e (55 ) e

"TANALYSIS
FACILIS BT PLANA AD EAS SERTES MAXIME
ABSTRVSAS PERDVCENS,

QVIBVS OMNIVM
AEQVATIONVM ALGEBRAICARVM

NON SOLVM RADICES IPSAE,

;-'. SED ETIAM QVAEVIS EARVM POTESTATES
: EXPRIMI POSSVNT.

Auétore
L. EVLERDO.

. Conuent. exhib. die 15 April. 17476.

Problema.
Pmpoﬁtﬂ aequatione algebraica tribus terminis conftante, quam
. ' A B . .
femper hac forma repracfentare licet: ¥ == -— —-—3, lnuenie
X X

feriem, yuae exprimat valorem ipfius &7

Solutio.
’ I
§ 1. Haec acquatio, ponendo x — A* Z, femper ad
hanc f'ormam fimpliciorem reuocari poteft: I :ZEE+ T

Ax ZB

' C
vode ponendo B — A‘* C, erit 1= Z”‘ g quae per Z*

mul-




— (56) ==

-multiplicata praebet Z® == Z*—* 4 CZ*—F; hinc igitur quaey

0po1tet valorem poteftatis Z“ quandoqmdem hinc  erit

x“:A“ Z". . Manifeftum autem eft valoremi ipfius Z* expri-
mi debere per feriem, in quam -exponens z mgledlatuu quam
ergo fpefare licebit tanguam fun@ionem ipfius z, et guia haec
feues ex infinitis terminis conftabit, eam ita repraefentemus:

Zr=frn— - iu a7 n - ete
guae ergo forma ita:debet effie. comparata, vt pofito #==o
fiat Z" — 1; vnde patet ftatui debere f°: 2 — 1, reliquos ve-
ro terminos ﬁt&mem habere debere #, ¥t euanefcant pofito
# — o, prodeatque x° = 1.

§ 2. Con(’cztuta hafz fcuc, fi Im:o 7 fcnbamus n—a,
habebimus:

e f (ma) +f -2 f 3 (10). R

fimilique modo erit

2B = s (1=B) + f 1 (=) + +f (=) + ete.

vbi itérum notetur effe [ :(r—a)—=1 et f :(n—B)—1.

Cum iam nofira zequatio fit Z% — ZP—% = CZ’*‘“—B {cribae

mus loco poteftatum ipfius Z feries affumtas {equenti modo:
b Zr == A flin = f7in 7 i etc
e ZP0 = — s () -—f":-(rz—a)_ — 7 (n—a) — 7 1 (n—-a) — etc.

= C 2B =Cf": (n—B)+ Cf : (n—B) + Cf": (5—B) + Cf "+ (n—3 ) +e1c-

nuné fun@iones iftae indefinitae ita determinentur, vt fiat

1. f/:ﬁ“—f/:(ﬂ—-—a}:CfD:@Z——ﬁ):c;
W froa—f'va—ay=Cf :(n—B);

in

_n

[ = N




—— (5 =

I 7 :n () = Cf: (n— P
v, fn— =) = C (=)

etc. etc.

§. 3. Ope harum aequationum ergo primo quaeri de~
pet natura fun&ionis f':m, Vt primae a¢quationi fatisfiat; qua
inuenta innotefcet functio f:(n—f), ex eaque per fecundam.
aequationem quaeri debet indoles funéionis f”:#, vnde inno-
cefcet functio f7: (7 — 8), hincque porro fimili modo, ex ae-

Latione tertia deducetur indoles funGionis f”/:7, et ita porro,
donec ‘lex pateat, gua fingulae hae functiones viterins progre-
dinntor: vnde patet refolutionem omnium harum aequationum
renocari ad hanc quacftionem 4 qua propofita functione ipfius
# quaeritor -alia fan&io, veluti Q:n, vt fiat Oin—Q: (=) =N,
quem in finem {equentia Lemmata euoluamus. s

Lemma I. |

§. 4. Si fuerit Oin=An, erit C,D:(n-——oc):A,.(ﬂ-—a)g |
jdcoque Prm—P:(r— o) = A «; vnde vicifim, fi ponatur
A o=k, vt fieri debeat Gin—©P: (n—2)= k., reperietur -

