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One of the earliest triumphs of probability theory was de Moivre's dis-
covery in 1756of the way the `bell curve' governs coin tossing (peekahead
to Figure 1). We discusshere the simplest caseof this wide-reaching phe-
nomenon,using ideasthat can be extendedto more generalcases.The tools
we need are calculus, and speci�cally Taylor series;sometrigonometry(!);
and somesimple combinatorial probability of the kind taught in high school
algebracourses.

If you glanceahead, you'll seethat there are a lot of formulas coming
up. Lest you loseheart, you should know that in the end, everything comes
down to the fact that if you plot a high power of cos(x), the result looksvery
much like a bell curve (peekaheadat Figure 2). And that's because

cos(x)n = (1 �
x2

2
+ : : :)n � (1 �

x2

2
)n = (1 �

1
n

nx2

2
)n � e� nx 2=2:

Here's we've usedthe Taylor seriesfor cos(x), and the formula for continu-
ously compoundedinterest:

lim
n!1

(1 +
a
n

)n = ea:

There's nothing very special about cos(x) here: A bell curve emergeswhen
you plot powers of any generic function with a maximum at 0. This uni-
versality of the bell curve when taking powers dictates the universality of
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the bell curve in probability through the agencyof the exponential func-
tion, which converts addition into multiplication, and repeatedaddition into
taking powers.

One warning: An honestapproach to de Moivre's formula introducesthe
function cos(x) by way of the complex-valued exponential function eix =
cos(x) + i sin(x). These complex exponentials are the standard tools of
`Fourier analysis', which is what we'll secretly be using here. To keep the
discussionelementary, we'll skip the introduction, and just start working
with cos(x). Once the elementary discussionis �nished, we'll go back over
the argument, and show how much simpler it becomeswhen we take a more
honestapproach using complexexponentials. Hopefully the e�ect will be to
convince you of the wisdom of John Conway's adage,`Imaginary numbers
are real! Complex numbers are simple!'

An even-more-honestapproach to deMoivre's formula uses,in addition to
complexnumbers,basicprobability conceptsthat go beyond what is taught
in high school. We'll save this fancier approach for last, becauseeven our
most elementary approach contains the seedsof the key ideas.

Elemen tary approac h

Peter and Paul play a gamecalled heads or tails. In this game,a fair coin
is tossedn times. Each time headscomesup Peter wins 1 penny from Paul,
and each time tails comesup Peter loses1 penny to Paul. For example,with
n = 40, onepossibleoutcomewould be

THTHHHHTTHTHHTTHHTTTT HHHTH HTHHH THHHT TT HH:

In this casePeter has won 6 penniesfrom Paul, becauseheadshas comeup
23 = 40+6

2 times and tails 17 = 40� 6
2 times.

Is this outcome typical? Well, there are 240 possibleoutcomesfor a se-
quenceof 40 tosses,each outcomehaving probability 1=240. The number of
outcomeswith 23 headsand 17 tails is

 
40
23

!

=
40!

23!17!
= 88732378800:

The total probability for Peter to net 6 penniesis

1
240

 
40
23

!

=
88732378800

1099511627776
=

5545773675
68719476736

� 0:080701628394308499992:
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Figure 1: wn;j comparedto a bell curve.

Soyes,the outcomeappearsto be fairly typical, at least asfar asPeter's net
winnings go.

In general,the probability wn;j of netting j penniesin n tosseswill be

wn;j =
1
2n

 
n

n+ j
2

!

as long asn + j is even, i.e., as long asn and j have the sameparity (either
both evenor both odd). If we interpret

�
n
k

�
to be0 whenk is a not an integer,

then this formula holds for all n and j regardlessof parity.
Using this formula, we can plot the valuesof w40;j |see Figure 1. Note

the remarkable agreement with a suitably scaledversionof the `bell-shaped
curve' y = e� x2

. The approximation to a bell curve gets better and better
as n increases.We want to formulate and prove a statement indicating how
and why this happens.

