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Abstract

We prove without appeal to the Axiom of Choice that for any sets
A and B , if there is a one-to-onecorrespondencebetween 3 � A and
3 � B then there is a one-to-onecorrespondencebetween A and B .
The �rst such proof, due to Lindenbaum, was announcedby Linden-
baum and Tarski in 1926, and subsequently `lost'; Tarski published
an alternative proof in 1949. We argue that the proof presented here
follows Lindenbaum's original.

AMS Classi�cation num bers 03E10 (Primary); 03E25 (Sec-
ondary).

1 In tro duction

In this paper we show that it is possibleto divide by three. Speci�cally,
we prove that for any setsA and B, if there is a one-to-onecorrespondence
between3� A and 3� B then there is a one-to-onecorrespondencebetween
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A and B. Here 3 denotesthe standard three-element set f 0; 1; 2g and �
denotesCartesian product. Writing A � B to indicate that there is a one-
to-one correspondencebetweenA and B, our assertionis that

3 � A � 3 � B =) A � B :

This assertionis easyto prove if we allow ourselves to usethe axiom of
choice,which states(roughly) that it is always possibleto chooseoneelement
simultaneously from each one of an in�nite collection of non-empty sets. If
we want to avoid using the axiom of choice|and we do|then the problem
of dividing by three becomesmuch moredi�cult, and while the problem was
discussedby Bernstein in 1901, and a solution announcedby Lindenbaum
and Tarski in 1926,the earliestpublishedsolution is Tarski's solution of 1949.
We'll say more about the history of the problem later on.

Now when we say that we want to avoid using the axiom of choice, it is
not merely, or evenmainly, becausewethink the axiom is probably not `true'.
The real reasonfor avoiding the axiom of choiceis that it is not de�nite . (See
Jech [4].) To prove that 3 � A � 3 � B meanssomehow or other to show
that from a one-to-onecorrespondencebetween 3 � A and 3 � B , you can
producea one-to-onecorrespondencebetweenA and B. If the proof requires
the axiom of choice,then the procedurewill involve at somepoint or other a
`subroutinecall' to the axiom of choice,wherewe passin a collection of non-
empty sets,and receive as output a `choice function' selectingone element
from each of thesesets,and the correspondencebetweenA and B that we
end up with will depend on which particular choice function was `returned'.
Thus the correspondencewill not be uniquely de�ned. Conversely, if we
avoid the axiom of choice, then the procedurewill produce a well-de�ned
correspondencebetweenA and B.

By the sametoken, if we make sure that all our constructions are well-
de�ned, then we can make sure that we haven't used the axiom of choice.
This meansthat we will be able to do set theory in the usual free-and-easy
way, without sticking closeto the axioms of ZF or any other formal system
for doing set theory. Note that in order to steerclearof the axiom of choiceit
is not necessaryto avoid making any choicesat all (what would that mean?),
or even to avoid making any apparently arbitrary choices(e.g. choicesthat
break some natural symmetry of the problem we're trying to solve), but
simply to make sure that when there is a choice to be made, we describe
what to do in such a way that there is oneand only oneway to do it.
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To sumup, our attitude towards the axiom of choiceis this: To avoid the
axiom of choice is the samething as to make sure that all constructionsare
uniquely de�ned. It is the problem of �nding a uniquely de�ned procedure
for dividing by three that we are really interested in. This problem has
connectionsto constructive (�nite) combinatorics and to parallel processing,
but never mind all that: The problem is easyto state, hard to solve, and
just plain fun. Thus we hope that that this paper will appeal to you even if
you can't muster much anxiety about the axiom of choice.

You're probably wonderingabout dividing by two. The reasonthis paper
isn't called `Division by two' is that dividing by two is signi�cantly easier
than dividing by three, though still not trivial. Three seemsto be the crucial
case:the methods we will discussfor dividing by three extend to allow you
to divide by 5 (you can already divide by 4 if you can divide by 2: just do it
twice), by 7, and in generalby any �nite n. What's more, you can usethe
samemethod to show that if 3 � A � 2 � B then there is a set C such that
A � 2� C and B � 3� C, and soon. (SeeBachmann [1].) But herewe will
only explicitly discussthe casesof division by two and by three.

2 What mak es this problem di�cult?

In order to show that 3 � A � 3 � B =) A � B , what we needto show is
that given a one-to-onecorrespondencebetween 3 � A and 3 � B , we can
comeup with a one-to-onecorrespondencebetweenA and B. What makes
this di�cult is that this input correspondenceis all we have to work with:
We're not allowed to ask someoneto manufacture a well-ordering of A (or
anything else,for that matter) out of thin air.

Now it is remarkable that it should be hard to divide by three, so let's
think about why it seemsat �rst glanceto be a trivial problem.

The assertion3 � A � 3 � B =) A � B about setshas an aritmetical
counterpart, namely that if a and b are natural numbers then 3a = 3b =)
a = b. This simplearithmetical statement hasa simpleproof from the axioms
of arithmetic (never mind whichaxiomsof arithmetic|an y reasonableset of
axioms will do), and it is would be surprising indeed if this proof could not
be converted into a proof that 3 � A � 3 � B =) A � B in the casewhere
A (and hencealsoB) is �nite.

To make this conversion, we need to consider brie
y the notion of a
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cardinal number (cardinal for short). A cardinal number is de�ned to be an
equivalenceclassof sets under the relation � , and if we make appropriate
de�nitions for sum and product, then our statement 3� A � 3� B =) A �
B translates into the statement 3a = 3b =) a = b. The �nite cardinals
[0]; [1]; [2]; [3]; : : : are the � -equivalence classesof the standard �nite sets
0 = ; ; 1 = f 0g; 2 = f 0; 1g; 3 = f 0; 1; 2g; : : :. It is not di�cult to prove
that the �nite cardinals satisfy the axioms for arithmetic, and combining a
proof that the �nite cardinals satisfy the axioms of arithmetic with a proof
from the axioms of arithmetic that 3a = 3b =) a = b yeilds a proof that
3 � A � 3 � B =) A � B as long as A (and hencealsoB) is a �nite set.

