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OSCILLATIONIBVS

MINIMIS PANDVLI QVOTCVNQVE PON-
v DVSCVLIS ONVSTL. L

Auctore

L EVLEROQ .
Problema. ﬁ%

Sl filo tenuiffimio Gue gravitaris experti quotcum~
‘ Y que ponduftnla A, B, C, D in datis a & jnui-
cem interualljs fuerint alligata » idque eX puncto O
fufpenfirm- et vicunque ad motumy coneitatom: ofcilla-
- tiones minimas. peragar ,, cius flatsm. ex motum ad
quoduis tempus definire. o -
| Solutio, -
§ 1. Ex puno fufpenfionis O ducatyr refiz o
. Verticalis OV, er quicunque metus peadulo: primum Fig. . - !
foerit impreffis elapfo tempore — ¢ pendulum  te- i
meat- fitnm in figora expreflom QA B C I ete.. et |
ex fingulis. pondufeulis ad verticalemy O V agantur I
normales & P, BQ, €R, DS etc. Iam quia fine |
gula pondufeuls dantur, eorum maffie feu pendera '
defignentur litteris A, B, C, D ete. et quia eosum |
- interualla etiamy duntup ponamus. diffamtias | ‘
OA=a; AB=5; BC= ¢; CO = & e,
| ! | ~ Nuog

Forro
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Porro pro ‘fingulis pondufculis flatuantur coordinatae

OP—=ux; 0Q=x;
PAa=y; QB=;

OR—=x; OS=2a" etc,
RC=3; SD=y" etc.

Tum vero ducis verticalibus A g, B 73 C ¢ etc. Vo=
centur anguli quibus fingula interualla 2 fitw verti-

cali declinant

AOp=p; BAg—q; CBr=r; DCs—rs ete.
ex quibns illae coordinatae ita determinantur vt fit -

x =acolp
x! —acof.ptbcol.q

1! —acof p+beol.g+ecolr

al—acof p-beof.g+ecofr-rdcol.s
etc. :

y —afinp
| —afinp--bling |
il —afin p+-blin.g+cfinr

yi—afin,p+ bing+efinytding
etc, ) :

§. 2. His pofitis, pro motu dererminando

vocetur
tenfio- fili O A =P

tenfio fili AB=Q |

g.enﬁo fili BC=R
tenfio fili CD=35

atque hinc, fi tempus ¢ in minutis fecundis expri- -
matur eiusque differentiale’ d# pro conflante habeatur,

“altitudo a2utem ex qua grauia vno mirute fecundo
libere delabuntur notetur lirtera g, principia mecha-

nica fequentes fuppeditant acquationes

|

[\

o
o,
[y
L)
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'ddoc — ¢ oo Poofp 4 Qeofagildd i i
- I q Y — . PSP Q fim q
adgdt%_ 1% A ~+ & |legdft — & “+- A

[ ag— Qeof,g | Refurlddy __ __ Qi R fin, 3
ad L= Qoofg _ Roeferlddy —— _ Qfm.q Jit
agdir ™ BT B zgd & T B —- B
dda __ _ _ Refir | Scofsf|ddy’ RJut.r 5 fin, 3
,gdﬁ"‘I c -+ ¢ z”g“ﬁ'?ﬂ—'_'c"'f%—_c"—”"
adaii I — Sools ddyf _— __ Sfins
agdt® " D Jegad = " :
etc. : -' . ﬁtC. | etC- th-l‘ -

harum aequatiénum numerus , qui duplo maior eft
quam numerus pendulorum, fufficit tam ad fingulas
“tenfiones P, Q, R, S etc. quam ad angulos p, ¢, 7,
£ etc, determinandos pro quouis tempore 7.

