170 DE QUANTITAT. IRRATIONALIBUS.

ubi primi in partibus decimis, secunda in millesi-
Imls, tertia in centies millesimis, et quarta in cen-
ties centenis millesimis aberrat.

Coroll 3.

. 52. Talis’ lex progressionis etiam in formulis
generalibus pro e= deprehenditur: Si' enim nostras
fractiones ponamus :

_A.B. C. D E

_ P B @ o @ etC.sumtis A=y et Y— 1, erit:
B=2+x; C=6B4 Axx; D=10C+Bxx; E= 14D+ Cxx; etc.
B=2—x; E=6B+Axx; D= 10€ - Bxx; E=14D +@xaf; etc.

unde series tam numeratorum, quam denominato-
rum facile continuatar.” ' - '

. SOLUTIO PROBLEMATIS
DE

"INVENIENDO TRIANGULO
IN QUO RECTAE EX SINGULIS ANGULIS LATERA

OPPOSITA BISECANTES SINT RATIONALES.

r AllCtOI'e
L. EULERO.

I.

Vocatis ternis lateribus 2 a, 2b, 2¢c et rectis haec
latera bisecantibus f; g, h: quaestio reducitur ad re-
solutionem trium sequentium formularum

.2bb +2cc—aa—ff

2cc—+2aa—bb—=gg
2aa-+2bb—~cc —hh.

2. Hinc differentiis sumendis sequitnr fore:
3(bb—aa)=ff—gg; (cc~bb)=gg—hh; 3(cc—aa) =ff~hh
sen ff—+ 3aa = gg -+~ 366 = hh —+ 3cc.
€um autem sit ff = 2bb - 2c¢ — aa, habebimus,

4 3aa=— g’gf{»:?)bb:hh—_}—3a:2(¢14‘f‘;65+cc} '

~ 3. Summa porro mostrarum trium formularnm

Préebet: S ~_v-‘ e L e ) T .
o(ff+gg++ bh) =3 F-9aa=555+9bb=3hht-gce

22%




172 SOLUTIO PROBLEMATIS

ita ut hinc istae ternae formulae resvltent:
288+2hh —ff —9gaa
2hh 2ff —gg=—9bd
2ff +2g8g—hh—=gcec.

4. Quae cum similes sint ipsis propositis, con-
cludimus si pro lateribus 24, 2b, 2c¢ sint rectae
bisecantes f, g, h tum pro lateribus 2.f, 2'g, 2k
fore rectas bisecantes 34, 35, 3¢, ideoque pro la-
teribus f, g, b rectas bisecantes ga, §b, gc. Quare
invento uno hujusmodi triangulo, si rectae biseean-
tes pro lateribus novi trianguli accipiantur, hoc ea-
dem gaudebit proprietate, quia in hoc rectae bise-
Ccantes sunt tres quadrantes lateram praecedentis.

5. His observatis solutionem quaestionis sequen-
ti modo aggredior. Primo binis tantum formulis
satis facturus eas ita exhibeo:

-y + (+c)*—aa= (b—c)'+(b+c+a)y (B+c—a)=ff

(@=c)"+(atc)'~bb=(a—c)’+(atctb) (a+c~b) =88
statuo igitur:

f=b—c+-(b+cta)p et 8 =a~c-(a+-c-+b)g
ut facta substitutione divisio per a—b-c succedat,
hoc modo obtinetur:

bt-c—a=—2(b —:c)p—}—(b+c+a) pp
a—c—=b—=2 (a—c)g+(a ~+c-+b)qq.

., 0. Ex utraque aequatione definiatar valor
ipsius c: :

"¢ = Akpp)=bi—gppp __ b(t~+-g99)—a(1—2g—qq)
~+2p—rp - 1-25—19
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unde fit

P —_m(+p)+4p __ 25(1-9)-hag -
bt o= e =

ex quo duplici. valore ratio inter numeros a et b .
colligitur:

- a(1+p) (1 + 20— qq) — 209 (1 ++ 2p — pp) =

b (1+4) (1 +2p—pp) — 2bp (1 + 29 — ¢7)
quani_obrem ‘statuo: - . . " |

@ =1 =+ — pp — 2pg — ppq + 2P4q

b=—1+p—qq— 1pq — pqq + 2ppq
hincque fit

a--b+c¢ ___ 14-3p—-q--pp—pq—Tppq-—~p° +3p3g
2 - ' 14-2p—pp

st a-+b+c=2p—+ 29— 6pq.