To deal with the in�nite case,we might be tempted to arguethat if A is
in�nite then 3 � A � A, and so when 3 � A � 3 � B and A (and hencealso
B) is in�nite, A � 3 � A � 3 � B � B . The problem with this argument
is that the assertionthat 3 � A � A for in�nite A dependson the axiom of
choice. Somuch for that idea.

Another idea would be to adapt to the generalcasethe solution that we
got (in principle) in the �nite case. If we try to do this, we will �nd that
the proof in the �nite caseis not really as good as we might have imagined,
for while it will give a procedurefor converting a one-to-onecorrespondence
between3� A and 3� B into a one-to-onecorrespondencebetweenA and B,
whenyou try to usethis procedureyou will be calledupon to input not only
the requisite correspondencebetween3 � A and 3 � B , but also a bijection
betweenA and f 0; 1; 2; : : : ; n � 1g, and the correspondencebetweenA and
B that you receive as output will depend on this secondinput as well as
the �rst. Becauseit depends on an extraneousinput, namely a particular
ordering of the set A, the procedurewill not be `canonical',or `equivariant',
and it will not extend to the in�nite casebecausethen we will not have any
ordering of the set A to call upon. As you may know, the axiom of choice
is equivalent to the statement that `any set can be well-ordered',and a well-
ordering of A is exactly what we would needto push this method of dividing
by three through in the in�nite case.So this isn't going to work either.

But this is getting complicated,whereasthe problemis really very simple:
Turn the correspondencebetween 3 � A and 3 � B into a correspondence
betweenA and B.
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3 History

A proof that it is possibleto divide by two waspresented by Bernstein in his
Inaugural Dissertation of 1901,which appearedin Mathematische Annallen
in 1905[2]; Bernstein also indicated how to extend his results to division by
any �nite n, but wearenot awareof anyoneother than Bernsteinhimselfwho
ever claimed to understand this argument. In 1922Sierpi�nski [8] published
a simpler proof of division by two, and he worked hard to extend his method
to division by three, but never succeeded.

In 1926Lindenbaum and Tarski announced,in an infamouspaper [5] that
contained statements (without proof) of 144 theorems of set theory, that
Lindenbaum had found a proof of division by three. Their failure to give any
hint of a proof must have frustrated Sierpi�nski, for it appears that twenty
years later he still did not know how to divide by three (cf. [9]). Finally,
in 1949,in a paper `dedicatedto ProfessorWaclaw Sierpi�nski in celebration
of his forty yearsas teacher and scholar', Tarski [10] published a proof. In
this paper, Tarski explained that unfortunately he couldn't remember how
Lindenbaum's proof had gone,except that it involved an argument like the
one Sierpi�nski had used in dividing by two, and another lemma, due to
Tarski, which we will describe below. Instead of Lindenbaum's proof, he
gave another.

Now when we beganthe investigationsreported on here,we were aware
that there was a proof in Tarski's paper, and Conway had even pored over
it at one time or another without achieving enlightenment. The problem
was closelyrelated to the kind of questionJohn had looked at in his thesis,
and it was also related to work that Doyle had done in the �eld of bijective
combinatorics. So we decided that we were going to �gure out what the
heck was going on. Without too much trouble we �gured out how to divide
by two. Our solution turned out to be substantially equivalent to that of
Sierpi�nski, though the terms in which we will describe it below will not much
resemble Sierpi�nski's. We tried and tried and tried to adapt the method to
the caseof dividing by three, but we kept getting stuck at the samepoint
in the argument. So �nally we decidedto look at Tarski's paper, and we
saw that the lemma Tarski said Lindenbaum had used was preciselywhat
we neededto get past the point we were stuck on! So now we had a proof
of division by three that combined an argument like that Sierpi�nski usedin
dividing by two with an appeal to Tarski's lemma, and we �gured we must
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Figure 1: The blue dots represent elements of A; the red dots represent
elements of B . The blue arcs connectpairs (x; f (x)); the red arcs connect
pairs (y; g(y)).

have hit upon an argument very much like that of Lindenbaum's. This is the
solution we will describe here: Lindenbaum's argument, after 62 years.

4 The Cantor-Sc hr•oder-Bernstein theorem

Probably the best way to seewhat it meansto do set theory without the
axiom of choice is to look at the proof of the Cantor-Schr•oder-Bernstein
theorem,which is the prototypical example. Let us write A � B when there
is an injection from A into B.

Cantor-Sc hr•oder-Bernstein Theorem. If A � B and B � A then
A � B .

Pro of. We want to show that given injections f : A ! B and g : B ! A
we can determine a one-to-onecorrespondencebetween A and B. We can
and will assumethat A and B are disjoint. Here'show it goes. We visualize
the setA asa collectionof blue dots, and the setB asa collectionof red dots.
(SeeFigure 1.) We visualizethe injection f as a collection of blue directed
arcs connectingeach element x 2 A to its image f (x) 2 B. Similarly, we
visualizeg asa collectionof red directed arcs. If we put in both the blue and
the red arcs, we get a directed graph where every vertex has one arc going
out and at most onearc coming in.

Such a graph decomposesinto a union of connectedcomponents, each
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Figure 2: The matching follows the blue edgesexcept on Sadie Hawkins
components, whereit follows the red edges.

of which is either a �nite directed cycle, a doubly-in�nite path, or a singly-
in�nite path. As you go along oneof thesepaths or cycles,the verticesyou
encounter belongalternately to A and B. In the caseof a cycleor a doubly-
in�nite path, the blue arcs de�ne a one-to-onecorrespondencebetweenthe
blue verticesof the component and the red vertices. In the caseof a singly-
in�nite path, the blue edgeswill still determinea one-to-onecorrespondence
betweenthe blue and red verticesof the path if the path beginswith a blue
vertex, but not if the path beginswith a red vertex. However in this latter
case(the `SadieHawkins case')we can take the red edgesinstead. Thus we
can pair up the vertices of A and B along each connectedcomponent, and
the union of thesecorrespondencesdeterminesa one-to-onecorrespondence
betweenA and B. (SeeFigure 2.) |

The foregoing argument is a good illustration of how to do set theory
without the axiom of choice. (Or rather, it is a good illustration of oneway
to do set theory without the axiom of choice|there are other ways aswell.)
Beginning with f and g, we describe a graph built using the information
contained in f and g, and we determine our one-to-onecorrespondenceby
fooling around on the graph.