§. 3. Haec ita fe habent in generc ,qua'ntaecﬁ%
que etiam fuerint ofcillationes ,» quo autem -cafu vi¥
vlterins progredi licet, quam ob rem cogimur inue~
ftigationes noftras tantum ad eos cafus accommodare,
quibus ofcillationes funt quam minimae, vti in pro-
blemate enunciatur. Quin igitur hoc cafu omnes an-
guli p, ¢, 7, s efle débent quam minimi, pro eorum
cofinibus fcribere licebit vnitatem ; pro finibus autem
ipfos angulos p, ¢, #, & etc. Hinc igitur fingulac ab-
fciffae et applicatae fortientur valores

X —a | Jy —=ap

2t —atb. ¥ =ap+bg

al—atbye | S =aptbgter

al—gt-bte+d |y =ap+bgtertds
et  eta :

Quia igitur abfciffae hoc cafp fiunt conflantes; earum
differentialia enanefcent ; ex quibus nafcentur fequen-
tes acquationes s . '

o—A
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o=A-P4-Q; o=B-~Q+Rj; 0=C~R+4S53

o=D-3§
ex quibus ftatim fingulae tenfiones facillime definiun-
tur , {cilicet .
S—D; R=C+D; Q=B+C+D et P-AL+B4-CH+1); ete.
%ine ad calcnlum contsahendim  ponamus breuitatis
gratia

P gy B CAP g hing erit &=t P—a—1
X A Y n

O g g TH+D —1 R . €+D —B—x
214 5 =5 P= 25 l_‘__.”G x
R D o, S v D epy—
e e s= F =v-r
F=r —0 etc.  E€tC. ete.

§. 4. Quod § fam pro ay‘pli'ca-ti's- 7y I

ftemque pro renfionibus P, Q, R, S etc. fuos fcriba-

mus valores, adipifcemur fequentes aequationes diffe-
rentiales fecundi graduss |
1 2dds —_pgpt-la—1)7

YLy
add abd R s . Y
11. ff___;zfi:g:*;t_z._‘iﬂ,__,-ﬁqﬂe\(’é— ir

>

51 W—P“d-eﬁ;-;cﬂf:z-.__w,y,(%ﬁm

_ o egdr :
IV. “i’+“i;-;;jd«“-r"‘+4“‘,_‘1i:—5J:-_-:.

Sicque totum negotinm 23, refolutionem harug ae-
quationm differentio-differentialinm réducitur, quae
vtique artificia prorfus fingularia poftulat. °

4. 5. Qniain oronibus his. aequationibus. va-
riabiles 17)‘?‘ g, r, § €I¢ faptum ynicam tenent dingenr
fionem , euidens eft, his aequationibus {atisfieri. pofle,

e e L5 L

fi in

“tes |

fic ¢
. ¢

qua

‘ Abem

qu¢
- tes
.t

lic

£(
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{i inter quantitates bs 9, 7§ certae rationes conﬂan-

tes fratuantur. Sit igitor
p=Uz;9=Bz2;r=C€2; s =Dz

fic enim illac acquationes fequentes induent f'ormas*

1. ’i“gdﬁf:—-a%[z—‘m(a-— 1)Hz

Il {.It-;.!l'ib‘ddz g%z+(g_1)@-z

2 gdt?

III {ﬂa—{—%b-—i—(!c)ddz 'V@'“* ( —1)@2:

z gdi?

-IV et B4 CerDdddn_ 3@2_%___,_@@

. 254 ¥ _
- quae gequationes cum omnes inter (e conuemre de-
beant, fingulas ad hsnc fum‘am reuccemus ¢ - - -

ddz o B
agdtt T i

quo valore in fingulis fubflituto nancifcemur fequen-

-~

tes quatuor aeguatioiies inter meras qmntltates con= -

. Rantes, fcilicet
L - ’”k“—“ a@i+(a— 1),\3

AL ~3e=Bb = BB L (8~1)€
NL 2235 Ce — ryc_sr-(y-x)ﬁ}
IV. — afa-%b.;q_@:c_fad - . :

§. 6. Bx his iam asequationibus determinare
licebit coéfficientes aﬂumtos 2[ B, <, D etc. Ex pri-
ma enim erlt ' “

