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'SPECVLATIONES

C | ~ 8VPER o
FORMVLA INTEGRALL"

/‘_ odx

| V(aa—~zf)x+r;xx') . _

VBI SIMVL EGREGIAE OBSERVATIONES CIRCA
FRACTIONES CONTINVAS OCCVRRVNT.

Audtore -
L. EVLERDPO.

L &

Incip%amus 4 cafu fimpliciimo, quo =0, et quacramus

- dx - Y . — ?J__l..z,
integrale formulae gor—=iprieas .quae pofito ¥ = ===

w o 1 [ _-__._______‘:’__ H n . . .
tranfit in hanc: gme—rte vbhi duo cafus diftingul

Tize) ! .
copuenit, prout ¢ fuerit vel quantitas pofiriua vel negatina,
it jeitur primo ¢ = et formula noflra fie ___42
Sl'lg ) P +ﬁz-—l—1/(aa"f—-—bb o t!w/(aafj-—bb._—{-«zz)f
cuius integrale elt ;l—‘—————f—-r—mj‘—:ﬂ, ideoque erit no=.
firum integrale
_1_lcx—b+1/(cac-—¢bcsc+ccmx)
o YeT. G 4
quod ergo, ita fomtum vt evanefcat pofito & =0, euadet

1 lcx.-—b_p-\/c(aa_-sz-!—cac:c) .
Ve —b--ave -

" At vero fi ¢ fuerit quantitas negativa, putas== & & for-
) od=

2 %)

. . . N .I —_'_-.—_“_._—_—'__._—._
mula differentialis per & exprefla erit uggei—

cu-
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- - 5 X = . » 1
cuius integrale eft £ A fin, Temesrs + C;5 quare integrale
tta fumtum vt enanefear pofito ¥ — o fiet ‘

_I F g 'cxi"'—é I b V
& A fin. Y(aagg 55 +§ A fin, Y(eagg-04)"°

§. 2. Denotet nunc Iy valorem formulae integré-'

- d L]

lis fmv:%;ms Ita - fumtum vt cuanefcat pofito x—o,

ﬁu-e ¢ fuerit quantitas pofitiva fine negatina, ac fi fitc=4

erit vii vidimus . |
=i [ ffe—b A Vad— b ffn |

afe—p

altero vero cafu, quo c=-—gg, erit

— I ggx+4b L
== gAﬁn.ﬂmgm_J——[—gAﬁp.

fine ambobus arcubus contradis habebimus

—_— bgw/(cm—-sz—ggxx)-—abg--ug’-x
II =; A fin. ey -
Quoniam igitur mox oftendemus Integrationem formulae
. : . oo . - . . .
generalis f‘,(”__sz_,_wm femper reduci pofle ad cafum
#n=0, fi modo fuerit » numerns integer pofitinus omnia
b P ?

haec integralia per iflum valorem It exprimi poterunt,

B
Y{sagg-bb)?

§. 3. Tam pott Integrationem quantitati varjabilj
¥ eiusmodi valorem conftantem tribuamus , quo formula
irrationalis vV (ea—20% ¢ & x) ad nihilum re~
digatur, id gunod fit fi fumatur x:b—ﬂ"&%”’:ﬂﬂ_,jdeoqug
duobus cafibus, Ponamus pro vtroque cafis functionem IT
abire in A, ita vt cafu ¢ =f fit

A :}ZV{bb'—-Mff)._}!_ ]V bo=af.

af—b -

b—af?
pro altero autem cafu, quo c—=—g g

o 1 ogvV(bbAaagg)._ 1 A ¢ ag
A= Afin. =g Afin. V(Ei4-aigg) *

Hos

Rage-i~bb
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Hos antem valores A in feanentibos caﬂbus, quibus ipfa
formola radicalis V(aa—2bx--¢% x) euanefcit, potifl-
mum fumus contemplatori.