Note that while the fooling around on the graph is de�nite, it is not
`e�ectively computable' or anything like that. For instance, suppose you
want to know what element y of B corresponds to a particular element x of
A. Most likely y = f (x), becausethis is the element of B that is joined to
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x by a blue arc (oriented out of x). However, if x happens to belong to a
singly-in�nite path that beginswith an element of B , then the corresponding
element of B is the unique y such that g� 1(f xg) = f yg, becausethis is the
element of B that is joined to x by a red arc (oriented into x, in this case).
Now supposethat f and g and their inversesare functions that weareableto
compute,so that for examplefor any x in A we can determinef (x), and we
candetermineif there is any y such that x = g(y), and if sowe candetermine
what y is. To computethe element corresponding to a given x 2 A, we need
to know whether the path that starts at x and goes backwards along the
edgesof the directed graph terminates at an element of B . When A and
B are in�nite, this is not something we can expect to determine in �nite
time, becausewhile we can tell what the answer is if the path terminates (or
connectsback up to the starting point x), if it hasn't terminated after a long
time that doesn't meanthat it will never terminate. In order to considerour
matching as the result of somekind of algorithm, we would need to allow
a certain amount of in�niteness into our computations: We would needto
be able to say, for example, \F ollow that path as far as it goes, even if it
continueson forever, and tell me whether it ever terminates or not." If we
are allowed this kind of in�nite computation, then the correspondencehere
becomescomputable,and in fact the whole theory of what can be explicitly
determinedcomesto coincidewith the theory of what you can compute.

But all this bother about the extent to which the correspondencewe've
de�ned is computable is not relevant to our present purpose, which is to
be sure to avoid an appeal to the axiom of choice. The description we've
given determinesuniquely a one-to-onecorrespondencebetween A and B,
and that's all we needto make sureof.

The Cantor-Schr•oder-Bernsteintheorem shows that � inducesa partial
ordering � of cardinals if we say that a � b whenever a = [A], b = [B ], and
A � B . However, without the axiom of choice,this relation is not necessarily
a total ordering, becauseif you live in a world of sets where the axiom of
choicedoesnot hold, it is not necessarilytrue that either A � B or B � A.
The failure of � to inducea total order on cardinalsis a cluethat without the
axiom of choice, the whole notion of cardinal number is not all that natural
or useful. Another indication is this: There is another de�nition (due to
Dedekind) of what it meansfor a set (and its cardinal) to be in�nite; we
will discussthis alternative notion of in�nite sets later on, when we discuss
subtraction. In the absenseof the axiom of choicethis secondde�nition does
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not necessarilyagreewith the de�nition above that a set is �nite if there is
a bijection betweenit and oneof the standard �nite setsf 0; 1; 2; : : : ; n � 1g.
For thesereasons,we will avoid asmuch aspossibleany mention of cardinals
in what follows.

5 Division by two

We aregiven a bijection f : f 0; 1g� A ! f 0; 1g� B , and we want to produce
a bijection g : A ! B .

The key to our construction will be to have a clear mental picture of the
original bijection f . To this end, we imagine that the set A consistsof a
whole bunch of blue arrows|ma ybe they're made of wood|and the set B
consistsof a whole bunch of red arrows. Each arrow has a distinguishable
headand tail. If we label the tail of each arrow 0 and the head1, then we can
identify the set of `endsof blue arrows' with the set f 0; 1g� A, and similarly
for the red arrows. The bijection f now providesa one-to-onecorrespondence
betweenendsof blue arrows and endsof red arrows, so that to each end of
each arrow there corresponds a uniquely determinedend of an arrow of the
opposite color. Somehow, we must convert this matching between ends of
arrows into a matching betweenthe arrows themselves.

Now imagine that the matching betweenendsof arrows constitutes the
Instructions for assembling a toy that you are supposedto build using the
arrows supplied. Each end of a blue arrow is to be connectedto the corre-
sponding endof a red arrow. When they're all hooked together, somearrows
will meet head to head, sometail to tail, somehead to tail. Each arrow
will belong to a unique string of arrows, either a �nite string joined around
in a sort of necklace, or an in�nite string of arrows stretching o� in both
directions. On each string, the arrows alternate in color. (Don't worry about
whether the strings are tangled together or knotted; this kind of thing isn't
of any concernto us.)

Here's an example. Supposethat A = f a;b;cg and B = f x; y; zg, and
that the correspondencef is asillustrated in Figure 3. The headof the blue
arrow a is represented by the pair (1; a), and accordingto the diagram this
is matched to the pair (1; y), which represents the headof y, so we connect
together the headsof a and y. Now since(0; y) is matched to (0; c), we hook
the tail of y to the tail of c, and so forth. When all of the connectionsare
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Figure 3: A matching betweenf 0; 1g � f a;b;cg and f 0; 1g � f x; y; zg.
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Figure 4: The arrows are joined as indicated by the correspondencein the
previous �gure. Note that whereasin earlier �gures arcs merely connected
together the objects of primary interest, here it is the arrows themselves
(they're arrowsnow, not arcs) that are primary.

made,the six arrows join together to form a necklace,asillustrated in Figure
4.

Now sincethe arrows alternate in color, it is intuitiv ely clear that on any
string there are just as many red parenthesesas blue parentheses,and we
ought to be able to match up the arrows separatelyon each string, so that
each arrow getsmatched an arrow of the opposite color on the samestring.
All we have to do is tell how to do it.

Imagine for a moment that the strings of arrows represent streets|
circular drives, in the caseof necklaces, and long boulevards in the case
of in�nite strings. If the arrows are good, straight, American arrows, it is
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very natural for each arrow to dream of marrying the arrow next door. The
only di�cult y is that there are two arrows next door, becausethere are two
next doors. Of coursesinceeach arrow has a direction associated to it, it
might be that they have in mind the arrow that their head is connectedto,
but this is going to causeall kinds of con
icts. For instance,in the example
above, both b and c are going to want to marry z.

