬁ/g t2Te(Drpe " O7+A%) gt .
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Secondary invariants

Let A be a smoothing symmetric operator on L?>(M, E ® F) such that
Dr + Ais invertible. (A should be odd if dim M is even.)

Then one can define

n(Dr, A) € QAo /[Qu Ao, Qe Ase] + d QAo

generalizing the classical n-invariant (with A = C)
1 (o]
n(Dr, A) = ﬁ/o t2Te(Drpe " O7+A%) gt .

Higher rn-invariants were introduced by Lott (1992). The general definition
is implicit in work of Lott (1999).
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Atiyah-Patodi-Singer index theorem

Let M be an oriented Riemannian manifold with cylindric end
Z =IR" x OM. On Z all structures are assumed of product type.

If dim M is even, then on Z
D} = c(dx)(0x — D¥) .

Let A be a symmetric, smoothing operator on L2(OM, E* ® F) such that
D?_- + Ais invertible.

Let x : M — IR be smooth, supp x C Z; supp(x — 1) compact.
Proposition (W., 2009)

chind(Dg — c(dx)x(x)A) = /M A(M) ch(E/S) ch(F) — n(D%, A) .
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Atiyah-Patodi-Singer index theorem
Let M be an oriented Riemannian manifold with cylindric end
Z =IR" x OM. On Z all structures are assumed of product type.

If dim M is even, then on Z
D} = c(dx)(0x — D¥) .

Let A be a symmetric, smoothing operator on L2(OM, E* ® F) such that
D?_- + Ais invertible.

Let x : M — IR be smooth, supp x C Z; supp(x — 1) compact.
Proposition (W., 2009)

chind(Dg — c(dx)x(x)A) = /M A(M) ch(E/S) ch(F) — n(D%, A) .

The proposition generalizes the higher APS index theorem proven by
Leichtnam-Piazza (1997-2000).
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Higher p-invariants for homotopy equivalences

Let M, N be odd-dimensional oriented closed Riemannian manifolds,
f: M — N a smooth orientation preserving homotopy equivalence.

A=CT, T =m(N).
Fn = N xr C*I' Mishenko-Fomenko bundle, Fp; = f*Fp.
Dr signature operator on N U M°P twisted by Fn U Fuy.
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Let M, N be odd-dimensional oriented closed Riemannian manifolds,
f: M — N a smooth orientation preserving homotopy equivalence.

A=CT, T =m(N).
Fn = N xr C*I' Mishenko-Fomenko bundle, Fp; = f*Fp.
D signature operator on N U M°P twisted by Fn U Fp.

Piazza-Schick (2007) constructed a smoothing operator A such that
Dr + Ais invertible (based on results of Hilsum-Skandalis 1992).
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Higher p-invariants for homotopy equivalences

Let M, N be odd-dimensional oriented closed Riemannian manifolds,
f: M — N a smooth orientation preserving homotopy equivalence.

A=CT, T =m(N).
Fn = N xr C*I' Mishenko-Fomenko bundle, Fp; = f*Fp.
D signature operator on N U M°P twisted by Fn U Fp.

Piazza-Schick (2007) constructed a smoothing operator A such that
Dr + Ais invertible (based on results of Hilsum-Skandalis 1992).

Let Qfe>(AOO) =C<godgi...dgm | gog1--.-8m =€ >C QAo
Definition

p(f) = [U(Dfa A)] € Q*AOO/[Q*AOCM Q*Aoo] +d Q*AOO + Qfe>AOO X
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Properties

© p(f) does not depend on the choices involved in the definition of A.
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© p(f) does not depend on the choices involved in the definition of A.
@ p(f) is independent of the metrics on M and N.

Charlotte Wahl (Hannover) Invariants for homotopy equivalences ECOAS 2010 8 /12



Properties

© p(f) does not depend on the choices involved in the definition of A.
@ p(f) is independent of the metrics on M and N.
@ p(f) depends on f only up to homotopy.

Charlotte Wahl (Hannover) Invariants for homotopy equivalences ECOAS 2010 8 /12



Properties

© p(f) does not depend on the choices involved in the definition of A.
@ p(f) is independent of the metrics on M and N.

@ p(f) depends on f only up to homotopy.