25 &—_I (e -3 ex fecunda erit

Do o

——(EB -2 5’5") fine @.__——(é’ ) g—:ﬁ—

eodem modo €x ter—tla “elicimus . ‘
‘ : — % b oo

Q—"y._;('y —)'_‘_‘—-"' =

Y—1k T—1k
Tom. X1X, Nou, Comm., Oo Qui
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Qui valores in quarta fubftituti plOdﬂCCﬂt aequatio-
pem algebraicam , ex qua qtl&.lltlt&tﬁf[l incognitam &
determinari opportebic; vbi. ac uatior oL inuoluat ra-
dices, quot. dantar pos adufcuta o ita vt pro & toticem
dinesfi. valores fint prodituri.. Quarta autem aequatio
quae hic eft: viima hac forma repraetentatir i

Ny +-DB b A Cot-Dd— QD k= De
§ . Subflitaamus nanc (accefliue  valores ex
: ptmmbusb ae\lummubus: inuentos. in pofterioribus; et
qp:w erat: . - .

5= (a— Y flet

T mana
o —- i

oc-w-\(é’——-)—-é:_i-;r

@:"‘(a: nJ(G—)(
) 94

% - _La —
SD - (sz—-:)kg-:)w—--). 2. QEUS 'y )('Y x—t)iy— )
. Poa ﬂl 11
(@= ) Ty E E— = (= EE

qui valores ad feqpt.ente& formas: reducuntus
fa—D 2 —a— g | | )
(- 1)E—1] g < —mﬁ—a(w+€—‘r-aa 4o
m”“‘)(g I)("}/-—I)m_.ag'y
FA

a{aﬁ +c:'y+8‘y-— oc——ﬁ—-'?i-!)-—ab(e—l—*/a Ymmttr

le3

§: '8: Quod: &z iftos: valores i aeirations’
pro dererminatone: quantuatla E .

Fnpenta {ub{ftiruamiusts,
prodibit: acquatios quarti

inuentendam: ilam. aequa
A ) = p=1) vt habeRIuT ifta: acquatio s

R »

(a—-n).e-nw- e ‘ (a-—:]

gradus , ad: quam copmrinodius:

N ,(ﬂf-_—!) '8
+ P ¥

ab[g_-i-'}'-—-t)_'..ac w.{:‘.ﬁ.——ﬂ-&-btﬁ. & _ ﬂ_i?_c o
Rk

vonen mubltipficemus: per

(‘3-! )"V-—-‘ ) B i o {ar:-—-;} o |'jk'}r.—1)€8‘
R

—y= B3 Wﬂgﬂ%ﬂﬁﬂga fa&o

R .
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fato autem calculo aequatso ifta bsquadratlca :1ta Te=

perietur exprefia :
+ab 8y
a8y & -a€fy(ﬂ+b+c+d)k +beory
. . dvdob
- . ekac f'y(cc+ E—mﬂ
; ot bd a8y —1)

— beda "? ~ .
--aba v _
Zabd@ry—1 ﬁkﬁ—abod-a »

_a&'dga»{-g—:)J |

—

'vb1 obferuaﬁ'e inuabit, primo. 11tteras a, b, «,. 4 ferm-

per denorare diftantias poﬁtluas ;am vero litteras a,
8, v, effe numeros politivos atque adeo ¥nitate ma-
jores. Hinc enim ratio meiligi poterit, <ur omunes
quatuor radices huius aequationis proditurae fint rea-
les: eas dutem omnes .e{fe poﬁtluas permutatio fi-
gnorum -declaizt,

§. o. Tph refolutioni huius aequationis hic non

~ immoramus, quando juidem fi numerns ponduftuloram

eflet maior a tali inuefligatione prorfus abftinere
cogeremur : defignemus igitur quatuor huius aequa-
tionis radices liteeris k&, &, &Y et I ex quarum fin~
gulis peculiares valores pro litteris 2, B, € et D
coliigemus, quos_ pariter hoc modo defignemus 9ff B,
(5’-_! @I g[ﬂ 55” @:xl @ﬂ et Q(Hi %JH gt @Ju ; vbi
quidcm patet , litieras 9, 2, 4% YUY arbitrio noftro

Qo 2 peni=

LEE

tadie €+ ary+ By =at=B—ryt-t b
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penitus relinqui; ita vt boc modo quatuor habeaimuos

* quantitates pro lubitu accipiendas.

