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DE
INNVMERIS CVRVIS ALGEBRAICIS,

QVARVM LONGITVDINEM PER ARCVS PARABO-
LICOS METIRI LICET.

Aulore
L. EVLERO.

Conuent. exhib. die 3 lunii 19-6.

§. 1.

Non ita pridem aufus f{um duo theoremata prorfus me-

‘miorabilia in medium proferre, quornm altero ftatui: wullam

dari curuam algebraicam , cuius longitudo indefinita per quempiam
logarithmum exprimi queat; altero vero affirmaui: pracier circy-
Ium nullas alias dari curuas algebraicas , quarum longitudy cui-
piam arcui circulari tffet aequalis. Veritatem equidem horum.
theorematum grauiffimis rationibus confirmare fum annifus
interim tamen fateri cogor, omues has rationes a folida de-
mounftratione , cuinsmodi in Geometria defiderari folet, adhue
plurimum abeffe.

§. 2. TFacile autem intelligitur totum hoc negotium
feliciTmo fuccef confe@um iri, fi fecuens problema re‘oluere
liceret: Propofita formula differentiali quacunque V d vy wbi V fir
‘ H 2 funétio
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funio guarcungue data algebraica ipfius ©, inuenirve pro binis coor-
dinatis x & y cinsmodi funitiones algebraicas ipfius v, Wi inde
enadar Y/ (0 x*~+dy*) ==V dw. Tum enim integrale [V ow

vtique exprimerct longitudinem curuze cujusdam algebraicae.

Hie fcilicet res eo rediret, vt oftenderetur, quibusnam cafibus hec
problema vel nullam plane folutionem admitteret, quemadimo-
dum euenire ftatvo cafit Voo — %’E; vel vnicam tantum {olu- |

tionem, veluti caft V 0 v —=—2%—, fine etiam Vov=—"—;
vel denique, quibusnam cafibus hoc problema innumerabiles
folutiones recipere poflet, quemadmodum oftenfurus fum pro
cafu Vv —0wvy(r+wov), quandoquidem eius integrale
fowy (1 ++wo) exprimit arcum Parabolicum, cnius quippe |

¥

coordinatae funt v et ; v 7.

§ 3. Ante autem quam hoc problema particulare fu-
{cipiam, duplicem methodum aperiam , qua problema generale

tradtari conueniat. Ac primo quidem propofita aequatione

_ V(@x*+0p)=Vouw

difpiciatur, num forte einsmodi fun&ionem ipfius v, quae fitl, |
.__.VB’D1/(A-+—-U}GE :

explorare liceat, vt hae duae formulac: 0 x — i

Ejfx‘—”-?%g-:f_—%ﬂ, fiant integrabiles ; quoniam enim inde fit
dxt 0y =V*ov, quaeltioni foret fatisfatum. Vel
etiam quaeratur einsmodi angulus @, qui rationem algebraicam
teneat ad varizbilem w, ita vt ambae iftae formulae V dofin. O
ct VodvcollD euadant integrabiles, quoniam hinc fieret

x=fVoofinQ et y =fVoveol ].

H ‘ §. 4. Quando autem hoc tentamen nullo modo ficce~ . |
I dit, difpiciarer , vtrum formula propofita V ¢ v ad huiusmodi
formam redaci queat: 0o/ (P*+ Q*); tum enim ftatim habe-
retur folatio x == /P ow et y =f Q 0w, fi modo hae formulae

eflent
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efient integrabiles. At vero multo genefalins folutionem tep~
tare licebit, ftatuendo

0X e 11{1/A+U)—Q1/{B—-U}
v T T -  Via—1By. ; 7 ;
2y . P VI(B— T~ 1[4~ U}
aw T V(A ~—B)° 7

vbhi totum negotinm eo redit, vt PIO U CIubDJOdI fun&io ip- .
fius @ mue{hgctur, qua iftae duze formulae integrabiles red-
dantur. Vel etiam fimplicius res redigi poterit ad inuentionem
cuiuspiam anguh QD, vt iftag ambac formulae mtegranonem‘
admittant:

0x = 0w (P fin P~ Q col. P),

9y =23w (P cof. ® — Q fin. CI)),
ﬁquidem hinc prodibit o

0 x* 0" = o v (7* + Q). '

Verum fatendum eft, has regulas ita cffe comparatas, vt fi
eas ad formulas detelmmfttas applicare vehmus, aqua nobis
plerumque haereat.