* . Cum igitur sit: ’ .
, a+b:2—-!—7p¢+—q—_-pp—clq._4pq+ppq_hpqq

et e=p--q4-pp+q9—2pg—ppg—pgy .
“ sicque’ binis *formulis satisfit, numeris a, 4, ¢ se-
' quentes valores tribuendos

. a=14-q—pp—2pq—ppg+2p9q . .
¢ - b=14-p—qq—2pg—pgg+2ppq

¢ =p-¢Pp+99—2pg—prg—peq

- < onde cum fat.. - . AT
o etb—c—a-lopiog—6pg .

e

b—c=t—g—pp—29q+3ppg .. =
CTOSTIS PR




174 SOLUTIO PROBLEMATIS

habebimus:
S=1t2p—gtpp—299tepg—3ppg  b~ctf = 2(14g)(1+p—2q)
g=1+2g—ptgg—2pptepg—3pqq ~ a—ctg=2(14p)(14g—2p).
8. Juvabit "hinc etiam sequentes valores. eli-
cuisse:

a-+b—c=2—2pp—299—2Pq-+2ppy-+2pgg = 2(1—p)(1—g) (1--p-tg)

btc—a=2p+opp—2pj—ipggtappg  =2p(14q)(1+p—ag)
ate—b=2q+2q9—2pg—hppgtapgy  =29(t-+p)(1-+g—2p)
ubi cavendum -est, ne harum"ulla“.‘evanesca't; quia
- alioquin trianguldm periret, je'xcluduntur'"ergo. se—
quentes valores:

P=0, 420, Pk 1, =t pAgm 1, g == R, L

Praeterea vero etiam €xcludi oportet 1 +p-+q--3pg
ne summa laterum evanescat. Tum vero etiam no-
tetur esse: :

a—b=9+p-+99—pp+-3pgg—3ppg = (3 —p)(x +p-+4-+3pq)
g——f=34—3P+399-'3PP-—‘5qu+3ppq:3(q—P)(I+P+q—Pq)
tandem vero est , ' :
aa+bb+cc:2(r—p—q+p—q+pp-m+qq)(I+2(P+4)+(P+q)’+3ppqq)
set aa-+bb-tce—4((2—p—g)+3(p—q)") (1+p-+4)'+-3ppgq). - -
9. Superest igitur ut tertia conditio implea-
tar, quae in hac formula continetur:

Rh=(a4-b) - (a~b)"—ac=(a-B)(a-b-c)(a-+b—c)

ubi si valores modo Jndicati substituantur, colli-

gitur:

RR=(—) P+ +3p0)+4(— ) (1= 4) (1+) (1-+p-+—3pg)

%
2

T T T T T

-~
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quae evolvitur in hanc: for‘in:_lm: o= T '
kh —. 9pPag (g=-p) -+ 6pg (p-1-9) (pp — 4pg +gq9). -
e .ttt 22p'04-6ppeg +22pg + ¢¢
=20+ 9 —3(p+699)+4(p+ ) +4
quae secundum potestates iBsi.ug..'_vq disposita £t
Bh= (14-3p)" ¢* -2 (1 — 11p +opp -+ 9p") ¢
.- T 3(it2p—2ppt-6pT—3pY)g
e —op—Sppt-1pt+3pYyg
) +@+p—pp)

10. Alia methodus hanc aequationem resol-

. * vendi non patet, nisi ut more solito pro k ejus-

modi expressio assumatur, qua substituta valor ipsius
g per aequationem simplicem determinetur. Tum
vero conmstat, quomodo wuwno valore invento ex eo
contipuo plures elici queant. Ad minores autem
valores eruendos, generatim notetur si faerit
hh=AA¢* + 2Bq* -+ CgqaDq 4 EE _
sequentibus positionibus negotium confectum iri:

I . _sA(ADTBE
1. st h="Agg + 3 q+E ft qﬁr.B‘B-—AA(C_':T_ZAL)
e T D 5 ar L DD —EE(C 2 AE).
2. i h=+Agq+3 q+E fit g= FE{BE  AD) ..
e .t 7 a.. °B C BB © o _(BB—AAC)?— JA4EE |
5.8l k= Agg+ 7 g+;5—7 fit 9 — IBA(B(BB—AAC) + 234D}
CEE — DD . AEE(D(DD—CEE)~ 2BE%)

3 5 . i oD h
&S =" gg g+ Berit g ==
-7 X1. "Com’ autem"casus supra exclusi nostrae ae-

= i

> . P e . - 5 e P
qualion: sponte-satis faciant, ‘et pro kk quadratum
- producant, ex iis novas formas similes_elicere Ticet,
unde déirceps novi valores-idofei. Pro‘g erui qdeant.

(OD'—CEE)*—4AAE<_ -




176 SOLUTIO PROBLEMATIS

Sit ergo primo g == 1 4 x eritque ©  iy{
bb = (1=p+=)'(2 +4p+(1+3p)2) 4 (1p)(2+p+5) (a—prix( 1-3p)x)

quae evoluta praebet hanc formam
hh—(x —|-5p)‘x)f+ 2(x —F—'zSp—]-— 9pp—gp”)x*
| _. H(=Beepttopp—gap’ - gpiya
- TP 1-t1zpt+1opp—6p) 2°
' — - HAG—pY(14-ap)y

tum vei:o' est o
a-{_—b—c:-—zm-(l—’-p) +p4-2)
bi-c—a=—ap(ata) (t—ptom)
a+c'—b = 23(@4+p)(E+ 2 (2—2p + ).

Praestabit aatem quovis €asu, quo loco p detérmi-

nats’ valor assumitar, substitutionem in priori for-

ma facere, ac tum denique evolutionem institnere.
: 12. Sit igitar secundo g = g -—p ~+ =z, eritque
b= (1t2p~a) (3p(a-+p) — 1+3p)a) 14z —P)2+p—x)(3p(1 +p)
. ‘ .+ —3p)z)
atque a—-b=—c= ax(1— P) (2 +p—2)
bd-c—a=—2p (P—=)(3+3p — 2x)
- @te—b= a1+ p)(x + p—x)(3p—).
Sit tertio g ——1-x eritque .
hh -:‘(1+p—x)’(2p-(r+3p)x)’+4( 1-p(2-%) (p+-x(4p—(1-3p)u)
atque a - b—c:z(l —p) (2—x)(p+ac)
btc—a=apx (3 ~-p — 25)
at+c—~—b=2(1+p)(1—2) (2p —x).
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Sit quarto g — 1+;4—x eritque = - o
16hh = (1—p+2) (3 (+p)+(1+-3p)2) +8(1-p) (1~p—2)(34 5p-x)

atque a-b—c=3i(1—p) 1—p—xN3(1+p)+x) ~
< bac—a——pr(3+p-f-x) .
8+ =3(1+-p)(1+p+x (3(1—p)+-2).
‘Sit deniqu% quinto g = 1_3:?_—';: erit
(3p—1)hh=((t—p)(1+5p)~+=) (6p( 1-+p)+(1-+5p)x)*
F4Ep—1)2(1—p)(2(1—p)+=) (5p(1+-p) +2)

—=2(1-p)(a(1—p) ) (3p{1+p)fx)