If only all the streets were one-way streets, then the blue arrows could
resolve to marry the red arrow just up the street, and the red arrows could
resolve to marry the blue arrow just down the street, and everything would
be dandy. If only someonewould go around and decidesomehow or other
for each street which way the tra�c should go! But this is exactly the kind
of thing we're not allowed to ask for, if we want to steer clear of the axiom
of choice. Unlesswe can describe a rule for determining the direction along
a street, we're out of luck.

Now if you look back at Figure 4, you'll notice that the arrows that are
shown there are not real arrows with arrowheadsand feathers, but math-
ematicians' arrows with the direction indicated by a sort of angle-bracket
gadget in the middle. If we round the angle-brackets into parentheses,we
get the picture shown in Figure 5. This is a minor change,but it is very
suggestive, and what it suggestsis that we match parentheses. In this case
a matchesx, y matchesc, and b matchesz. Thus in this casewe can take as
our correspondenceg(a) = x, g(b) = x, g(c) = y.

It is important to realizeherethat the notion of parenthesis-matching is
perfectly de�nite, in the sensethat there can never be more than oneparen-
thesis to match any given one,and the relation of matching is symmetric (I
match you if and only if you match me), and matching parenthesesalways
have oppositecolors. All of theseproperties follow from the observation that
to �nd the parenthesis that matches a given starting parenthesis, you can
use the familiar counting trick, where you count 1 for the starting paren-
thesisand then go o� along the string of parenthesesin the direction of the
insideof the starting parenthesis(that is, backwardsalongthe corresponding
arrow in our original model), increasingthe count whenever you encounter
an open parenthesis, and decreasingthe count whenever you encounter a
closeparenthesis. The parenthesis matching the starting parenthesis is the
�rst parenthesis for which the count is 0. Thus in our exampleto �nd the
parenthesisthat matchesc you count 1 for c and 0 for y, soy matchesc. To
�nd the parenthesis matching b we count 1 for b, 2 for x, 1 for a, 2 for y, 1
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Figure 5: The parenthesesmatch as indicated. The curve indicating the
matching betweenb and z goesthe long way around becausethat's how you
go to �nd the matching betweenthem.
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for c, 0 for z, so z matchesb.
Of coursethis matching parenthesis idea doesn't always work, as is illus-

trated in Figure 6. Someof the parenthesesmay remain unmatched, as is
the casefor a and x in this example. But on a necklace, all the unmatched
parenthesespoint the sameway around the loop, and we can use this to
determinea direction around the loop, and so in this casewe can go back to
our idea of having every blue parenthesis marry the red parenthesis just up
the street!

So if there are only necklaces,and no in�nite strings, we proceedas fol-
lows. We treat each necklace separately. First we try matching parentheses.
If this, works, �ne. If not, all the unmatched parenthesesface the same
way around the loop, and the way they facedeterminesa direction around
the loop. Let us say that the direction in which the arrows point is `down
the street'; that is, the open ends of the unmatched parenthesesface `up
the street'. The unmatched parenthesesalternate in color, so if every blue
parenthesis marries the next unmatched (red) parenthesis up the street, we
will have successfullypaired up all the parentheseson the street.

There is another approach that we could have taken to dealwith the case
when someof the parenthesesare unmatched, and that is to usethe direc-
tion in which the unmatched parenthesespoint to determinewhich direction
around the loop is `up the street', and once this has been determined, to
forget about the parenthesis-matching idea altogether, and have every blue
parenthesis, whether matched or not, marry the red parenthesis next-door-
up-the-street. The result of this secondscheme for the example above is
illustrated in Figure 7. This secondidea seemsa little cruel: Thesepairs of
matching parenthesesthink they're meant for each other, but then we call
the whole thing o� and tell them to marry someoneelse.But in the in�nite
casewe may have to do this anyway, as we are about to see.

When A and B are in�nite, then there are likely to be in�nite strings of
arrows in addition to �nite necklaces.We can still try matching parentheses
on these in�nite strings, but when we're done, the unmatched parentheses
that are left over may not all facethe samedirection: There can be two lots
that stand back to back. (SeeFigure 8.) And while the unmatched paren-
theseswill still alternate in color, there may be more of one color left than
there are of the other; for example,there might well be only oneparenthesis
that goesunmatched. Someof the possibilitiesare illustrated in Figure 9.

Now if there are no unmatched parentheseson the string we're consid-
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Figure 6: In this example a and x remain unmatched. They point in the
samedirection, and thus determinewhich way to orient the street.
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Figure 7: Accordingto this strategy, onceit hasbeendeterminedwhich direc-
tion is `up the street', the parenthesis-matching idea is abandonedand the
blue parenthesesmarry next-door-up-the-street, while the red parentheses
marry next-door-down-the-street.
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Figure 8: After removing matching parenthesesfrom an in�nite chain, we
can be left with two lots of parenthesesfacing away from each other. In this
example,the leftward lot is in�nite, while the rightward lot is �nite.
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Figure 9: Various possibilities for left-over parentheses: two in�nite lots; a
single in�nite lot; an in�nite lot and a �nite lot; an even number; an odd
number; a singleparenthesis.
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ering, then we're in �ne shape, becausewe've paired everybody up. And if
there are someunmatched parenthesesbut they all facethe sameway, then
we're still in �ne shape, becausethis allows us to singleout a direction `up
the street', which we can use to implement the plan of having all the blue
parenthesesmarry the red parenthesisnext-door-up-the-street. Note that in
this case,we are not even going to considerletting the matching parentheses
remain together, becausethere may be more blue than red parenthesesthat
are unmatched.

This leaves the casewherenot all the unmatched parenthesespoint the
sameway. But asweobservedabove, in this casethe parenthesescomein two
lots. Within each lot the parenthesesfacethe sameway, namely away from
the other lot. Thus of the unmatched parentheses,there are two that stand
back to back (that is, are far as unmatched parenthesesgo; there may be
matched parenthesesthat intervene). And sincethe colorsof the unmatched
parenthesesalternate, one of the back-to-back pair is blue and the other is
red, so the description `the blue unmatched parenthesis that standsback to
back with a red unmatched parenthesis' singlesout a particular parenthesis
of the string. Of courseany time we can single out one parenthesis, we
can determine a direction along the string, namely, the direction that the
arrow corresponding to that parenthesispoints (the direction opposite to the
direction this parenthesis faces).Soonceagain we are in good shape.