§ 5. His igitur praemiffis problema, cuins folutio-
nem poilicernur, aggrediamur. '

Problema.

Tnuenive inmumerabiles curuas adeémzm:, gmmm longitu-
dinem per arcus Parabolicos exprimere liceat, fiue wt, pofitis l:mzf
“coordinatis x et v, fit YV (OxX*+0¥) =9vV (1 vV), fi-
mulgue ipfae coordinatae x et y prodeant funiliones algebraicace

iPfis Ve
Solutio.

§. 6. Quodfi hanc formulam cum generali ante alle-

gata comparemus, erit P =1 et Q — v, vnde flatiml colligi-
H 3 tur

[
i




fur 0x =0 et 3y —wdw, hincque porro x—=v et YTV U,
ergo y ——i ¥ X, quac eft aequatio pro ipfa Parabola. Problc-~
ma autem noftrum poftulat, vt innumMeras alias eiusmodi cui-
vas inueftigemus, quaruii longitudo pati formula exprimatur ;
fequamur igitur formulam priqr‘émﬁ; 4. traditam, vnde Pro

praefenti- calu -etit - , L '
ax__J/lAv'.—U)—-'v‘f’(B—-Uﬁ t ay__V(B-—U)-+—w1/(A-I~U}
—_..._.—--—————__————-——'_‘ c — o ——— e
U ¥ (A -+ B} LS V(A —+ B}

quae ambae formulae infinitis modis integrabiles reddi poffunt.
Primo fcilicet i ftatuamus’ U = ;3 deéinde vero etiam fi fue-

. . ‘ 3.
it U=—=1¢ ©v; porro quoque fimili modo fi fumatur U= V v,

4 i 1
vel U=V, vel in genere U=V Vs i modo exponens
; fuerit integer pofitiuus. S

Fuolutio cafus

: quo U =w.

§. 7. MHic igitur totum negotinm redit ad integratio-.
nem taliwm duarum formularum:

o0y (a-rpo) et [o00Y (a-B
Seatuamus igitur V(e B o) =1, eritque ;

p— =% et 0V = E‘_%;l R
hinc ergo pro_formula priore fiet

B‘UJ/(a,ml—ptu)::f”ﬁ”,
pro altera vero formula erit

0wy (aBo) =HLLGI—a),
quocirca integrando eliciemus.

3

I.fa‘v]/(a——}—ﬁv):-}g: (G"‘“"l_ﬁv)ﬁ et

1L fodw V(e+ B0 =555 — 2t (31— 59,
fine

ek
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fiue

fwa*v]/(aﬁ—ﬁw)“—z(ah};gv) (3‘6115 2),

.- §. 8... Nunc.igitur tantum fupereft, vt formulae fupra
exh;bltae inxta has. regulas expcdlanrur, quae ita.fe habebunt:

a°, fa.dz: V(A —=o) = (Ahl—av) i
2% [0 YAB = )i £ (B @)2
3% fo 6@1/(A—!—-fu)_.__r5 A““-—i—fv) (sru——zA)

# S030Y(B—g) =k B sy 2B).
H;s 1g1tur valoribus,. {ubfitutis -an:xbaf:. cocurdumtaet”x- et _y 1ta

reperientur exPreﬁ'ae- e

x]/(A+B):g(A+w) +5—(B~v) (3@+2B) et
IV (A+B) = 3(B - W)?H;—, 5 (A + @2 (3v—2A).