§. 4. Nunc ad fequentem cafam prﬂgrcﬂ’uu, confi~
deremus formulam s=7V (aa—2 bxt-cxx)—a, YE

fc:hcet enanelcat faGo x = 0, ¢t quoniam eft

‘—bdx-{-—c:rdx
d‘f - '\faa-sz—'l-ﬂxx

erit_vicifim integrando

xdx — : —
cf‘\/(aa.-sbx—{—cxx) bf\/(uu-—-zba,._f.cxx)
ynde colligimus

xda —_— ?: aa_sz+xx)—:z
f\/Laa—-—sbx-—i-cxx) 1-1'—‘ K

quare i’ ‘poft integrationem ﬁatuarr‘us x,_,_____.——-——-b”*"’”;b"“f)-

quippe quibus cafibus fit V(aa—2bx-tc¢X x)=o &t
0= A, fier _ ;

wdx __ b a
f‘{aa—-ﬂb:._i__x'?c -"TA < "

§. 5. Samamus porTo J“"xT/(aa-nsz+cxx)
fiet ds *-‘Ei'—d—”—‘—“’b’”*xi'—“if-"” , viode vicifim integrando

VLaa—-zaac—J,-cac.x)
colligitur

xxdx — wdx
2€f‘v(ana—sz—+:c.\ra) 3 f'v/ an—;bx-{-cxr.,) ] f‘/iaﬂ—zbm+c1x}+‘r
yonde fatim pro -cafn V (¢a—2bxt-cxx)=0 dedu-

cimus
f cadx ( bb-—aac}A zab

T | Stk
-vLar;—-au.;_}.-cz.zJ acc 2cc’

6 6. Jam ad altiores poteftates afcenfuri flatua-
' mus
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mus .f"—xxV(aa-zﬁx—{—cxx), et qma hmc ﬁt

__naamdx-—sba‘:mdaci.:cxidx_

d.f V(ansz—i-cxx} ? CI‘II.' _
2%d x 2adae

3 V{da-sz-}-c:cx)—s -/Vfua—sz..;_cacxj

¢
—2Mf,,(aa_?ﬁx—_:?m+f’

hincque porro pro cafy quo  poft integrationem ftatuituy.

X = 91“—"’—(.?’—3'5:3“ habebjtur

- x3idxe e 565-:zaabc 15abh 24
f-'/(ag_nba-{_‘?xx) '_""( 208 JA-_ +2

2 s 2ce
5 tqgb bh.
(28— A —sabh. +
gcg '’

§. . Sumh modo ft 3 -sz(.acz-—z—ﬁ;r‘—l_-m‘.x)-,
-et quia hinc fit N

ds— :aaxmd:c_vb.x'*’dx—l-w' dx
- V(aa—zbac-i-cxx)

‘ ent Yicifim mtegrando
' — 2T d 2
3¢ [ 7o ST = y f“f?ﬁ‘——:m—:;a-,- :
xxdae S
—3a af?(ua-—ﬁééx-—-}-c:cx) 85

tum igitur pro cafy quo fit V (g q — 2 bx-i— ::xx) =0,
habebimus

xtd 35 b _ rsaabb 5ot ssa 6’ . s5a%h
ff{aa——:bx-—i—cw.x) (sc'n . 4cC3 ‘ acc) A + ZecF

§ 8. Quo antem ordo-in hjg f"ormuha mehus ex~
plorari - poffit | fingulas exhibeamus _per . fa@ores quem-
admodom  ordine oriuntur, fine vila abbreu:atmne arque.
hee modo formulae mrcgralcs muentae ita repraefentcntur'

j V(aa-—ebx-—i—-cmx} - A

!

xdax
f-pl[aa—-sz-i-cx:c) _"_'—A _c'_

4%a dcad, Imp, Sv. Tom, VI. P, I1, | e
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f m:x:doc ;—(.SBB : )A 1.3.00
v{aa—sz+cwm) n2ce .zc 1700 ,
f xtdx *:Z‘--';(.r.-s.x&bs :ssaab)A_ ':3san1Jf xemr
Y(aa—2bx-+cax) —\T.z3ed " goacc T LS 1.2, 3GG
‘ LA e * - |
f atdx _(:zs.?b _Iixzsuaabb ,]",zzzft )A i
v(aa—sz+cxx) —\ 7 Teact 1. 2, 304 0% e ZeBakCC .
‘ : __1.3.5.7ab3 | nsara¥h, oo .