To recapitulate: On each string, we begin by matching parentheses. If
all parenthesesare matched, we're all set. If not, then by examining the
unmatched parentheseswe can determine a direction along the string, and
useit to implement the marry-the-parenthesis-next-door strategy. Sowe can
divide by two.

6 Division by three

We are given a bijection f : f 0; 1; 2g � A ! f 0; 1; 2g � B , and we want to
produce a bijection g : A ! B . As usual, we assumethat A and B are
disjoint.

We can visualize the situation by imagining that the set A consistsof
a bunch of blue plastic 30� -60� -90� triangles, and the set B of red plastic
30� -60� -90� triangles. We label the vertices of each triangle 0,1,2 in order
of increasingangle,and we interpret the bijection f as a set of instructions
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for joining the triangles together at the vertices. (We may be called upon to
bend and stretch the triangles in order to �t them together, but of course
this is irrelevant to what we're concernedwith here.) As in dividing by two,
after attaching the triangles at the vertices, the triangles form independent
connectedcomponents, someof which may be �nite and somein�nite. An
exampleis illustrated in Figure 10. (This examplelooks like an in�nite tree
homogeneousof degreethree, and in fact it is su�cien t to considerthis case
`becauseeverything is canonicalso you can work up in the universal cover',
but we won't needto make useof this fact, sonever mind.)

Now we tried a lot of ideasin our attempts to adapt the argument that
worked in dividing by two to the caseat hand. But time after time, we found
that despite all our precautions, every scheme we could come up with for
pairing up the triangles belongingto a given component had the defect that
wecouldarriveat a situation wheretherewerean in�nite number of unpaired
triangles left over that wereall of the samecolor. Wecould seehow to handle
the casewhere there were only a �nite number of monochromatic unpaired
triangles,but wejust couldn't handlean in�nite number. So�nally weturned
in despair to Tarski's article [10] and found, as noted in the Introduction
above, that as far as Tarski could recall, Lindenbaum's proof had involved,
in addition to a Sierpi�nskianconstruction (the kind of thing we'd beentrying
so hard to make work), an appeal to the following lemma, due to Tarski.

Tarski's Lemma. If A � B and 3 � A � 3 � B then A � B .
But of coursethis lemma is preciselywhat we neededto �nish our ar-

gument! Becausesay that after doing our utmost to pair up the triangles
on a certain component, we �nd to our dismay that we've paired up all the
red triangles with blue triangles, and we have someunpaired blue triangles
left over. Think of A hereascorresponding not to the original set A of blue
triangles, but to the set of blue triangles belongingto the component of tri-
angleswe're looking at, and similarly for B . Our incompletepairing entails
the inequality A � B , becausefor each red triangle we've found a unique
blue triangle, and the inequality 3 � A � 3 � B follows from the equality
3 � A � 3 � B , which expressedthe fact that we have a one-to-onecorre-
spondencebetweenthe vertices of the blue triangles in the component and
those of the red triangles. So Tarski's lemma is going to guarantee that we
canconvert our partial pairing into a one-to-onecorrespondencebetweenthe
red and blue triangles belongingto the component we're considering.

Now we don't proposeto say anything much about the kind of �ddling

20



Figure 10: Red and blue triangles belonging to a single component. This
example is special in that it is simply connected: There are no interesting
closedloopsalong the edgesof the triangles.
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neededto produceon a component a pairing that usesup either all the red
or blue triangles. This takesa certain amount of thought and work, but we
are con�dent that you, the reader,can �nd such a procedurefor yourself, if
you are inclined to do so. What we do want to explain is a proof of Tarski's
lemma, since this is the missing ingredient that you'll need to convert a
partial pairing on a component into a one-to-onecorrespondence.Beforewe
can explain the proof, however, we needto explain how to subtract.

7 Subtraction

You've probably been wondering why we haven't discussedsubtraction al-
ready: Why all the fuss about division when it's not even clear how to
subtract?

In addition to the notation that has beenintroducedso far, we want to
add the following: ! = f 0; 1; 2; : : :g will denote the set of natural numbers.
A + B will denote the set 0 � A [ 1 � B . This notation is meant solely to
avoid di�culties that can arise when you want to look at the union A [ B ,
but you're worried that A and B might not be disjoint. We will probably
abuselogic and think of A and B as being subsetsof A + B.

Subtraction Theorem. For any �nite setC, A+ C � B + C =) A � B .
Pro of. What wemust show is that givendisjoint setsA, B , and C, where

C is �nite, and a bijection f : A [ C ! B [ C, we can determinea bijection
F : A ! B . To do so, we can visualize the situation much as we did in the
proof of the Cantor-Schr•oder-Bernsteintheorem. We make a copy C0 of C
disjoint from A, B, and C, and convert f into a bijection f 0 : A [ C ! B [ C0.
Now we form the samekind of two-coloreddirected graph as before,where
the verticesof A [ C are blue, the verticesof B [ C0 are red, blue arcs run
from x 2 A [ C to f 0(x) 2 B [ C0, and for each y 2 C a red arc runs from
the copy of y in C0 to y. (SeeFigure 11.) The bijection F is now staring us
in the face: to get from x 2 A to F (x) 2 B, we just follow the arrows. Thus
subtraction is possible. |

Remark 1. Why doesthis method of subtracting involve addingarrows
to the diagram of f 0? Becausethe arrows run backwards from C0 to C.

Remark 2. In dynamical terms, we can describe the bijection F (x) as
obtained by iterating f starting with x until the imagelies in B. This makes
sensebecauseif f (x) doesnot lie in B then it lies in C, sowe can apply f to
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Figure 11: Subtraction, illustrated in this �gure, is assimpleasfollowing the
arrows. It's really just 0-dimensionalcobordism theory in disguise.
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Figure 12: This is what happens when you try to use subtraction to show
that 1 + ! � 0 + ! =) 1 � 0.

it, and if f (f (x)) doesnot lie in B then it lies in C, sowe can apply f to it,
etc. Furthermore, sincef is an injection, we can never encounter the same
element of C more than oncein this sequenceof iterates of x, and sinceC is
�nite we must �nally emergein B.