The values of wn;j for small n; j are shown in Table 1. Note how the
numerators form a sideways Pascal'striangle. Taking the denominatorsinto
account, each entry in the table (other than the entry w0;0 = 1) is the average
of the two numbers directly to the southwest and northwest of it. (In the
caseof entries for wn; � n bear in mind that blank entries in the table indicate
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j

5
4 1

16
3 1

8
2 1

4
4
16

1 1
2

3
8

0 1 2
4

6
16

� 1 1
2

3
8

� 2 1
4

4
16

� 3 1
8

� 4 1
16

� 5
0 1 2 3 4

n

Table 1: Probability of winning j penniesin n tosses.Entries with value 0
are left blank.

the value0.) The reasonfor this averagingproperty is that, in order to wind
up aheadj after n 
ips, Peter must either have beenaheadj � 1 after n � 1

ips, and then won the last 
ip; or have beenaheadj + 1, and then lost.

Now, here'swherethe trigonometry comesin.

cos(a + b) = cos(a) cos(b) � sin(a) sin(b);

and
cos(a � b) = cos(a) cos(b) + sin(a) sin(b);

so
cos(a) cos(b) =

1
2

(cos(a + b) + cos(a � b)):

Thus
cos(j x) cos(x) =

1
2

cos(( j + 1)x) +
1
2

cos((j � 1)x):

According to this formula, multiplying by cos(x) takescos(j x) and replaces
it with a half-and-half combination of cos(( j + 1)x) and cos(( j � 1)x). This is
very much like what happensto Peter's net winnings in the heads-and-tails
game.
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1
16 cos(4x)

1
8 cos(3x) +

1
4 cos(2x) + 4

16 cos(2x)
1
2 cos(1x) + 3

8 cos(1x) +
1cos(0x) + 2

4 cos(0x) + 6
16 cos(0x)

1
2 cos(� 1x) + 3

8 cos(� 1x) +
1
4 cos(� 2x) + 4

16 cos(� 2x)
1
8 cos(� 3x) +

1
16 cos(� 4x)

cos(x)0 cos(x)1 cos(x)2 cos(x)3 cos(x)4

Table 2: Succesive powers of cos(x).

To exploit this connection,write 1 = cos(0x); multiply the equation by
cos(x); and expandthe right-hand sideaccordingto the formula above:

cos(x) = cos(0x) cos(x) =
1
2

cos(1x) +
1
2

cos(� 1x):

Since cos(1x) = cos(� 1x) = cos(x), this is hardly a surprise! Let's keep
going.

cos(x)2 = (
1
2

cos(1x) +
1
2

cos(� 1x)) cos(x)

=
1
2

cos(1x) cos(x) +
1
2

cos(� 1x) cos(x)

=
1
2

(
1
2

cos(2x) +
1
2

cos(0x)) +
1
2

(cos(0x) +
1
2

cos(� 2x))

=
1
4

cos(2x) +
2
4

cos(0x) +
1
4

cos(� 2x):

We could simplify this to the familiar formula cos(x)2 = 1
2 cos(2x) + 1

2, but
instead we plow aheadto compute higher powers of cos(x). The results are
shown shown in a suggestive way in Table 2. Comparing Table 2 with Table
1 shows that

cos(x)n =
nX

j = � n

wn;j cos(j x):

So the probabilites wn;j are lurking in the powers of cos(x). Look at
Figure 2, which shows plots of someof these powers. There's our bell
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Figure 2: Powers of cos(x) on the interval [� � ; � ].

curve! But no, that can't be our bell curve: Ours involvesvaluesof wn;j for
varying j , while this one involve valuesof cos(x)n for varying x. To get to
our bell curve, we will need to extract the coe�cien ts wn;j from the linear
combination cos(x)n =

P n
j = � n wn;j cos(j x).