Q p is well-defined on the surgery structure set S(N).
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Properties

@ p(f) does not depend on the choices involved in the definition of A.
@ p(f) is independent of the metrics on M and N.

@ p(f) depends on f only up to homotopy.

Q p is well-defined on the surgery structure set S(N).

@ By pairing with suitable traces one recovers paps(N) — paps(M)
resp. p;2(N) — p2(M) (Piazza-Schick 2007).
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@ p(f) does not depend on the choices involved in the definition of A.
@ p(f) is independent of the metrics on M and N.

@ p(f) depends on f only up to homotopy.

Q p is well-defined on the surgery structure set S(N).

@ By pairing with suitable traces one recovers paps(N) — paps(M)
resp. p;2(N) — p2(M) (Piazza-Schick 2007).

@ (Product formula) If N = Ny x X, M= M; x X, f = fi x idx, then
p(f) = p(f) ch(ind(Dzxy)).
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Properties

@ p(f) does not depend on the choices involved in the definition of A.

@ p(f) is independent of the metrics on M and N.

@ p(f) depends on f only up to homotopy.

Q p is well-defined on the surgery structure set S(N).

@ By pairing with suitable traces one recovers paps(N) — paps(M)
resp. p;2(N) — p2(M) (Piazza-Schick 2007).

@ (Product formula) If N = Ny x X, M= M; x X, f = fi x idx, then
p(f) = p(f) ch(ind(Dzxy ))-

The proofs use the APS index theorem. Local terms vanish since we

divided out Qfe>Aoo.

(4) is based on a generalization of results of Hilsum-Skandalis (1992) to
manifolds with cylindric ends.

(6) uses a product formula for noncommutative n-forms (W., 2009).
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Applications

dimN =4k —1, k> 2, T =m1(N) not torsion free

Proposition (Chang-Weinberger 2003)

There are homotopy equivalences f; : M; — N,i € IN such that
piz(Mi) # pr2(M;), i # j.
Thus [(M;, f;)] are distinct in S(N).
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Applications
dimN =4k —1, k> 2, T =m1(N) not torsion free

Proposition (Chang-Weinberger 2003)
There are homotopy equivalences f; : M; — N,i € IN such that

pr2(Mi) # pr2(My), i # J.
Thus [(M;, f;)] are distinct in S(N).

Corollary

Let X be a closed manifold with a non-zero higher signature. Assume that
m1(X), I are Gromov hyperbolic.

Then [(M; x X, f; x idx)] are distinct in S(N x X) and distinguished by
p(f; x id X)-
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Applications

dimN =4k —1, k> 2, T =m1(N) not torsion free

Proposition (Chang-Weinberger 2003)
There are homotopy equivalences f; : M; — N,i € IN such that

pr2(Mi) # pr2(My), i # J.
Thus [(M;, f;)] are distinct in S(N).

Corollary

Let X be a closed manifold with a non-zero higher signature. Assume that
m1(X), I are Gromov hyperbolic.

Then [(M; x X, f; x idx)] are distinct in S(N x X) and distinguished by
p(f; x id X)-

Idea of proof: A non-zero higher signature implies that chind(Dx,) # 0.
Now apply product formula to p(f; x id).
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Open questions |

= m(N)
Does the following diagram commute?
Lnt1(2Z7) S(N)

| |
Kns1(CTT) —L QA /[Q Ao, Qe Ac] + d Qg + 05 A

A positive answer to this question would lead to more general applications.
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Open questions |l

What is the connection with

@ the Higson-Roe map “from surgery to analysis” (2004)?
L1 (ZT) S(N) N(N) La(Zr)

| | L

Kpi1(CT) — Kpy1(DEN) — Ky(BT) — Ko(CT)
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Open questions |l

What is the connection with

o the Higson-Roe map “from surgery to analysis” (2004)7
Lnp1(2ZT) S(N) N(N) La(ZT)
Kns1(C2T) —> Kos1 (D N) — K,(BT) — K,(C;T)

e the Higson-Roe interpretation of the APS p-invariant (2010)7
Kns1(CT) —= lim Kpy1(DEX) —= Kq(BT)

‘ xcChr lpAPS t

z R R/Z
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