1,205, 4 C% SR o
§. 9. In{’cltuamus nunc m gcnexe 1ﬁam euolutlo—
nem, fumendo 5= .x" 1/ ( aa— 2 b x —1— ¢ x x) et quia hine

fit

ds. naax“““dx~(2ﬂ+1)bx dx=rlnrieat"dx
: - (aa-—zb.r+axx)
111de wiciffim mtegrando ‘colligitor’ * _‘
- xtrdx coavdy
(”+I)€f1/(aa 2bx+c.rﬁ—(2npl)&jV(aa~°Exd-cxx)
x"='dx "
“?aafV(aa—-sz—‘i-c.mx)-{—x V( awsz+c‘%x)
Quod fi vero iam ante- ehcuerxmt:is voon
‘; AR e M A
*}/(aa-sz—i—cxx) .‘ et
xtdx S NA -

fV( a—sz—{—cx:c}
jta vt hae duae formulze ﬁnt cogmtae, fcquens €x us ita
déterminabitur, vt G :
xmr d x __((zﬂ—{—t)bN nc_z'aM .
fy-(ad_—_z'b‘x—l—cxx)“” (nt1)e (n—,}—x)e)I
: (2‘71-}-1)591 12:'23"‘591

—_— 3

(nt'x)e (1z+1)
“' IR R Hoc
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Hoc: igitur \modo has ‘integrationes- quovsque Ilbuent con< |
tinuare licet » dum ex bynjs. quibusque fequens ope haiys
regulae formator, jr, vt omnig haec lmegralla vel a lo-
garithmis vye] ab arcubuys - circularibus ‘péndearit, prouti .
cocfliciens ¢ fuerie vel pofitivus. vel negatidus,, Mamf’ef’cum
aviem eft iftos valores aﬁ‘gnan non poffe, mﬁ eXponens 2
fuerit numeras inccgm pofitinus. - ‘ .

- ¢
'
.’

i,
§ 1o, Ex f‘cu-mq intearil; do muenta i poﬁ:

eliz

mtegratloncm fratiiiy .:’c--J"'"‘”“’“””, vide “fit* 4% 6 ',‘ Erit

EOSTOE iak! da; R S dx /

naa 271 1 é ——

5T fV(aa—-ab,x'-i-cwx) ( + ) 'V( a~—2£1.x+cxx) J';

:;i: '."--‘.E ‘.1»'_;!'\. xﬂ"{-—xa’x. . B -~ H '3-«—&"' ]IIJ

— I)e N AN < e

(?H' ) fV(aa-z Eé.r+cxx) > [

vide fi brevitatis graria ponamus T AT SR

ATy P R .

— = n

fV(aq—4bx+cxx)“ fV(aa-26x1 cxx)‘“Q’
et P ) X" 42 g

fj/(ag:_?é—m:cj o R’ fV(aa~2bx +a.1".:v) =8 etc
hae quanntam P,Q,R,S Jta a Ic mulcem pendent'
vr fier e T
;za'aP__(wz——l- I)bQ—~(?z+I)cR
(#—-1) aaQ__(zn—Jr—a)bR 72—;-2)08"
(n—f—z)aaR__(mz—{—-s)bS (7z~—l—3)c'F
(7438)aa S = (272—]—7,5']'.—-,{72—1—-4)011
(n++)aaT (zaz+9)éU (n+5)cW
T Gy e etc. S A T

:t‘-s i e ‘ ) I 2 Ex

.
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Ex his’ ’reh%ion’ibus dediscuntut fequentes determi nationes:
o {ander)d - (nA-13e . R o

P

Q. nga . neaQiR 7

_'_Q_,__ (-.'n..l_s)'b C (n-z}t »y

R — (Ra-19ed T a1 ydaks Ta RIS, ‘ i
;Qli__(zn&-s)b Aneg)e e e o I
s T (n—l—-z)aa’ fa4-e)mas: T " o
.j__—\zn—l-'f)b (ng=4)C ;- Steep !

T~ (n4-3)aa (n+3)aa'i‘ aT:u?

etc. €tc.

hinc .igitur patet, fingulas has fractiones % s = _%, etc.