To seehow this can be done, look at

cos(x)4 =
1
16

cos(4x) +
4
16

cos(2x) +
6
16

+
4
16

cos(� 2x) +
1
16

cos(� 4x):

Here's we've simpli�ed the middle term 6
16 cos(0x) to emphasizethat it is

constant. If we integrate this expressionfrom � � to � , this constant term
is the only term that will survive, while the oscillatory terms will disappear,
because Z �

� �
cos(kx)dx =

(
2� if k = 0
0 otherwise

:

Thus Z �

� �
cos(x)4 = 0 + 0 +

6
16

2� + 0 + 0;

1
2�

Z �

� �
cos(x)4 =

6
16

:
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Using this sametechnique, we can extract all the `break-even' probabili-
ties wn;0:

wn;0 =
1
2n

 
n
n
2

!

=
1

2�

Z �

� �
cos(x)ndx:

Note that this formula works just �ne even when n is odd and wn;0 = 0.
This technique of extracting the constant part of a periodic function by

averaging over a period can be modi�ed to extract coe�cien ts other than
that of the constant term. This can be seemost clearly when working with
complexexponentials, but we can get by without them by observingthat

Z �

� �
cos(kx) cos(lx)dx =

Z �

� �

1
2

(cos((k + l)x) + cos((k � l)x))dx

=

8
><

>:

� if jkj = jl j > 0
2� if k = l = 0
0 if jkj 6= jl j

:

After somefuss,this yields

wn;j =
1

2�

Z �

� �
cos(j x) cos(x)ndx:

To avoid the fuss,wecanseethis result directly by recognizingthat the right-
hand sidegivesthe break-even probability in a gamewherePeter starts out
down by j pennies,and this probability is equal to wn;j .

Let us now restrict ourselvesto the casewheren + j is even. In this case
the integrand cos(j x) cos(x)n repeatswith period � , rather than the nominal
period 2� , sowe can cut the rangeof integration in half and write

wn;j =
1
�

Z � =2

� � =2
cos(j x) cos(x)ndx:

Figure 2 shows the powers of cos(x) on the interval [� � ; � ]. As we ob-
served before,thesegraphs look like bell curveson the interval [� � =2; � =2].
And here'swhy:

cos(x)n = (1 �
x2

2
+ : : :)n � (1 �

x2

2
)n = (1 �

1
n

nx2

2
)n � e� nx 2=2:

The last approximation comesfrom the formula for continuouslycompounded
interest:

lim
n!1

(1 +
a
n

)n = ea:
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The �rst approximation comesfrom the Taylor seriesfor cos(x), and is only
good for small values of x. But for larger x in our interval the values of
cos(x)n and e� nx 2=2 are both tiny when n is large. The upshot is that even
for quite modest n the approximation

cos(x)n � e� nx 2=2

holds very accurately for all x in the interval [� � =2; � =2]. We'll spareour-
selvesworking out the exact error bounds.

The graph y = e� nx 2=2 = e� (
p

n
2 x)2

is just the graph y = e� x2
squashed

horizontally by a factor of
q

n
2 , soour graphsof cos(x)2 really areapproaching

standard bell-shaped curves.
Now to get to the bell curve for the valuesof wn;j , we just have to inte-

grate.

wn;j =
1
�

Z � =2

� � =2
cos(j x) cos(x)ndx

�
1
�

Z � =2

� � =2
cos(j x)e� nx 2=2dx

�
1
�

Z 1

�1
cos(j x)e� nx 2=2dx:

Can we do this integral? We can, and we will.
But for now, we'll just ask the computer:

1
�

Z 1

�1
cos(j x)e� nx 2=2dx =

s
2

� n
e

� j 2

2n :

This result follows by changing variablesin the formula
Z 1

�1
cos(ax)e� x2=2dx =

p
2� e� a2=2;

which is the formula we'll want to prove, after we've taken a minute to savor
DE MOIVRE'S FORMULA. If n + j is even,

wn;j =
1
2n

 
n

n+ j
2

!

� 2 �
1

p
2� n

e
� j 2

2n :

In particular, if n is even

wn;0 =
1
2n

 
n

n=2

!