§. to. Profequamur igitur poftrum calculum pro-
fola radice k, cul refpondent cotficientes 2, B, €,D,
quandoquidem quod pro hac radice fuerit comper—
cum facillime quoque ad reliquas radices applica-
tur, Cam igitor fatniffemus hanc aequationem dif

" ferentialem fecundi gradus ddz — 2, il Ve fit

2gd-_f:z;
dd= 2 ED — . 28 — " —_—/ g
e e fi ponamus 3E=RAA ¥ fit A=V2E

fi quidem k femper eft ‘quantitas realis pofitina, no-

.tum eft poft duplicem integrationem_prodire 2= f

fin (A F - 3 vbi 9 eft angulus b’ arbitrio noftro.
pendens. altera antem conftans arbitraria f fine te-

firi&ione vnitati aequalis poul potefts propterea quod

cotfficiens ¥ iam eft arbitrarius. Hinc igitur ad quod-
vis tempus £ finguli anguli p» 4> 7 s ita determi~-
nabuntur , vt {it | ‘ .

Lp=%fn. A+ 9);.g=Bfin. N+ r=@ fin. (0 + 3
AR ' et s fn.(Af+3}

7 Lmiliqgue modo fi eX reliquis radicibus , L

ponamus
— i — H — g
?\l_.._-l/_%gg \-l_.--i/‘%ﬁg-,'h _.-V;PT?

practet illam {olutionem adhuc  habebimus “gres fes

-quentes

11 p=% fin (Af 119 ); q:%,“ﬁn.(l" 1453 =@ finN 243 )5

s= ) fln (N ;-3

1L p:%i" ﬁn.(h”:+3“); qi%‘{'ﬁn,(h“ j-31); ro € s (M3

s—= 2l fin. (N4 gy

e




PENDVLL MVLTIMEMBRIS. =293

v PG (A + G q:%”’ﬁ11.{?x’”£+3”’); =@l fin (N4 9
o | ' F= M in, (h.’ﬂ;__{_s-l”}-‘

§. rx. Singulae autem hae quatwor folotiones
maxime funt particolares: propterea .quod duss tan-
tum conflanies arbitrarias innoluunt, f-ilicet o .et &,

. dum folutio généralis ©ob quatuor dequationes diffe~
rentio-differentiales -octo conflantes arbitrarias com-
plecti deberet. Qualis jgitur motus fingulis refpondeat
_Operae pretium erit accuratius inveftigare ; ac- primo
Quidem quoniam pro qualibet caft  quatvor anguli
Py 2, r; 5 eandem perpetno inter fe feruant’ ratio-

nem,  motus erit maxime regularis et pendulum per=
inde oftillations fuas pereget ac fi effet fimplex; at- =7
que quia elapfo tempore ¢ =% fi loco ¢ {fcribamus

?-+-57 finguli anguli in eundem fatum  reuertun.

. tur, ideoque pendulum interea duos ofcillationes abfol-
~vifle cenfetur , ficque tempus vnius ofcillationis erit
—T e TYE ' ; . 3 ; :
Er =i quod adeo tempus. io minotis fecundis
exprimitur. Hodem modo pro fecunda radice B/ erit
1mpus vnius cuiusque ofcillationis — 7YX, pro ter-

s lep —— MY R sty TV R
tia ;adlce = vig ©t pro quarta ZYED

6 12. Cum igitur hae quatuor foiutione's fim=
plices problemati noftro fatisfaciant » qUouiam in ae~
quationibus differentio - differentialibus ad quas. nos
folutio perduxit fingalae quantitates Pr 4, 75 & vbis
que voam -tantum dumenfionem tenent, folutiones illag
pariiculares quomodocunque inter e combinentur pro-
' Qo 3 blema-

-y




p=Afin. (hr+ I+ (n(At4 )
g— Dln. A+ 5)KD in (N3~ Din.
= € fin, (A 3+ G )+ & o (MiA3)+E" fin
s= © fin. (A1 49 )+ D (Nt (O in (A3,
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blemati pariter fatisfacient , vonde fequens folutio ge-
peralis couficitur: - '

in his enim formulis o&o occurrunt conftantes arbi-
grariae, {cilicet guaiwor coéficientes o, 9 oA, A
quippe per quos religui determinantur ; tam quatuer

anguli &, &, 34, &, quemadmodum geomina, inte=

gratjo guatuor filarum aeguationnm poftulat.  Hine .