1
i
E
R
I.

pcr 1cquuue’sffaﬂswﬂmmedcjmcnmmau. :

‘% 11, Quod fi fam in gualibet harum expreffio
num valores modo’ exhlbm fucceffive. (ubftitnantor, pro
fraltione -é’-'_- impetrabimus ﬁa&wnem contmuam in infini=
tum progfedlenr;em,ngaﬁ Erib; T
par=(a (I e

(27:+3) (7 2)*aac‘ - o

T (2n+5)ﬁ (n+-g)aac

: ' (272—{—7 ,o~(nt-4)aac

; IR (2nt9)b— etc..
ﬁcque perucmmus ad fractionem continuam fatis concin-.
nam et ordineé perfpicuo progrcdlentem , cuius igitur va-
lor femper. vel per ‘logarithmos {fi fuerit ¢ > o), vel per
arcus circulares (ﬁ fuerit c<o) expr:rm poteft,

G T2, S_umamus nunc #— x ac fiet
d : :
z — A et

P [V(aa.——sz.-}-cxx)
Q=/ 222 —t A=
-.!(aa-sz-g—cx kX))~ € =7
' qu1 cafus nobis fuppedltat iequentem ﬁ*aé'honcm continnam
aac
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R
: '5&.._-9@'&0
o -ﬁ:‘.xﬁ'qdﬂ' .
‘ gbf—éSUG

I116— ¢te,

quae ob clegantiam ompj attentione digna eft cenfenda,

Hic autem notaffe iunabit, § . foerit numegyg Hegatinys

tum omnes nrmeratores in hac fraGione eyadere Pofitinps,

§ 120 Fra®io anten haéc continpa capite quafi
trunca  videtur; vynde f fuperne ¢j adiungatur membrum
b—aac, ea adhpe concinnior ejnsque. valor fimplicipy
feddetir, Si enim ifta fragtio breuitatis gratia defignetyr
littera S, jta vy fit § = tacA oo ifto membro ejys

A—g
valor erit 4 - e %> ficque habebimys,

]

a=b-aac _____
35.-—4-61636',\ P
5b—9aac
96—16aag
96-—;5_;26‘_
 X1b— etc,

Guae ‘expre_ﬁio-‘- éo magis ‘eff Memorabilis., guog: nalla ad.

huc viz patet,: qua - talis. fra@ionis continuae . yalop a priori. _

inuenir poteit.

§. 15. Euoluamuyg manc feorfim binos cafyg fupra
Memoratos, et quos follicite a fe inpjcem diftingui congen

Ig nit.

;
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nit.  Sit igitur primo. ¢ = ff; atque fupra intnenimus fore

—1 V'(bb:_fl___aff) ' . ' -
Azpl——r=3 ' '

vbi fignum radicale ambigue -accipi poteft. Ante omnia

jgitur necefle eft, vt fit bb> aaff, quia alioguin haec

expreflio euaderet imaginaria; duo €rgo cafus fe offerunt,

prouti b fuerit quantitas five pofitiya fine negatina. Prio-

ve cafn, quo b >0, atque adeo b > af, euidens eft figno
radicali tribui debere fignum — ve fiat | o

-

Ay g v(bbmaaff) — 1 pboeef
A Ll
| et iam: habebimus iftam fummationem -
. 24 L e
sy = —aaff
B T A L
b—gaaff oo
sb-—pa#ff SR

- 75— l'IG‘.’;-a‘)(‘f )
9b '_‘_,C[C'i ‘.

kL

' bt e rewreffiond
vnde cum fit £ > 1, patet .xlrr‘g.’]}glfm'.‘}}“m_us expreflionis
fore pofitinum. ' Ce R

. o
v st

§. 14. Sin avtem fuerit & numerus negatiuus, fine

G loco & feribatur =&, etiamnunc efle debet b> af; tum
: epie: A —— 1 J Bl i oet coarithin i

autery exit!. A == Jp I F5 , . qui (€180 draar thinus;: £41t Nes

gatiqusy, fine A = —i ] jEeds. vade cobtinebitur  fequens

.‘——g_'f’ i
acquatlo: ’ R A S
5 -
R i [ Vit . ' +
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—2af .
jIxa==~b—aaff

b—~ur : !
—3bgaaff

L =Shegaefr

Myéhxdaa?j’

e :;—ﬁ_-_ ctc, ,.