=
1
2n

n!
(n=2)!2

� 2 �
1

p
2� n
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QUESTION: Why did we pull that factor of 2 out in front?
OK, now back to that integral. Let

f (a) =
Z 1

�1
cos(ax)e� x2=2dx:

Di�eren tiate under the integral sign:

d
da

f (a) =
d
da

Z 1

�1
cos(ax)e� x2=2dx = �

Z 1

�1
sin(ax)xe� x2 =2dx:

Integrate by parts:

d
da

f (a) =
Z 1

�1

1
a

cos(ax)e� x2=2dx =
1
a

f (a):

The generalsolution to this di�erential equation is ce� a2=2, as we can verify
by di�erentiation. So f (a) = f (0)e� a2=2, with f (0) =

R1
�1 e� x2=2dx.

So all we needto show is that
Z 1

�1
e� x2=2dx =

p
2� :

As you may know, there is a famoustrick to show this. We'll comeback to
that in a moment. But �rst we want to show how to establish the value of
f (0) in a more straight-forward way.

Without �lling in the value of f (0), we can still write a version of de
Moivre's formula:

wn;j �
f (0)
�

p
n

e
� j 2

2n

when n + j is even. In fact, this is basically what de Moivre �rst did. Then
we can write

1 =
X

j

wn;j �
1
2

X

j

f (0)
�

p
n

e
� j 2

2n :

Note well the 1
2 in front of the sum: It's there becauseour approximation

only works whenn+ j is even. Every other valueof j haswn;j = 0. If wewere
working with the more explicit versionof de Moivre's formula that we wrote
down previously, the 1

2 would cancelthe 2 we pulled out in front|whic h (in
caseyou're still wondering) is why we pulled that 2 out front in the �rst
place.
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Continue by approximating the sum with an integral, and then change
variables:

1 �
1
2

Z 1

�1

f (0)
�

p
n

e
� x 2

2n dx =
f (0)
2�

Z 1

�1
e� x2=2dx =

f (0)2

2�
;

so

1 �
f (0)2

2�
:

The approximations we've made in establishing this approximate equality
becomeexact in the limit of large n, and neither side involves n, so the
equality must be exact:

1 =
f (0)2

2�
;

so
f (0) =

Z 1

�1
e� x2=2dx =

p
2� :

That was the straight-forward proof. Here's the promisedtrick.

f (0)2 = (
Z 1

�1
e� x2=2dx) � (

Z 1

�1
e� y2=2dy)

=
Z 1

�1

Z 1

�1
e� x2=2e� y2=2dxdy

=
Z 1

�1

Z 1

�1
e� (x2+ y2)=2dxdy:

Changeto polar coordinates:

f (0)2 =
Z 1

0
2� re� r 2=2dr = 2� :

Pretty slick, hey?

More honest approac h

p =
1
2

; q = 1 � p =
1
2

:

bn;k =

 
n
k

!

pkqn� k =
1
2n

 
n
k

!

:

eix = cos(x) + i sin(x):
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cos(x) =
1
2

(eix + e� ix ):

cos(x)n =
1
2n

X

k

 
n
k

!

(eix )k(e� ix )n� k =
X

k

bn;k ei (2k� n)x :

Z �

� �
eil xe� imx dx =

(
2� l = m
0 l 6= m

:

bn;k =
1

2�

Z �

� �
cos(x)ne� i (2k� n)xdx

=
1

2�

Z �

� �
cos(x)n cos((2k � n)x)dx

=
1
�

Z � =2

� � =2
cos(x)n cos((2k � n)x)dx:

cos(x)n = (1�
x2

2
+ : : :)n � (1�

x2

2
)n = (1�

1
n

nx2

2
)n � e� nx 2=2; � � =2 � x � � =2:

bn;k �
1
�

Z � =2

� � =2
e� nx 2=2 cos((2k � n)x)dx

�
1
�

Z 1

�1
e� nx 2=2 cos((2k � n)x)dx

=
1

�
p

n

Z 1

�1
e� x2=2 cos(

2k � n
p

n
x)dx:

Z 1

�1
e� x2=2 cos(ax)dx =

p
2� e� a2 =2:

bn;k �
1

�
p

n

p
2� e� (2 k � n ) 2

2n =
1

q
2� n=4

e� ( k � n= 2) 2

2n= 4 :

The last equation is written so as to conform to the more generalformula

bn;p;k �
1

p
2� npq

e� ( k � np ) 2

2npq :

To prove this more generalformula, we can modify the foregoingargument
usingpeix + qe� ix in placeof cos(x) = 1

2(eix + e� ix ) |and kissthe realnumbers
goodbye. We'll do somethingakin to this in the next section.
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Even-more-honest approac h

The natural logarithm logx was introduced by Napier in 1614as a way of
turning multiplication into addition. Reducing multiplication to addition
simpli�ed computations done by hand. The inverseof the logarithm is the
exponential ex : It turns addition into multiplication. Reducingaddition to
multiplication simpli�es analyzingdistributions of sumsof random variables.
For this purposeit is most convenient to usethe complexexponential eix =
cosx + i sinx, introduced by Euler in 1748. This approach via complex
exponentials is the `method of Fourier transforms', but in keepingwith the
usual probabilist's lingo we'll call it the `method of characteristic functions'.

For any random variable Y, de�ne its characteristic function

f Y (x) = E(eixY ):

Note that
f Y (0) = E(ei 0Y ) = E(1) = 1:

As our prime example,if HorT is a heads-or-tailsrandom variable taking
values� 1 with probability 1

2,

f HorT (x) =
1
2

eix +
1
2

e� ix = cos(x):

Note that cos(x) has period 2� , i.e. cos(x + 2� ) = cos(x). This periodicity
f Y (x + 2� ) = f Y (x) holds for any Y that takeson only integer values,since
in that case

ei (x+2 � )Y = eixY e2� iY = eixY :

Now let's watch the exponential turn addition of independent random
variablesinto multiplication of their characteristic functions. If Y and Z are
independent,

f Y + Z (x) = E(ei (Y + Z )) = E(eiY eiX ) = E(ei Y)E(eiZ ) = f Y (x)f Z (x);

where we've usedthe important (and Fundamentally Mysterious) fact that
the expected value of a product is the product of the expected valueswhen
the variablesinvolved are independent.

If Sn = Y1 + : : :+ Yn is the sumof n independent random variableshaving
the samedistribution as Y, then

f Sn (x) = f Y (x)n :
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In the casethat Sn represents Peter's fortune after n roundsof heads-or-tails,

f Sn (x) = f HorT (x)n = cos(x)n :

The meanand varianceof a random variable are easyto extract from its
characteristic function. SupposeY hasmean� and variancev. Then

d
dx

f Y (x) = E(
d

dx
eixY ) = E(iY

d
dx

eixY )

and
d2

dx2
f Y (x) = E(

d2

dx2
eixY ) = E(� Y 2 d2

dx2
eixY ):

Setting x = 0 yields
d
dx

f Y (x)jx=0 = E(iY ) = i�

and
d2

dx2
f Y (x)jx=0 = E(� Y 2) = � (v + � 2):

Thus � and v determinethe second-orderTaylor approximation to f Y (x)

f Y (x) � f Y (0) +
d

dx
f Y (x)jx=0 x +

d2

dx2
f Y (x)jx=0

x2

2
= 1 + i�x � (v + � 2)

x2

2
:

Let's check thesecomputations in the caseof the heads-or-tailsrandom
variable HorT, which hasmean0 and variance1:

d
dx

cos(x)jx=0 = 0;

d2

dx2
cos(x)jx=0 = � 1;

cos(x) � 1 + i0x �
x2

2
:

Much of the foregoingdiscussionwould gothrough if wehadusedthe real-
valued exponential ex in place of the complex exponential eix , and de�ned
the characteristic function to be E(exY ). Yes, there would have beensome
convergenceproblems if the valuesY can assumearen't bounded. But the
real virtue of using complexexponentials lies in the easewith which we can
go backward from the characteristic function f Y (x) to the distribution of Y .
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To show how this works, we'll restrict to an integer-valued Y taking on
value j with probability pj , so that

f Y (x) =
1X

n= �1
pj eij x :