Remark 3. In the foregoing proof we have relied on the fact that C
is �nite, and indeed things can go wrong if C is in�nite, as illustrated in
Figure 12. This �gure illustrates the fact that even though 1 + ! � 0 + ! ,
it is not true that 1 � 0. In this case,when we follow the path starting at
the unique element of the one-element set A, we �nd that it bouncesback
and forth between the two copiesof C and never emerges.A set is said to
be Dedekind-in�nite if there is an injection mapping the set properly inside
itself. A closerlook at the proof above revealsthat a set C can be cancelled
(subtracted o� ) if and only if it is Dedekind-�nite. This is stronger than
the result stated becausein the absenseof the axiom of choice,there may be
Dedekind-�nite setsthat are`in�nite' in the sensethat they can't be mapped
bijectively to f 0; 1; : : : ; n � 1g for any n.
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Figure 13: A bijection betweenA [ B and B yields a collection of disjoint
sequencesin B, one for each element of A.

8 Swallo wing

If A + B � A we will say that A swallowsB, and write A � B , bearing in
mind the danger inherent in the fact that very often A � A, e.g. ! � ! .
Note that a set is Dedekind-in�nite if and only if it swallows somenon-empty
set.

While we have de�ned A � B to mean A + B � A, we could equally
well have made the condition be that A + B � A, becausethe obvious
injection shows that A � A + B, and thus by Cantor-Schr•oder-Bernstein
A + B � A =) A + B � A. In somecases,we will �nd it convenient to
producean injection from A+ B to A, and then let Cantor-Schr•oder-Bernstein
do the work of turning this injection into a bijection.

The phenomenonof swallowing can be visualizedby meansof the Hilbert
Hotel model. (SeeFigure 13.) We think of the elements of A asrepresenting
the roomsin a hotel that we are managing. The hotel is chock full, but then
a whole bunch of new guestscome,represented by the elements of B . \No
problem," we tell them, \w e'll �t you all in." To make room for x 2 B, we
tell the guest in f (x) to move to room f (f (x)); we tell the guest in room
f (f (x)) to move to room f (f (f (x))), etc. This model is alsocalledthe Roach
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Hotel model, after a famouscockroach trap called the Roach Hotel, where
\Roachescheck in|but they don't check out!"

Theorem. B � A if and only if B � ! � A.
Pro of. For each element of x 2 B we get a whole ! 's-worth of elements

of A by taking the orbit of x under the injection f : A + B ! A, namely the
sequenceof roomsthrough which guestsare moved to make way for x. |

9 Pro of of Tarski's lemma

Now we cometo the proof of Tarski's lemmathat if A � B and 3� A � 3� B
then A � B . Becausethe proof is broken down into a seriesof lemmas,there
is a dangerthat we will losesight of what is actually goingon, and what was
supposedto be a proof will turn out to be nothing more than a veri�cation.
To try to avoid this pitfall, when we're �nished with all the lemmaswe will
go back and try to really understand Tarski's lemma by visualizing how it
goeswhen you put it all together.

Lemma 1. If A � C and B � C then A + B � C.
Pro of. First one bunch of guestscheck in, and then another bunch of

guestscheck in. |
Lemma 2. If A � B1 + B2 + B3 then we can write A = A1 + A2 + A3

whereA1 � B1, A2 � B2, A3 � B3.
Pro of. We imagine a bunch of guestschecking into a hotel consisting

of three separatebuildings. Each guest causesa cascadeof guestsalong a
sequenceof rooms of the hotel. (SeeFigure 14.) For every guest, the
corresponding sequenceinvolvesan in�nite number of rooms in at least one
of the three buildings. If it involvesan in�nite number of rooms in building
1, we put this new guest into the �rst room in building 1, move the guest
in that room into the next room in the sequencethat belongsto building
1, etc. Otherwise if the sequenceinvolvesan in�nite number of rooms from
building 2, we check the new guest into the �rst room in the sequencein
building 2, etc. Otherwisewe usethe rooms in building 3. and similarly for
the sequencesinvolved in checking guestsinto buildings 2 and 3. Note that
it is important that for a given building, the sequencesof rooms involved in
checking guestsinto that building under this modi�ed schemeareall disjoint.
|

Lemma 3. If A � 3 � B then A � B .
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Figure 14: It appearsthat we cancheck this newguestin without disturbing
any of the guestswho are currently in buildings 2 and 3.

Pro of. Combine Lemmas1 and 2. |
Tarski's Lemma. If A � B and 3 � A � 3 � B then A � B .
Pro of. If A � B then A � B + C for someC (namely, the complement

of the image of B under someinjection from B into A). We want A � B ,
i.e. we want C � B . We have

3 � (B + C) � 3 � b

=) 3 � B + 3 � C � 3 � B

=) 3 � C � 3 � B

=) C � 3 � B

=) C � B |

Well there you have it. Now let's take a closerlook at it, and seeif we
can seeit all happening at once. So supposethat 3 � A � 3 � B , or rather,
to simplify matters, supposethat 3 � A � 3 � B . We construct our graph
out of blue and red triangles as before,only now instead of glueing pairs of
corresponding vertices together, let's connect them by bits of white string.
We're given a matching betweenthe red triangles and some,but not all, of
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the blue triangles, and we want to convert this matching into a one-to-one
correspondenceby �nding mates for the blue triangles that have been left
out in the cold. Let's connecteach red vertex to the similarly-labelledvertex
of the corresponding blue triangle by a bit of black string. Note that a blue
vertex hasa black string attached to it if and only if it hasbeenmatched to
somered triangle. Note alsothat the black strings may have joined together
triangles that belongedto separatewhite-string components, becausewe're
not assumingthat the partial pairing betweenred and blue triangles respects
the components of the white-string graph, though this will be the casein the
application of Tarski's lemma to division by three.