C]):fz::’_‘a’-*. Quare cum ex prima acquatione effe debeat

fon—f s (n—a)= C, neceffe eft vt fit f/in="2", vnde
pro fecunda aequatione fiet f1(n—pR) = S (n—p-

| Lemma II. R
§. 5. Oi fuerit Qrn=—24an (n—4a—u), exit . -
G:n—e)y=A0—2) (n — w), vnde colligitur -
. (D:ﬂ——q}:(n—’——a)::zA'oL(n-'——é'v). "‘
Quodfi ergo prodire debeat | N
Oin—Q:m—a)=k@—DN), .
Noua Adta Acad. Lnp. Se. T. 17+ H ob




= (5§) ===
obA:%'éf v — .,;}\, erit
Pin—=1Ir (n—a—2k).
Quare cum f1eq1muo fecunda iam fit
e =0l e =2 —0,
ob £—=25% et A== ﬁ erit '
f7 ﬂ‘_‘—q-—ﬂ(fz—kot——zﬁ), "
vnde pro tertia acquatione fiet

fia—R = a—p @#+ae—3p)

200

Lemma I

§ 6. Si- fuerit

Q:n=—=Amn (?z-—]——a.——-‘v) (ﬂ—%-zo:—-—-rv), erit
OF (71——&)_A(fz—--o:)(ﬁ--—v) (n~a—2), |
hinc ergo fit 4

Pin—O: (ﬂ-——-ot)"“‘“3Ao&(fZ-—!—~o&—‘Z))(ﬁz-—-i?),
. 1fndé.vxc;ﬁ1m, pofito §Ar=—Fk et }v ==, vt prodeat
k(ﬂ-—l—«ix—-——'g?x) (n — Ay, {fumi debet

Q= “(73—4—-05——3?\)(724—"&--3?\) :

uia nunc pro noﬁrq aemmione tertia ﬁeri debet
p .

26{.|.L

- fa@a apphcthone ﬁct la_;; < et a=f3, hmcque concladitur fore f
f”’ n= . 72 (7z-r-oa-~3 B) (7~ 2@—-—3{3),

vade pro aeeuatlone feqnentc Iabebimus:

P ) = £ (1) 5+ a4 ) (o 20— 40

Lem-

P
T e e




Lemma IV

§. . Si fuerit .
gon n_:An(n+oc~—v) (fz+2or~—w) (r--g 2—2), crit

o OF (ﬂ—-a) == A (az—a) (ﬂ-——-‘U) (ﬁ'“‘"‘ﬂ"“‘v) (7z+2oc-—r.v),

hincque -
: Qin-0: (ﬂ a:) 4-A06<7£+0€-—’U)(71~:—2a fu) (n~} fv)

Quare 1 debeat effe:” . ..
NOE n~q) (n— (x)__\k(ﬂ ?\) (7z+on-4_;\) (n+»-2“._+;\),

| ﬁum debet A "—'f_a et v == 4 A, hincque fiet

q) p— hn (ﬂ—l—&_—‘f}\) (n-—pza——-f{_?\) (ﬂ“i"a “'_4-}\)

Q_uare cum acquatio nof’cxa quartq it
P n = (1—0) = (1<) (1+a-40) (1+20=40)s

faéta apphcatlone fiet k=12, et A== 3, hincque concluditur

fore , SR
fin= _i"_ﬂ (n-+a=-43) (;z.+2oz—4.-:p) (;;.71—3 =403,

]
.vnde pro quinta aequatlone nancifcemur:

£ (=)= 2L, (1= B) (n-a~5B) (n-+2a- 5(3)(72+3oc-5f3)

LEmma V.
§. 8. Si fuerit ‘ S
ORY ._/_\ n (A4 a—~0) (#+ 20—v) (- §é=0) (7z—|-4.:x-w),

eut

qj (72—-0’) A (ﬂ —a) (fz-«ru) (ﬂ+a ru) (n+20—0) (n+3a—1) 4

hincque :
P:a—Q:(n—c)= 5Aa(1z+oc-—fv)(n+2oc v)(n- 1-30'-‘2))(11—“‘1?)