As we've already observed, in this casef Y has period 2� . If we averagef Y

over a period, we get p0:

1
2�

Z �

� �
f Y (x)dx = p0:

That's because,when averagedover a period, the terms pj eij x with j 6= 0
all vanish, leaving only the constant term. And if we multiply f Y by e� ij x

beforeaveraging,we can move the term pj eij x into the limelight, and get

1
2�

Z �

� �
f Y (x)e� ij xdx = pj :

So for integer-valued random variables,it's easyto extract all the probabili-
ties pj from the characteristic function.

NOTE: Somethingfundamentally similar works for generalrandom vari-
ables,to allow us to reado� the distribution of the random variable from the
characteristic function: To bandy words around, we work with the `Fourier
transform' instead of `Fourier series'. This approach is neededto prove the
generalCentral Limit Theorem, so it's good to know about. But we've no
needfor it here.

Now here comesde Moivre's formula. Let Sn represent Peter's fortune
after n rounds of heads-or-tails. And let's allow the possibility that the
coin being usedmay be biased,with probability p of coming up headsand
probability q = 1� p of comingup tails. Then Peter's winning Y for a single

ip hascharacteristic function

f Y (x) = peix + qe� ix :

The main thing we'll need to use about the characteristic function is the
approximation

f Y (x) � 1 + i�x � (v + � 2)
x2

2
;

with
� = p � 1 + q � (� 1) = 1 � 2p
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and
v = 4pq:

We proposeto estimate pj using our generalformula

pj =
1

2�

Z �

� �
f Y (x)ne� ij xdx:

If n+ j is even then the integrand hasperiod � , sowe canrestrict our average
to the interval � � =2 � x � � =2. On this interval

f Y (x)n � (1 + i�x � (v + � 2)
x2

2
)n � ein�x � nv x 2

2 = e� nv x 2

2 ein�x

so

pj =
1
�

Z � =2

� � =2
e� nv x 2

2 ei (n� � j )xdx

�
1
�

Z 1

�1
e� nv x 2

2 ei (n� � j )xdx:

This is an integral which (by now) we know how to do:

pj �
2

p
2� v

e� ( n� � j ) 2

2nv :

For heads-or-tailswith a loadedcoin, � = 2p � 1 and v = 4pq, and pj is
the binomial probability

bn;p;k =

 
n
k

!

pkqn� k ;

wherek = n+ j
2 is the number of times Peter must win in order to be ahead

by j after n rounds. In terms of k, j = 2k � n. Plugging this into our
approximation, along with � = 2p � 1 and v = 4pq gives

bn;p;k �
1

p
2� npq

e� ( np � k ) 2

2npq :

PROBLEM: Observe how the 2 in the numerator of our previousformula
hasnow disappeared. Elucidate!
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Stirling's form ula

Stirling's formula, publishedby JamesStirling in 1730,givesan approxima-
tion to the factorial function:

n! � (n=e)n
p

2� n:

It holds in the sensethat the ratio of the two sidesapproaches1.
According to a hoary anecdote,a student taking his Ph.D. qualifying

exam from JacobTamarkin at Brown was asked to state Stirling's formula.
`I don't know it,' the student admitted, `But I know whereto �nd it when I
needit.' `Young man,' said Tamarkin, `You needit now!'

Peter Major of the HungarianAcademy of Scienceshaspointed out where
we can �nd Stirling's formula when we need it `now': In the central term
of a Poissondistribution with parameter n. The Poissondistribution with
parameter � � 0 is

p�;k = e� � � k

k!
:

The meanand varianceare both � . Set � = n, and look at the central term

pn;n = e� n nn

n!
:

When n gets large the central limit theoremkicks in to give

pn;n �
1

p
2� n

:

So
e� n nn

n!
�

1
p

2� n
;

which yields Stirling's formula above.
For this mnemonicto work, weneedto (1) remember (or beableto derive)

the Poissondistribution; (2) know (or be able to �gure out) the mean and
variance;and (3) be able to apply the central limit theorem. A lot could be
said about all this. Let's try to say only a little.