(3(x—pp)+~( 1—3p)jx)

atque a~b—c— G
__ =2pUptF)B(1—ppli-2x) -
b+C—a_ . (SP_I)Z
- 2 (14p) (4= P+ x) (6 p(1—p)
at-e=b— Br—1)° P

semper autem est .
f=b—ct+{a+bc)p et B=a—c4{a+b+c)q.
~ 3. Hinc -ergo satis patet innumerabiles solu-

tiones mostti problematis inveniri posse. Invento ,
enim pro ¢ valore quocunque ¢==n, statuatur '
g + x, et aequatio resultans iterum hujusmedi -
formam habebit » S

hh = AAx* - 2Bx® - Cxx o 2Dx% 4~ EE . -

~-unde novos. valores pro x ‘et & eruere licet methodo -

ante indicata.. Cum autem hic potissimum soluatio-

‘mes in minoribus numeris desiderentur, litterae p .
- .valores simpliciores tribuamus, undé quidem” valo- -

res 0 gt'+ 1 excludi-conveniet;-: " v T Il

a

Tom: Xyl _Nob- Comm. =~ - - -




178 SOLUTIO PROBLEMATIS

Casus 1. p —= — 2.
14. Ob p —=—2, habemus: .
8 =—3+¢=4g3; f=1—17¢—2qq
b=—1+1294-99; §==—5—294 799
c= 24+q+3@; e+bd-c—=—2-| 14q

unde fieri oportet N ,
hh = (g + 2)(5¢ + 1) — 12(g — 1)"(7g — 1)
quae evoluta abit in hanc formam: .

254+ 264" 32399 — 64g -+ 16 =hh.
Hic lgitur est A=5, B—13, C—321r, D=—3o,
et E — 4 ideoque sequentes solutiones nascuntur: ,

o s 4 - 13 .

.8 h—=5q¢+ gq+4 ﬁ_ﬁ 9= %‘?.%’f—g

2% s b= B — 8¢ 4 fir g = SE0
wbi tertiam et quartam, quia numeros nimis z;agnos
Praebent, omitte. -

13. Prioris solutionis signum superius praebet: -

— 10.53 __ 5.53
q9= 1744 — 857 *
unde nascuntur numeri nim] i, si :
unde . mis magni, signum
inferius - e s e
g = f0.27_ 15 __ 5
- Emif — i e1go h — 1641
Posterioris vero solutionis signum superius dat
-—_217
g—==21

105
signum vero inferius:

o —6066

s

—_— 297 41
I=_—5 = 7Fergo h— i

e
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unde etiam reliquas litteras definiamus

L. %37 4 381 _ 303
q.——_T’ b—-T’ c= 4

- f=—153; g:‘:.%a; h= %-‘
Hos numeéros multiplicemns per 4 ac dividamus
per 3 ut obtinpeamus hanc solutionem satis sim-
plicem:
a=—138; b —127; c —— 131
f =204; g—=261; k== 255 ]
et quia litterae f, g, b quae communem habent di-
visorem 3, in locum litterarum a, b, ¢ substitui pos-
- sunt, prodibit haec solutic multo simplicior
“a=— 693 b— 87;¢— 85
f = 158; g— 127; h = 131
unde fit ag +bb 4 cc — 2. 7. 19. 73, qui factorés -
utique sunt mumeri formae xx —- 3yy, uti natura
“rel postulat. '
16. Cum loco ¢ satisfaciat-tam -+ 1 quam
. . . y1
— 1, utamur hac substitutione ¢ — gy fietque
1(y — 1)*hh == 81y* + 54y° — 997y — 36y =+~ 100
unde ob - , - :
. A=9, B=—27, C=—gg9, D—=~18, E—10

.. habébimus has resolutiones: - _

° Lt - ap N . . . — =935 - <
1° si5(y — 1)’k = 9yy -+ 3y = 10, er.”"?’T;—:T?lT" |
2% sij(y — 1)’.h === 9gyy—{r-+10 erit y — —5(—5%7—-—)0) »

. quarum prior dat g — — §, qui est casus exclusus .

forma ¢ “'-—_-{;H""‘ altera vero soppeditat - .

hS




180 SOLUTIO PROBLEMATIS

. e 18k ___ 49
sub signo superiori y=,-=:

49 3z
240 —15 €t q —17
b & . ferior _§—-21 9 .. —18 43
sub signo inferiori y = i =5 et q .
‘ _ — 13
& 32 )
17. Sit ergo y — =% etq---17 eritque
2. |7= ‘:504 9 1"52 ;
T h= hine £ — %5 * porro
a:—3+3»’ —ﬁ’ﬁ = 4o
) _ 9 259
b= — g 41232 102 . 71263
] + 1 + 259 :_ © 289
— 2 3072 '
R + 17 289 T 289
f= 113 20us 11007
— 1 _— -
T 289 — 298
g=— 5 232 7, Totogh_ 4635
T

%5
Omnes hi valores

er 28 Iti .
pnmantur et habebp 9 maltiplicati per- 9 de-

Itur ista solutio
~807, ¢ = 466
—515; h = 1252
quae eadem resultar ex altero easu inve
unde est gq bb - cc —

— 4o1;
:1225, 8=

nto q=

2. 9. 19 43. - 97+
Casus 2, p —
+158 Pro hoc €rgo casy pnmo habemys:
a o (r__ _ “b—l—c_
bt (1—9)(3+¢) b chfmiEiza

=4(1+9)(3—29);
\-6 - _a+c_
unde fit 7(3_ 7) a—g~-g— e ~5

quac evo‘2) (77+3) —.4(1_7)(5-1_7)(5-57)

Iuta Praebet hang f formam:

7*=1744" T999+2164

13
23°
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haecque facto g —=3r transit in hanc s1mphc:1orem

81 hh = 4ort — 58r3'+ by 8r

. casus autem excludendl sunt q:i'i; g‘z_.—_—-"3t;
g=f g=5etg=
19. Cum hic sit A_7, B—"—zg, C=mg

= 4, E—o ent ex solutione prima.  sumto
29.

- 14.28 49 7.470

~ i ey et = hincque h=— =%
tum vero porro
- — 216,148 . 4.
¢+b—e==F5 b—cf=il
4. 82, 1 6.50
b4+c—a=

a0 O0—CH+g=—

. 6.49.50
a+c'—b'—— "33.33

w!

multlphcentur hi. valores omnes per ?i— erit -
Catb—c= 1184; 260—=—3593; 2f — 4777

C btec—a=  82; 2a=—2/g1; 2§ —-—€o0g2 .
a-t-c—b=—__3675; 25_+1266 2h'f—-1045

Nt At e——

a+b+c_——24og
Duplicatis ergo valoribus prodit haecns,olutlo,
a=2491; b=—1266; ¢ — 3593, -
_ S =4777; =6092; h — 1645 - ’
- | . h1nc vero est aa+bb+cc__2 19. 31. - 43 409

~

20. Transfermemus aequatlonem nostram PO‘

nendo r— ’i ; otieturque -

| : 324 hh (_} 1)4 = 25 + Szy + 753(7 "f"lﬁy‘" R

o e P . e W 4 A R A
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statuatur Ah(y— 1)’:5—{—‘5’;',' fitque y—-2 hine
r—=— % et q —— —f—?.; ideoque & i%sg—s; Porro
-a+b—-c.:-——glj—;;—21': :b—c-{-f:—-z“;é;g?
bte—a=—t02 g g=_burs

6 289
- . 24-75

: . qe ser g’ 289 .
Multiplicentur omnes hi valeres -per —35—9 et habebitur

G4 b—e=—246; 2c— 892; k=640 - .

btec—a—=——308; ag— 954; b—c+f:—x‘54~; f: 569 S | ‘ ~

a+c—b= 1200; 26— -554; a—c+g=——850; g==-88x
a+b+c= 1646 : , ‘
unde colligitar haec solutie: -
- B=477; b=277; € = 446
f=2569; g—2881; h = 640. .
21 In aequatione per q expressa statuatur
g = ;%: ac reperietur
dhh(y—1)* =5yt — 1465+ 60yy-t 544y 44
ubi A =5 B==—73, C= 69, D129, E — g,
Ergo ' o
% stk (- D' =8yy —Fy-+2 it
— 10 (610 3 146) — 5(305+73)
A ¥ L= T ey —S0iE185 -
Y e Yy 461y +2 6t -
— L612—A(695730) 1826410 . .
y—= 4(—14637610] — I35 305 ‘
Ex priori dat signum sup. y :i'o—s;?’-:get g =2