;‘ - Quare fi debeat efle . S
H 2 (D: 7
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Oin—P:(n~-a)=k(n=-2) (n+a—50) (n-+20~5A) (n—i—goc-s)\);
fomi debet A —=2X et 5 A==o, tum vero erit
QP:n= %‘ # (n-+a~50) (+20~5%) (B+go—57) (4= 51),

Aequaﬁo autem quinta' cum ita fe habeat:
F = (n- )=, (0-B) (rram5 ) (1205 3) (n+30-50),

hic fumi debet ’:;:,fz@ et A = (3, vinde concluditur

F¥ in= 2o n(namsB) (2a-50) (n +-ga—s5 3) (n-+40~5f)
Hinc iam fine vlteriore calculo concludere licet fore
VI, gy L6 e g e Far o s
fPon=_——n(m+a 603) (n+2a—63)m+3a—603)x
x (B+s0-603)(#+5a—-63) et

fPin= S (rra=gf) (r2a—7B) (1+-ga—7 B)x

5040007 ‘

T @rgamrB) (s 07 B) (1 Gam7B):

Conclufio finalis.
§. 9. His igitur colligendis fi aequatio propofita fure-
| 7
‘quens refultat f{eries:

Zr =1 —1—5;&—{—%71(?2—4—&—-,?@—}-%% (n+o—3@) (n~+20-3f) i

. I - - ‘ . .
tit 1 :._Z—m—l— ~_, tum pro poteftate quacunque ipfius Z fe

+ Lon(@ra—af) (+20-4B) (#+32—4f)
e LA CEEORCRR LN CRICRIOL I |
5 x (n+4a—5 ()=~ etc

| Scholion. | |

4
.
b -

i
i

§. 10, Haec feries, quam eruimus, eo magis eft no

tatu digna, quod nulla alia via patet eam inueniendi. Quin et~
- _ iam




e —— (61) P

iam Analyfis noftra ita eft comparata, vt veritas folutionis non
folum ad omnes exponentes integros 7, fed etiam ad quosuis
yalores fractos, atque adeo negatinos extenditur. Praeterea
yero etiam X noftra ferie generali logarithmus Hyperbolicus
pfius Z exprimi poteft. Cum enim femper, caf n =<0, fit

ki3

—_—I

?_._.__._ —1Z,
7

erit noftro cafu

12 =CA (a—2f) 5 (a—3p) (2a—3P)
e —ap) (re—4p) Ba—4F)
-2 (2= 5P) (2a—5P) (32— 50 (4a—5f) - etc.

Vade fi tota hacc feries defignetur littera A, vt fit 1 Z= A,

enit Z — ¢, ideoque Z" — "%, quae €rgo ‘quantitas aequa-

lis erit feriei fupra inuentae pro Z% At vero ifta expreffio
@2 in feriem euoluta praebet
gh— 1y A0 A i AS+ Gt At 155 #° A%+ ete,
quae ergo feries feriei fupra inuentae neceffario erit aequalis ,
id quod etiam comprobabitur, dum faltem priores termini €=
voluentur. Cum enim fit
—C cc .
=t (o — 2 3) —~ etc. erit
a . CC c3
A= A5 (e — 2 3)
n c¥
A.’ e— C‘L—s‘,
vade deducimus : "
n c € cs . .
Zrzx +Sn+ 28 n(a—2f) + 3t (a—3B) (2a—3f) + et

ol
Ll nn +ﬂ%nn(a-——2@)+ ete.

260
. o 3 7
H o - etc.

S H 3 | 7t =




"=l (nta—2f)

4 = (n (cm——o B) (2a—3a @)+ an {n+3 2—6p),
guod cum ferie pro Z* fupra inuenta perfede congruit.
‘Theorema generale.