Starting from vertex 0 (say) of someunmatched blue triangle x, there is
a unique in�nite path along the strings with colorsalternating white, black,
white, black, . . . . As we follow this path, the vertices we encounter belong
to triangles coloredblue, red, blue, red, . . . . Every time we �nish traversing
one of the white strings we �nd ourselves at a vertex of somered triangle;
every time we �nish traversing one of the black strings we �nd ourselvesat
a vertex of someblue triangle. If in�nitely many of theseblue vertices are
labelled 0, we call the triangle x a 0-triangle, and associate to it the in�nite
sequenceof blue triangles whose0-verticeswe encountered on our walk. All
the sequencesbelongingto 0-triangles are disjoint, and each triangle in the
sequenceother than the starting triangle x has a partner in the original
matching. This meansthat we can rearrangethe matching by having each
blue triangle pass its partner one notch up the sequence,so that now all
the blue triangles of the sequenceincluding x will have partners. Before
doing this, however, we divide the remaining unpaired blue triangles into 1-
triangles and 2-triangles, and associate to each the appropriate sequenceof
blue triangles. After partners have beenpassedup the 0-triangle sequences,
the new partners are passedup the 1-triangle sequences,and then the new,
new partners are passedup the 2-triangle sequences.Get it?

In this description, we assumedfor simplicity that we had 3� A � 3� B
in place of 3 � A � 3 � B . Why? We could still construct the complex of
triangles, with the only di�erence being that now somered triangles might
have freevertices. This wouldn't havea�ected the argument we've just given.
We will go into this morecloselyin the next section,wherewe considerwhat
has to be doneto extend division by three to inequalities.
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10 Dividing an inequalit y by three

It behoovesus to considerwhether the proof that we have given of the fact
that 3 � A � 3 � B implies A � B can be adapted to show that 3 �
A � 3 � B implies A � B . That will depend to someextent on you, the
reader,becausewe have beenrelying on you to supply a procedurewhich, on
each connectedcomponent of the complexof triangles, will producea partial
matching such that the triangles that remain unmatched all have the same
color. As indicated at the end of the last section,we now want to consider
the complex of triangles associated to an injection of 3 � A into 3 � B , a
complex in which someof the red vertices may remain free. The question
is, can your method be adaptedto handle this case?Actually, we are pretty
con�dent that if it can't, you will be able to comeup with a new method
that can be madeto work in this more generalcase.But now we're going to
reveal oneof our methods, a method that works in this generalcaseaswell.
This meansthat when we said above that we were going to leave it entirely
up to you to supply your own method for constructing partial matchings, we
werelying. The reasonfor this is that we felt it would really be much better
for you to �nd your own method, instead of reading about ours, and that if
we madeyou think we weren't going to tell you the answer, then there was
a chancethat you would look for a method yourself, but that if we let you
know we weregoing to reveal the method, then human nature being what it
is, you would probably want to read about our method rather then thinking
for yourselves. Anyway, in return for revealing the secret,we ask that you
refrain from telling anyone elsethat the secret is actually revealed here in
this innocuous-soundingsection.

Sohere'show it goes. We look at a connectedcomponent of the complex
of triangles. To each pair consistingof a blue triangle x and a red triangle
y, there are various paths through the complex leading from x to y. We can
describe a path leading from x to y by saying somethinglike, `You leave the
starting triangle via vertex 0, which is connectedto vertex 1 of a red triangle,
whosevertex 0 is connectedto vertex 0 of a blue triangle, whosevertex 2
is connectedto vertex 0 of the destination triangle'. (SeeFigure 15.) The
important aspect of this description is that for a given blue triangle x, there
can be at most one red triangle y that you can get to from x by following
these instructions. We now prescribe an ordering on thesedescriptionsby
decreeingthat shorter paths comebeforelonger paths, and within the �nite
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Figure 15: How to get from x to y: `You leave the starting triangle via vertex
0, which is connectedto vertex 1 of a red triangle, whosevertex 0 is connected
to vertex 0 of a blue triangle, whosevertex 2 is connectedto vertex 0 of the
destination triangle'.
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set of descriptionsof paths of a �xed length, the ordering is|w ell actually
it doesn't really matter what it is, as long as it's de�nite. For example,for
the shortest paths, which correspond to triangle that are adjacent in the
complex, the description is essentially `Blue vertex i attached to red vertex
j ', and we may take the ordering of the pairs (i; j ) to be lexicographic:
(0; 0) < (0; 1) < (0; 2) < (1; 0) < (1; 1) < (1; 2) < (2; 0) < (2; 1) < (2; 2).
Now we pair up all pairs of blue and red triangles that are connectedby
paths whosedescription comes�rst in our ordering. In our sampleordering,
this meanspairs of triangles whosevertices labelled 0 are stuck together.
Then, we selectfrom amongthosepairs of blue and red triangles neither of
which hasyet beenmatched up all thosepairs whosepath comesnext in our
orderingof paths. In our example,this would involve all blue triangles whose
vertex labelled 0 is stuck to vertex 1 of a red triangle that has not yet been
matched, i.e. whosevertex 0 is not attached to a blue vertex 0. We keep
this up, running through our list of descriptions,at each stagematching up
pairs of as-yet-unmatched triangles that �t the description. When we're all
done,which will likely take in�nitely long unlesswe start working faster and
faster as we move down the list, there may be someblue triangles left over,
or there may be somered triangles left over, but there can't be both a blue
and a red triangle left over, becausethesewould have beenmatched when
we cameto considerthe description of a path connectingthem.

If there are red triangles left over, that's �ne, becausewe're trying to
show that A � B . If there are blue triangles left over, then as far as this
component goes we're in the situation where A � B and 3 � A � 3 � B ,
and by now we know very well how to modify the correspondenceon this
component sothat the blue and red triangles are paired exactly. Soin either
casewe're OK.