fiue mutatis fignis ‘ EE J,
%;.&’h.‘z.ﬂfﬁ EREEE )

b—ay 2 — i
T el f-maﬂff T JJ'H
CUlUS ergo  fradiongs continnae fimma aequalis. eft’ jp; ;

quam in §, Praecedente invenimuys, Ifta antem aequalitas
harvm  dyargm cxpreffionum ‘caI‘bulum"‘tﬁcie‘nti mox fiet

L2 & U G d
. . . . _ CO.' Yoby dagg » vide
Pater, per tangentem Htum valorep adhue

rem: fit feilicet A ;A tang, _935 ,

afu prodic ift, fummarjg

fore fimpliciss
qQuam ob rem: Pro hog

Zg

Ig
1 1
l’ .
o
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ag S
Hng.%ﬁ“b+aa'g g
‘ ' 36440288

50498488
7b+ 162488
9 b+ ete

 wbi nulla amplivs limitatione eft opus.

De fra@ionibus continuis a loéarithmis

" pendentibus.

§. 16. Perpendamus nunc etiam aliquos cafiis fpe-
ciales, in wtraque forma. contentos, et quoniam iam obfer-
vauimus, binas formas in §§. 15. €t 14. inter {e congruere,
vtamur priori, qua erat ' o

2af :

T =b—aaff

b=—sr | L
sb—aaaff
sb—gaaff
7 b — etc.

ac primo confideremus cafum, quo & =af, quippe quo
cuadit fumma fractionis ' . =

——:—?f*:_“o:ﬁ-—bb

quae
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quae per redudtionem facile mutatur in hanes

C=1—1
3—4
5—9
7—16
9 — etc,

§. 17. In ifla igitur forma nihilo aequali necefle
eft vt denominator Primae fraQionis fir — 1 ideoque

1':-3“_4*

fiue 0”2 —4

5~9 L 5—9"
7 — etc. .7 —etc.

Hic igitur ob eandem rationem necefle eft vt prior deng=
minator fiat = o, ita vt ' '

2=5—9 . | flue ozmg— 9
¥ — 16 | 7— 16
9 — etc. 9 — etc, - |
Hic iterum primus denominator debet efle — 3 ideoque
3==49—16 fine o =4 — ;6
9 — 25 : _ 9= 253
7 . TT — etc, Ir—ete.
Denuo igitur  primus denominatop efle debet = 4, ira ve
+=9—25  atque hoc modo patet, iftam relationem

codem ordine in_infinitum loeum habere, in quo ipfo criv
terium veritatis huins aequationis eft firym,

Aélr Acad, Imp. Sc. Tom, VI, P, II, K - & 18,
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§, 18, Quoniam in. bac form

4 numerus & maior

affe deber quam a f, ftatuamus nuue b-—zaf, et Dan-
cifcemur {equentem {ummationem : -
"'—f;f:s’.af—acsz ‘
6af—4aa ff -
toaf—oaaff
T4 af— et

d hanc formam mere aumericam

quae reducitur a

2 —— g —
z';:"*“z I

6 — 4
14— 16

18 — etce
6 19. Simill modo omnes litterae ex calculo
expelli poffunt, i pro b accipiattt multiplam ipfius a f.
Sit enim in genere & =mnaf, ac prodit '
2a
_,_.__;f,::naf——aaff

= |
snaf—saaff
Snaf——gadff .

e fraftio reducitur ad formam fequentem:

qua
—— =X :
= ‘.
gn—4 ___
5n—9
7 1 — etC. _
' vnde
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frattiones continyas exprimi conueniat.

§. 20. Poffent hic pro # numer fradti accipi, tum
autem priores termini in fingulis membris prodirent fra&i,
quas quidem per reducionem ad Integros repocare liceret:
verum - hoivsmodi  cafus facillime ex forma generali deri-
vari poflunt, fcribendo flatim & — 5 et af=m; tum enim
habebimuns ' - '

2 m

G

vode intelligityr , quemadmodum omnes Iogarithmos per

FEPETE bl S/
ﬁn—m
SR—4mm
5a—~9mm .
7.1 — ete,

vode fi loco m feribatur V £, erit
2V k
7=k
n— Yk

3n— 4k
5n—9k

v n— etc.