Quodfi ergo propofita fuerit .zequatio initi

commemorata: I == — —- ., quOniam pofuimus Z — — o

'(fz——%a——--a R)

3R (+2a—36)

(JE+OL-4.B) (ﬂ«-l— 20— 4.3 r’,z—:— ga—4ﬁ)

B (m+oa—e2

X‘n.—Aa_i_Aa. Bﬂ"—l’-A
g (72—1—@——3 ﬁ) (74+2a~—3(3)

7_z_(7¢+a_46) (m+zoa—4(3) (72+’3d—*4ﬁ)

n (?Z—+—0¢—-5‘ B)..(n + z.a—‘s ﬁ)x

(?—!-3-05—""?6) f;7—4-4_or——<ﬁ) - efC

tel

qt
ve
i1
et
tr:

it

{es

fin

qu
pPo




Viciffim igitur propofita hac ferie, eius ﬁzmma erit — x", exi-
: B
dice huius achatloms: 1= __+ i3"‘ id quod ali-
x*

ftente X 14

quot exernplis illuftrare liceat.

¥ Exemplum 1.

o 1 §. 2. Statuamus =1 et B=—1x, Vvt propofita fit
E o ifta acquatio: 1:% —I—%, vnde fit x — A -+ B, confequens=
£ (o »"— (A-+B,", feries autem inuenta hoc cafa nobis dat
(A+B/ = A"+ A" B |- rln—n) An—e e

3 - + nrn—'runfz\ A9 B5 L. etc.

quae eft ipfa euoluuo Bmomu Newtoniana, quam niind ‘patet
" yeram effe, gquicunque numerus pro exponente 7 accipiatur,
Gine integer, fine fractus, fiue poﬁtmus, fine negatiuuns, five

¢tiam furdus; cum in Algebra communi, vbi haec euolutio eft .
tradtata, exponens # neceffario fit integer pofitinus.

o

te,

Exemplum 2.

§. 13. Ponamus, vt ante, o — I, at famatur 3 == 0,
ita vt fit x =2 B, v11c§e Afit x = 2, confequenter

l Xt = .
(xr—BJf
® feries autem, ad quam fumus perdudi, hoc cafun erit

An (I ‘——B_)_n:An—I'—%An ]_n{ —4—1} An B2_+_ CfCa.

— A* (1 — B)™",

fine

(I-—' B)n,: I.+7%‘B+nl(n—}n—11:85+ 7:_(7»;2—1];11,:—__2) B3+ ete.

g mac eft demonftratio eiusdem theoromatis Newtoniani pro ex-
& Ponentibus negatiuis.
i 8 LExem=
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Exemplum 3

§ 14. Sumamus A=——=2a et B=24, fitque porro
' —— —_— X i — aa b

e==1 et (=2, vt voftra aequatio flat 1 ——ZF—- -, fiue
yx—oax—&, vnde fit x —a-+y(@a-+5), quo valore
fubfiituto feries ante inuenta pracbebit r
(a + 1/&: a--b)" == 2"a"-+ § 2™ a" T b n{n—8l pn=a gh=af )

I. 2.
_I_,n(n—-s)(n-—q.\ 211.»—-6 an——-s 53 _— n[n»—-ﬂ(n-—sunm.ﬂnn-—-sam—-s 1;4

I. 8. 3. I. 2. s, G

—+ etc.

cuius veritas pro cafu, quo #= I, ex euolutione vulgari con-
firmari potefi. Sumto enim # —— 1 erit

T E . 5 _ bb 35% 5 b% "7 b5
g+Vaa+b 2o+ = st an—an — s oG
nouimus autem €x refolutione vulgart effe
1. bb T.3. BS r.1.3.5 b*%
]/(aa+5)__a:—,—_ _4_?3—& 22 B BLEE B - et

cui fi addatur a, ipfa illa feries prodit.

Exemplum 4.

§. 15. Sumamus o ——2 et 3=—=r1, vtfit r=2 2,
five xx —A-Bux, ideoque x = ‘?:':.KM“ loco A av-
tem fcubamus aa et 2b loco B, vt fit x =& ]/(b b aa)
quocirca feries inuenta nobis dabit

(b+VEb+aay —d +%a" . 2b+ L. Lo . 400

+ HEm s g (85° 4§ PR R g4 1 6 et

quae reducitur ad hanc formam:
(5+]/m—ﬁ)":'a“+¥a”“r b+%. g2 hb

+ 1, tn:'ﬂtn‘:—x} a8 b e %(n;a)% . (n—:a) at—4 bt etes

haec sutem forma vlterius reducetur ad hanc:




|
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(b+]/bb+aa)“::a“+’;an—-:5+:%t e ) p