11 More on division by two

Of coursewe can modify the method we used to divide by three to get a
method for dividing by any positive integer n, including n = 2, and it is
instructive to go back now and comparethis new method of dividing by two
with the method we usedat the beginning of the paper. We can interpret
the matching of parenthesesas resulting from an ordering on paths, only
now it is not an ordering that extendsthe partial ordering by length of path,
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becausewe never pair up adjacent parenthesesthat facethe samedirection
while there arenon-adjacent matching parenthesesleft to pair up. Soinstead
we make all paths that identify matching parenthesescomeat the beginning
of our ordering, beforeany path corresponding to parenthesesthat facethe
samedirection. Evidently, this isn't going to be possibleif our ordering is
that of a sequence:�rst, second,third, . . . . Instead we need to allow an
ordering whoseorder type is more exotic. In this case,we can get by with
what is called the order type 2! : �rst, second,third, . . . , in�nitieth, in�nit y
plus �rst, in�nit y plus second,. . . . If we do this, we can be assuredthat
if the parenthesesactually match, then this is the matching we will choose.
By making sure that shorter paths come before longer paths once we get
beyonddescriptionsof matching parentheses,i.e. onceweget to the in�nitieth
member of our list of patterns, we can assurethat onceall the matching is
done, there is only a singleparenthesis left over. This would simplify things
a little, becausewe could usethis singleparenthesisto determinea direction
up the street, and there would be no call to use Tarski's lemma. This is
related to a phenomenonwhich we allowed to passunremarked in the caseof
division by three: If you begin with a simply connectedcomplex,and match
and match and end up with only a �nite number of unmatched triangles,
then you can selectoneof thesetriangles accordingto somekind of ordering
rule akin to that usedto order paths through the complex,and onceyou have
a distinguishedtriangle you can describe explicitly a matching in a way that
depends on your having a well-de�ned triangle to refer the description to.
(Go 3 stepsnorth . . . .) The whole needfor Tarski's lemma stemsfrom the
needto deal with the possibility that you had left over an in�nite number
of triangles of the samecolor. This is something that is easy to avoid in
dividing by two, which is apparently what makes division by two so much
easierthan division by three.

12 Division as rep eated subtraction

Our descriptionof matching parenthesesin terms of an orderingof paths that
puts pathsbetweenmatching parenthesesbeforeall other pathsdoesn't really
do justice to the concept. It is really more natural to describe the process
in terms of repeatedsubtraction. You begin by pairing up parenthesesthat
stand faceto face. You take this partial correspondence,induce in the most
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natural way the associated correspondencebetweensides(insideand outside)
of the parenthesesinvolved in the partial correspondence,and subtract this
from the original correspondence. You take the di�erence correspondence,
and treat it as though it were the original correspondence,get a new partial
correspondence,subtract, . . . . You do this in�nitely many times, and if
you're lucky, all the parenthesesmatch and you're �nished. More likely, you
have parenthesesleft over, and you have to fuss. The fussingis minimal in
the caseof division by two, but for division by three, it's harder. In dividing
by three, the analog of matching parenthesesis to pair triangles that sit
sharp point to sharp point, subtract, pair triangles that sit sharp point to
sharp point, subtract, . . . . The �rst thing you notice is that the complex
corresponding to the di�erence bijection becomesdisconnectedas soon as
you subtract once,and onceyou've subtracted an in�nite number of times,
you can be left with all kinds of junk. In particular, you can be left with an
in�nite number of lonely blue triangles, completely disconnectedfrom one
another. This doesn't look so promising, so you try somethingelse. And so
on.

The moral? There is more to division than repeated subtraction.
There are, however, interesting caseswhere there is enoughextra struc-

ture around that is preserved by the bijections so that division reducesto
repeated subtraction, and this leadsto interesting results in the �eld of bi-
jective combinatorics. This will be reported on at length elsewhere,but it is
worth saying a few words about it here to draw the connectionbetweenthe
�nite problem and the in�nite problem we just got through discussing.

In bijective conbinatorics, the big thing is to produce explicit bijections
betweensetsA and B that you know by someround-about route have the
same (�nite) number of elements. In this case, the bijection should not
only be explicit, in the technical sensewe've beenusing here,but somewhat
pleasingor e�cien t or natural or something. Occasionally, you �nd that if
you adjoint the samedisjoint set of gadgetsC to A and B, then you can
describe explicitly a bijection between A [ C and B [ C. Then you get
an explicit bijection betweenA and B by subtraction. This technique and
similar techniquesknown collectively as `the involution principle' have been
usedto great e�ect by Garsia and Milne [3], Remmel[7], and others.

By the sametoken,you cansometimes�nd a bijection betweenA � C and
B � C, and if there is enoughadditional structure around you can convert
this to a bijection betweenA and B by division, which in this casereducesto
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repeatedsubtraction. The needto have the additional structure, so that the
division reducesto repeated subtraction, arisesbecauseof the requirement
that the correspondenceyou end up with be somehow nice. Without the
additional structure, you can't use repeated subtraction alone, and things
are not nice.

The moral? There is more to division than repeated subtraction.

13 What's wrong with the axiom of choice?

Part of our aversionto using the axiom of choicestemsfrom our view that it
is probably not `true'. A theoremof Cohenshows that the axiom of choiceis
independent of the other axioms of ZF, which meansthat neither it nor its
negation can be proved from the other axioms,providing that theseaxioms
are consistent. Thus asfar as the rest of the standard axiomsare concerned,
there is no way to decidewhether the axiom of choice is true or false. This
leadsus to think that we had better reject the axiom of choice on account
of Murphy's Law that `if anything can go wrong, it will'. This is really no
morethan a personalhunch about the world of sets. We simply don't believe
that there is a function that assignsto each non-empty set of real numbers
one of its elements. While you can describe a selection function that will
work for �nite sets,closedsets,open sets,analytic sets,and so on, Cohen's
result implies that there is no hope of describinga de�nite choice function
that will work for `all' non-empty sets of real numbers, at least as long as
you remain within the world of standard Zermelo-Fraenkel set theory. And if
you can't describe such a function, or even prove that it existswithout using
somerelative of the axiom of choice,what makesyou sosure there is such a
thing?

Not that webelieve there really areany such things asin�nite sets,or that
the Zermelo-Fraenkel axioms for set theory are necessarilyeven consistent.
Indeed,we're somewhatdoubtful whether largenatural numbers(like 805000,
or even 2200) exist in any very real sense,and we're secretly hoping that
Nelson will succeedin his program for proving that the usual axioms of
arithmetic|and hencealsoof set theory|are inconsistent. (SeeNelson[6].)
All the morereason,then, for usto stick with methodswhich, becauseof their
concrete,combinatorial nature, are likely to survive the possiblecollapseof
set theory as we know it today.
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