(1) One way to remember the Poissondistribution involveswriting

1 = e� � (1 + � + � 2=2! + � 3=3! + : : :):
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(2) A Poissonrandom variable with parameter n is the sum of n inde-
pendent Poissonrandom variableswith parameter 1, so meanand variance
grow linearly with n, and it's natural to supposethat the constant of pro-
portionalit y is 1.

(3) The main trick to remembering the central limit theorem is to get
the normalizing constant right in the standard Gaussiandensity 1p

2�
e� x2=2.

For this, we can usethe polar coordinates trick to show
R1

�1 e� x2=2dx = 2� .
Of course,we also needto remember whether we really want that 2 in the
denominator of the exponent � x2=2. To check, we can integrate x2e� x2

by
parts. As soon aswe start the calculation, we'll remember why we want that
2 in the denominator.

If all elsefails, we canjust buckle down and adapt the proof of the central
limit theoremto the caseat hand. This turns out to be easy, aswe'll seein a
ji�y . This approach hasthe advantage of anticipating what would doubtless
have beenTamarkin's next demand: Prove Stirling's formula!

Deriv ation of Stirling's form ula

p�;k = e� k � k

k!
:

X
p�;k eik x = e� �

X � k

k!
eik x

= e� �
X (�e ix )k

k!
= e� � e�e ix

= e� (eix � 1):

p�;k =
1

2�

Z �

� �
e� (eix � 1)e� ik xdx:

pn;n =
1

2�

Z �

� �
en(eix � 1� ix )dx

=
1

2�

Z �

� �
en(1+ ix � x 2

2 + :::� 1� ix )dx

�
1

2�

Z �

� �
e� n x 2

2 dx
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�
1

2�

Z 1

�1
e� n x 2

2 dx

=
1

2�
p

n

Z 1

�1
e� x 2

2 dx

=

p
2�

2�
p

n

=
1

p
2� n

:

e� n nn

n!
�

1
p

2� n
:

n! � (n=e)n
p

2� n:

Stirling's series

We can get an approximation to n! that works better for large n by keeping
more terms in the expansionfor e� ix .

eix = 1 + ix �
x2

2
� i

x3

6
+

x4

24
+ : : :

pn;n =
1

2�

Z �

� �
en(eix � 1� ix )dx

=
1

2�

Z �

� �
e� n x 2

2 e� in x 3

6 en x 4

24 � � � dx

=
1

2�
p

n

Z �

� �
e� n x 2

2 (1 � i
x2

6
p

n
�

x6

72n
+ : : :)(1 +

x4

24
+ : : :) � � � dx

�
1

2�
p

n

Z �

� �
e� n x 2

2 (1 � i
x3

6
p

n
+

x4

4!n
�

x6

72n
)dx

�
1

2�
p

n

Z 1

�1
e� n x 2

2 (1 � i
x3

6
p

n
+

x4

4!n
�

x6

72n
)dx:

Note that in this expansion,we've kept only terms whosedenominatorsgrow
at most linearly in n. The imaginary term drops � i x3

6
p

n dropsout (it's odd),
and the others succumb to integration by parts:

pn;n �
1

2�
p

n

Z 1

�1
e� x 2

2 (1 +
x4

24n
�

x6

72n
)dx
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=
1

2�
p

n

p
2� (1 +

3
24n

�
3 � 5
72n

)

=
1

p
2� n

(1 �
1

12n
):

n! � (n=e)n
p

2� n
1

1 � 1
12n

� (n=e)n
p

2� n(1 +
1

12n
):

Keeping terms with denominatorsof higher order in n will yield further
terms of `Stirling's series'

n! � (n=e)n
p

2� n(1 +
1

12n
+

1
288n2

�
139

51840n3
�

571
2488320n4

+ : : :):

19