igitur patet, principium 1Mofiriff. D. Bernoulli, quo
omnes hpipsmodi ofcillationes £X ducbus vl pluri-
bus motbas ofcillatoriis fimplcibus et regularibus
componi ftatai, ompind in primis ootus principiis

effe fundatum atque adgo €% 1S immediate deduci
. P.O{{en K ’ A ! ‘

§. 13. Ope haram igitur formularum ad quod-
yis tempms 7 finguli illi angull p, 9, 7 €U 4 afligna-

ri 1“acque fatus penduli definin poterit, Quin et=

jam aorum angulorum variariopes momentaneae €e=
jeritates praebebnot, quibus ftatns penduli quouis tum=
poris momento 47 immutatur., Cum enum formulac

dp dq dr ds

Fooar i ]

exprimdnt celeritates apgulares , quibus ifti aaguli

tempulenlo 4 angentar, hac celeritates ita f& ha-

bebunt -

N N

R

P
£

¢

l

L=

+2[,1ﬁn.@!f5+3u)_} g[mﬁn_, ?J.”z+9”!)
["'j\."‘;i-—]—.29""}+',%”"ﬁi‘}.L?\“"E—i—ﬂm)
7\“15*{'-9”)—1' '@"‘l"ﬁu..(}\."“t-}-_ 5\4”,)
4 Dl N4 3)
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=Nl cofi(Mi+3) +h’2£’c0f(?x’£+3" FNIU cof (N 4 9)
—|—-N”Ql”"coi (N” S 3.:”)

g;g A%Lor(hr+3—)+h%’cof(;\'r+.)f FNIBeof. (Mg Sy,
. _{___Anh%l FCO{ (}\ih[ __}__9-[”)

9.-

dr— N Ecoll (k¢4 +Nﬂ:'cof(m St M eog (Niry Sy
Nn’:@ftﬂc()[ (Atut_!__g.ll)
T: SDcof kM-} 3)-{—:1’50’(:0( (7\.’&"{.9“')1—7\.“:) icofl (7\”1: §4)

?\,“'ﬁb‘”cof ;\IHJ i 3.1'(1)‘

ficque' omnia famus: adepn‘," quae’ circa folutionerny
Buius: problematis defiderari pofiimt,

Corollariuni.

§ 14 Maxims igitor difficultas in refolutiow

e acquationis aljebrifeae ex: qua' omnes: valores: [ite
terde. k- determinari: oportet,. otcurrit i praeéipue fi
penduimn pluribus pernuutenlis fuerit oneratum’ Tum
verer etiamy quemmdmodunr prot. finguliss valoribug

ipfius: &k co€ficientes B, € et XY definiri commode:

queant’ nomdom fatis fiquet: pro- pluribus quam qua-

tnor pondufculis.  Quos jgitnr “hanc inueftigationemy

. facilioremy reddzmus, differentizs: inter binas- acqui=
tiones: fe: 1n‘e’3uentf‘5* §.- 5. exhibitay conflideremus-

I ._,?i_ - A (a—1)Bi fine O:Ql—-(,%—a)ﬂar. ~1)%B
1—1I.. s_i_ a9+ %(w%g,f 1= (&= )

Bi—111, Ek_ =— 8+ €& L1~ Dy~ i)
BU=~IVe 2=y € p @
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ynde facile patet quomodo " hae aequalitates fint

continnandae , fi pondufcvlerum  RUMELUS faerit
maior, ‘ '