ﬂﬂ;:l_)an-—-SéS_i_ ;L.Tl:“tn:—‘“dn'—”'é*—i—- ;f-.(nij»'——-ﬂ(ﬂn-—-a'ﬂauf—s b

+ e - 5
-+ rr;"_nm_}_'l’r_i"_] a* ¢ b :'(nn.-fﬂ.'(mimsa.) ‘{nr.;'—-z:} ar Ty
—+ etc.
Ita i fumamus #==1I, habebimus
b—-i—]/[?/) —+aa == a—{-é-i—.i'_é‘z_b_._l. '3';4 f:_:_i_x-s..zlss g';—-'ﬁtif.

nouimus auntem efile
]/b b ~-aag—= a+% é.‘;_b LT b ‘—E“‘I'Ls b_;f___, etc.

2,4 a% 2e4e8 &

cui fi addatur &, ipfa illa- feries prodit.

Exemplumy s,
§. 16. Sumamus a==1 et' 3==-— 1; TVt noftra ae-
quatio fit T — 2 = Bix, vonde fit x —=I=¥Vr—sr® hinc-er-

— =z 23
o prodit
(1—4—1/“—4_“3])?1. _..An 7;_ Aﬂ+IB+n(ﬂ+3)An+2 B

o B mhal (n—|—4}ln+s) A"+3 B3 - 'n (n+s){ntsln—+rz) An+4 B+
2, 3. .
- n(n+6l [n—~!—7] (n+8)(n+9}An+5 Bs —+ G'CC
I. 2. 3 4. - 5 *

Hinc ergo fi fumamus #» —— 1, erit
1ok (T— 4 AB) Ao 4 A3 TS 5.6 A4TI3
fEVie—aat) = A A2 B4-g ASB - 5L AYB
6.7.8 A5 M4 - 7.8.9. 10 £ PR3 )
2.3.§A Bt —+ 2. 3. 4.5 A* B etc,

Eft vero
]/(1.---«---4.AB)“-*1-—-—szAB—--:zAzBz +A3B’
— 2. 5-A* B* — etc, ST
quae feries ab vnifate fubtrada et per 2B diuifa praebet fe«
riem modo- inuentam. . | : ‘
Noua Aéta Aead. Imp. Se. T. 1V, | Scho-
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Scholion.

§. 1. Series autem generalis, quam fupra elicuimus,
primum ab acutifhmo Lamberto ex. principiis maxime diverfis
eft inuenta, quam idcirco Lamberiinan appellare liceat, prop-
terea quod inter egregia huius viri inuenta merito eft referen-
da. Methodus autem, qua hic vfi fumus, ad aequationes mul-
to generaliores extendi potelt, quando f{cilicet aequatio pro-

-pofita quatuor pluresue terminos continet; id quod pro cafu

quatuor terminorum oftendiffe operae erit pretium.

Problema generalius.
Si propofira fuerit aequatio algebraica huius formae:
I B C
f — — == —
' Vi) AL
tnuenive [eriem , quae wvalorem poteflatis cuiuscungue ipfius Z, puis
Z" exprimar. _ )
g Solutio.
i+ § 18. Multiplicetur aequatio propofita per Z vt has
beatur 20— Z*—* =B Z*F+ CZ*77; et poteftatem quae-
fitam Z* vt ante tanquam funcionem ipfius # fpectare licebit,
quae per partes continuo procedentes ita repraefentetur, Vi fit
. . [
Zr=foin+f 17 A4 fin S in - 7 18- el

vbi cum. fumto #—— o fieri debeat Z" =1, fit perpetuod
fern==1, tum Vero vt reliquae partes cafu # =0 enanefcanty
fingulas factorem # habere neceffle eft. Hinc ergo erit