§. 21, . Hinc igitur omnivm numerorum integro-
rum logarithmos hyperbolicos per fractiones continnas ex-
Primere poterimus, Propofitus igitur fit in genere nume-

n e 2 — i+

Tus integer £, ac flatuatur P T erit Lo s Ca-

N —

=i- 1, atque habebimus

Piatur ergo # =i 4~ 1 et m
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simt) = pr—(i—1)

1

a0t 1) —40i—1)

s(-r1)-s (=1

vnde coiligifnus

| ':‘_li:::‘.z.(i-—x) .
ir—(i-1)
N {1 AL
g(i+1) AV
s(ir1)—oli—1¥

€Lc,

§. 22. Si hujusmodi  fractiones " Jefideremus  pro
logarithmis numerorum fradtorum, ftatuamus L= —2-, Viie
de fit pup-t-g et m=P— 9 quamobrem rabebimus

j2=2(p=1) . |
1(ptgq)—1Cp—9)

s(prg)—4P—a) -
5(prg)—olp—9)

- ‘ 7(?"5‘9)#‘@1&‘:,‘
guac forma €0 magis eft notatu digna, quod fatis com-
mode adhiberi poteft ad logarithmes proxime inueftigan-
dos. Eo magis autem itac fraftiones continuae conuer-
gent, quo minor fuerit fradtio gi‘__—fi. . '

§. 23. Quo hoc exemplo illuftremus , fumamus
p=2 et gL, yode quidem non adeo yvchemens con-
vergentia eft expcctanda, eritque '

]2 —=
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Iao—2
8 —1
9—-4 .
15_"'-9

21 - gte,

vode fumendo tantum primum membrum 2, in frattione
decimali prodit o, 666666, dum ex tabulis habetur 72 —
0,693147, vbi error jam fatis eft exiguas. Capiamus iam

bina membra priora 2 =% =0,6925. Sumende
' 8—1
‘ LYy
autem ftria membra habebimus ,
2 . =2 — H¥o=0,693121
31 : 3—:5 '
v—4% I3L
15 '

qui valor a veritate deficit quantitate o, coooz26, Multo
promptior autem deprehendetur coauergentia, i famamus
P =3 et g =2, vt habeamus

Ii— s
: —
15— 4.
25 —9
35 — etc.

cuins primum membrom. dat 2= o, 400000; regera autem
eit !;::o;4.054651_08. Sumtis autem doobus membris
2 colligitur /f = o, 40540, vbi error tintum in
5~

15 - K g | | quin-
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gquintam figuram' irrepit, Sumantur tria membra
2 = = ©,405464
5—1 5—25

———

15— 4 371

25
vbi error demum in feptima figura fe manifeftat.

§. 24. Ob hunc infignem vium, qui {e pragtet

expe&aﬁﬂﬁem'ﬂebwl—itﬁaperae_p'wliumie rit_talem inuefii-

gationem in genere expedire; atque 1n hunc finem vtatur
formula inter litteras m et n fupra § 20. data, vbi fit

" —=2m
70— 71 112
g H— 4 MW
57— QM
Sn—16mm
. gp—etc.

ynde fi capiamus tantum primum membrum, fiet prope-
modum />=+2 =2, {umtis autem binis prioribus membris.

n
P ‘ e : n-4m smn . .
21m -, eritiam propius iR = AT fumtis ve-
7 — 1 m ' '
3n .
ro tribus membris erit
fm
nEl —am
n— MM
an—4mm
Jo— — ¥
5 7] _— zomun em .

ISR mmg MR
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§. 25, Non adeo  autem OPerofe eft has fra@io.
Anesﬁvlrerms continnare . fra&ionibys enim iam Innentis
Praefigamp, fra®ionem Ty Vt obtineamus'hanc fra&ionnm
Progrefiiopery ;

I n It - IV
2 a2m Gm?_?-___ go‘mnn——-anﬁ
~ Ty s snn-—~mm WA e

cuigs tam- nimeratores quam denom-fnafores €X binis prag.
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