§. x35. Supra litterae B, € et D ex pri-
ma 9 determihanimuos; nunc antem a pofirema incis
pientes fingulas ex vitima © deriuemus, wvnde fit vt

fequitur
v E=D(y %)
EB=CE+y-1—2) -0~
e A =22 (a.—{——g—— ] —-;-’{-)'_'@(@——.1)

vnde reperimus

Log(y-8) |
B oy —D(Ery=i-D -UF)
R S L et DlC R,
- d

[

. _ 3
| G E O ht T
qui valores in prima aequatione fubftituti producent

iftam aequationem :
' d

&ty _ .
+%(a’_%‘)(a+g—-1 -:’_)'l‘gﬁ (o&_%)(y“%)
'%:'f(g"'“'l’f'l"f)(-’y—-g——(“-"éf'rﬂ |

quae aequatio manifefto aftendit ad quartum ordinem,
ex qua incognitae k guatuor valores inueftigari op-

“portet : -hocque modo operatio inftitui- facile poterit

fi pondufculorum . numerus faerit majior.

-

Schof'

T - R N i s
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‘Sch‘eli@n,

§ 16. Quamuis aotem haec folutio fit maxj=

me elegans, et problemati perfectiflime fatisfaciat , 13-
men mazimae occursunt difficultates , fi eam ad ca-
fem determinatum applicare voluerimus. Quod fi enim
pro flatu iniudli vhi ¢ — o fingulis angulis p, g, r, 5
datos valores tribuere velimus, fimulque fingulis pon-

dufculis datas celeritates angulares, 2d oo aéquatics

BeS: pernenicrns, quae fimiles eruie. duabus aequatio-

- Bibas ex angalo p natis: 6 enim requiratur vt imj-

tio fuerit angulns p= f ciusque celeritas angularis
=+ hae duae obtineniur aeguationes:

JS=Ulin 9= % 6in, B 9. S-”—]—@ﬁmﬁn. S es

i=AYcol.S Hlcof, §44- nlofii cof SULNglcn) S

fimilesque binge aequationes cbtincbuntur pro  reli-
quis pondufculis, Nune igitur requiritur vt ex . his
octo aequationibus oo illse conflantes “arbitrarias
9. 'ﬁf’ g{Jf’ YAl et 3., 'Q.w" S.H, B

definiantur, quem fane laborem. wvix quisquam exfa-
quetur: § modo corpufculornm . numerns ternariom
fuperauerit; quamobrem iam dudum nog dubitani age
feuerare , folutionem hane quantumais elegantem et
perfetam plane effe ineptam, vt ad cafus determ.
BRLOS ; guibuts penduli fRatus initialis peaefcribitur ad
aptari poffit. Ex quo manifefio fequitur; fi probioma
ia proponatur, vt fi pendulo darus flatus et mmotus,
initio imprimator , motus deinceps fecutures definjr
debeat , longe sliam folutionem requiri, quae proinde
ab hac maxime difcrepare debebit. :

Tom, X1 X, Nou, Comm, Pp EvQ-

&Y
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110 Orinia. pondufcnla funt aequalia - eprum-

29%

“que- internalla ¢ tiam, aequalia =43 ‘POnALUL -
autem breuitatis gratia g = # ,

adufculorum numerus =2

§. 17 Sit primo po
de aequationes eX § 13.

erit az=—2 ¢t g—1, Vi

- erunt

o= = H(2 —t) + B ot .%5#:—22‘—1—2?5;

ex pofteriore fcquitar

(e Bl =)
- 2

in priore fubftitutus dat

qui valor
Be—w 4 B fiue (2 —¥) —2=0

vode ftatim deducitux
sy - V2 ideoque #=2 TVe=L,
tum vero ¥ per B it exprimitor vt fit gf — Bl
. vbi B pro lubitu accipi poteth Quare fi bini va-
lores ipfius k fint & €t k', hisque refpondeant litte-
yae 9! et B folutio 1o his aequationibus continebi~
- tur pofito A= VEE et N=ViE
p—=9fin. (?\t—!—-B')-J,—Qi"ﬁn.(?c‘t-J.—S”) et
g—=Dfin, (7\,;;-41—_3)-5—9,5’ fin. (M2 4 S).
6. 18.Sit pongdufculorum numerns = 3, erit-"
que a==§, b=2 €t =1, vade acquationes noftrac
erant S

o——U(5—#) 2D fiue 0%2{{3-:-14)- 2%
Du—=—3%+4B-C -
Ep—=—2B-42€ . . eX
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Fx hac fit B —
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