Z"‘“‘f’" —=fin—oa)+fa— &) - f7 1 (n— a) - ete
2ot — [ (e @)+ f 2 (1 B) S (n— @) O

zn—" ___fo: (,ﬂ —"Y) +f/: (Pﬁ __Y>+f// : (” ____,Y) ~}- etes
. - Jam
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Tam iftae feries loco harum. poteftatum - nofira aequatione
fubftituantur, et cum pactes in membro finiftro fponte fe tolw
fant, reliquae partes finiftrac partibus antecedentibus in' dexrro
It ] " . .

membro aequart debebunt, ynde fequentes aequationes reful-
tabunt. ‘

L fn—f (=) =Bf:(n—B)+Cf°: (n—n)=B+C
L n— 7 e =B (1—B) +C [ s (1—ry)
nr. f7:n—f":(r—a)=B f’: (1—pF) + Cf’: (n—r)
. 7 in— 7 (n—ea) =B f: (fz-jﬁ) + C - (r—)

etc. etc.

§. 19. In fubfidium iam vocemus lemmata fupra ale
lata, ex quibus conftat fore vt fequirur:

1 Sifuerit Qin—Q:(n—a)=F, erit P:a=1te
1. Si fuerit Q:n—Q:(m—a) =k (@ —2n), erit
C,[):fz::i%(f:—b & — 2A)
I Si fuerit Qin—Q: (m—a)=k (r—2) (ﬂ+a—3 A), erit
{ | Pin=2(n+a—3N) (n+20—32), |
¥ IV. Si fuerit @:a—Q: (p—a) =k (—n) (04 A) (- 200g\),
erit
Pin= L (mra—gd) (n+20—42) (n+30—42).
V. 5i fuerit Qun—Pr(fr—a)=k(n=~N) (n-+0=57) (n+2 05 \) (B3 0—57),
erit
‘ Q=2 e ams M) (205 N) (143 2= 3 N) (4005 A
et ita porro. |

1-= §. 20,
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§. 20. Harom Iemmatum ope eX prima aequatlone’
vbi pro lemmate primo eft k= B-+C, elicimus f:p==?2% cn

a b
hinc igitur pro fecunda aequatione erit '
Bf:(n—pB) =B m—F) +BC “‘—(3’ et
Cf':(n—n) = Ca(n_w LB c(n—-w

Summa :?B‘;"ﬁ’ﬂ "‘“’(rz _7)—1—”(:2——-1/), ’

qme formula quia ex tribus conftat partibus, fingulas cum

lemmate fecundo .conferri oportet, ac pro prima parte erit

~— B —_— . _........ZBC
=== et A=, pro fecunda parte et k= I—= et

A=EFXY pro tertia parte eft k= =% et A==, vnde ex
omnibus fimul fumtis colligitur:
7. —— BB £EB.C -
Jiin=2 (n+a—28)+ 2in(m+a—B—ry)
ccC
+ oo

§. 21. Progrediamur iam ad acquationem tertiam, ac
pro eius membro dexiro habebimus:

Bf:(s—P =Z0—p @n+a—238)

+ 2F (n—B) (;z +o—2fB—y)+ 15 (fz —B) (n+ a——ﬁ-—zfy),

Cf"’- =) =5 —v) (rn— )
IOy e —R—2y)

T =) (e —B—2v)

Summa = 2, (0—B) (40— 58)
“"(ﬂ—i—a—ﬂﬁ -y) (p— )
)

+aa“ Gz_ﬂr}/) (ﬂ+c‘““3'}’)p

A
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quac quia quatuor conftat partibus, cum lemmate III conf'e-

rendis, pro prima parte erit k== 2 et A==@, pro fecunda

parte erit k“‘g%ll—? et 7\“*”3:‘3'-, pro tertia vero p'ute cﬂ:

co — B +
Fm 2RSS et Az » denique pro quarta ‘parte eft k== =

et A=, Qquibus. obferuqﬂs fun&tio quaefita f*/ jtidem ex
quatuor partibus conﬁablt, quae funt :

_._f?(?s-{—c{maﬁ)(ﬂ..}.nd___aﬁ)
" _r_snacii(ﬂ—l—'a——-ggmr},)(n__l__na___zﬁ__,}o
'f -n-—-+SBCcf2<ﬂ—L—-Oﬂ——-B-——2r}/}(ﬂ_.}._za__ﬁ____gry)
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