. . 5.232 145 - 121 8
at signum inf, 3 — S — 145 — 12
g Ly 75 —97 €tq = 4

ke

at signum inf, p = =Tj5et g—
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e s __ 1836 _ 34 a1
Ex secunda datsignum sup, y— 7z =— 7 etq=p

1316 __ 227 128"
Y
Ex valore g :%Zcolligimus hanc solutionem:-

a— 4oh; b= 377; ¢= 619

f =3.314; g=73.325; b= 3159
nbi fit @@+ bb -\ cc = 2. 3. 7..13% 97..
Ex valore autem ¢ — :—Z naseitur ista solutio’

a=— 134; b= 823; 6= 6oy

S ==3.480; g =3.103; L —=23.337
ubi est gz + &b+ cc==2.3.7. 19.51. 43
notandumgne est hic bina latera tertio. non esse:
majora. ' _
22, Pluribus casibus involvendis hic non im-
moror, sed potius animadverto, methodam qua hic:
sum usus, non: satis viderl naturalem et ad: scopum:
accommodatam,. propterea quodinulla suppeditat cri--
teria solutiones simpliciores distinguendi.. Desidera-
tur ergo tam pro:hoc problemate, quam pro aliis:

“similibus, .quarum solutio ad' hujusmodi formam.

Ax* 4 Bx* 4~ Co*'+Dx+E. |
ed quadratum reducendam, revocatur,. Atque in:
hoc quidem problemate solutio a:quantitate ag -+ &b
-+ ¢¢” inchoanda videtar, quae hujusmodi numero.

" 2(x% -~ 3yy): certe: est aequalis;. et oum debeat

esse

A 3y7) [ Ba0= gg - 35 = Hnp-Bec
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evidens est numerum xx - 3jy factores habere de-
bere, quos constat €jusdem esse formae. Statui 1g1-
tur poterit R ,
2243y y=(mm-+3nn)(pp+34q) (rr+3ss) et 4(xx43 ¥y)
octo modis ad fort‘nam»AA—;—SBB referri potest,
“aunde ternas illas eligi oportet, Foret ‘nempe A
a=2m(ps+qr)+an(3gs—pr) Do T
b=m((3g+p)s+ (3=p)r)tn3(g—p)s=Gatry) -
e=U(39—p)s+(g+)n) 2-n(5(g+p) s (g —pyr)- -
et effici restat ag -+ 6b 4 op — 4(xx By ). -
Ver_um hoc modo :calculus ﬁt_:{sgvt;is'p;r)olixusg_,--——. n!isi
forte certis artificiis tractabilior reddi potests

*

RESOLUTIO AEQUATIONIS

,A:z:;'-i—éBx_y'—l—Cy’-—{— 2D:n+-2'Eyl+F::o

PER NUMEROS TAM RATIONALES,
QUAM INTEGROS.

Auctore
L EULERO.

I.

Haec forma latissime patens, quae insignem par-
tem Analyseos Diophanteae . complectitur , pro
varia indole numerorum A; B, C, D, E, F plures
in se continet casus, qui vulgo diversis methodis
tractari solent. Hic autem singulari modo ejus re-
solutionem ‘sine radicis extractione - ita docebo, ut
"sdTntio"vnon' solum ad numeros rationsles, sed etiam
integros accommodari possit. : o

' 1. In genere quidem resolutionem hujus’ ag- .
quationis tradere non licet, quia saepé usu venire
potest,. ut -ea sit.impossibilis, certissimim . autem
criterium possibilitatis solutionis sine dubio est, si

.:unicus saltem.casus, quo huic aequationi satisfiat,

faerit cognitus,. ‘Ponamus igitur hoc contingere casu.
quo x—a et y =—b, ita ut révera sit:. .
A d 4 2Bab4Cb L aDaf2Eb +F—o
et quemadmodam- ex hoc. casu cognito, alii_sive
' Tom. XPIIL. Nov. Comm. =~ =~ 24 =~