. ! §...9.. Hac. igitur ratione. ambas coordinatas ¥ ety
per communem variabilem. » algebraice expreffas- {fumus  con-
fecuti, id quod ad curuam conﬁwendam {ufficit; quandoqm-
dem pro quoubet valore 1pfus ? qu'mtzta*es vtuuqqu‘e COO0g~
dinatze affignare licet. Sin autem : quanmtatemrv eliminare velle-
mus, in calcnlos moleftiffimos illaberemur, wvix  adeo” extrica=
biles, atque aequatie inter x et y jnde refultans ad plurimas

dimenfiones affurgeret, qui tamen labor nihil aliud eflet prag~

fraturus, nifi vt ordinem, ad quem Thas curtas referri oportet,

affignare valeamus.” Caeterum quia hic duae qu'intztates arbi=
trariae A et B’ funt introdudae , euidens eft iam inniimerabi-

les lineas curmas diverfas in hac fola folutione ‘contifteri.

§. 10.
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§. 10. Quo formulas has fatis complicatas exemplo
illuftremus , ponamus A ——o et B—1, ac perneniemus ad

fequentes formulas concinniores:
‘ e A .

x:%wl/w-{-?g(fé—v)”(s@-}—z) et

N T  r S R 3 ' ™ .

y=Ll i —v+4tvovyo
‘Quodfi hic loco % x et %y fcribamus X et 'Y, quandeoquidem
hoc modo natura chruae non mutatur, tum vero eliminemus

terminum (1 — @)%, peruenietur ad hanc ‘aequationem :

5 X Y (3v+2) = (25 60900} vy v,
quae aequatic denug quadrari deberet ad rationalem efficien<
dam , tum vero littera v dfcenfura effer ad poteftatem | fepti-
mam , vnde'certe nemd’ déterminationem “huius ltterae' fuftis
piet. : ST el

Euolutio - cafus.

S quor U=V

§. 11. Hic igitar occurrent binze fequentes formulae
integrandae: =~ ' - - '
SIvY @+ Y o) et fo2vyV (@a+BV 1),
‘quas mox patebit itidem effe integrabiles. Si enim ponatur
Ve BY v)=1 erit Y v = =%, confequenter
. :-_T_f‘.l-f—za{;%fl-—l—a-a , ergo du :'4““;—(34““
I::::or fiifga abibit in hanc: i’—[;rfi (1t —a), cuins integrale eft

55 5Ea quamobrem habemus :

fovyarpyn =10 T gy 020,
SBPR

Pro
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Pro altera auvtem formuia Hlabemus

____(41‘_7_—12m15-+~12aoci9-—-.413”3f
TO W= 8¢ ’

vade -colligitur

— 4 1P enl? ; oo o
fodvy (e BV o) =ig—Rgl+rmlial,

Haec autem formula iam nimis eft complicata, quam vt ope-
rae pretium foret loco ¢ eiits” valorem reflituere; multo minus
deinceps quisquam laborem’ eflet fufceprurus, iftas. fosmulas
integrales ad valores coordinatarum x -et y transferendi.

‘§. 12, Hic'igitor “nobis -fufficiet oftendifie , etiam
hoc cafu curnas plodlturas effe algebraicas > quod lam  porro

dponte eluceblt p1o fequeumbus cafibus. U= ]/fu U'—‘]/w,

‘atque in gencle U= 1/1;, quo ,,caf‘u, pofito” V(a -+ ]/@)——z,

erit ]/7) = _”[3 , ideoque @ — (Etﬁ_“)’, ita vt o dit functio
rationalis integra ipfius #, dummodo exponens / fuerit pofiti-
vus et integer. Integrano igitur-iftarum formularim femper
erit i poteftate; quocirca etiam omnes ifti cafus perpetuo va-
Iores algebraicos pro coordmaus x et y fuppeditabunt.

Aha Solitio”
‘per angulos inftituenda. -
§.'13. —V‘temurr hic Rdﬁé‘rioribus f'ormiilis""§.'4. tradi-
tis, vbi ob P==1-et Q — v habebimus
dx==0ofin.®+vdvcoll D et
0y = Jw éol. -CI)—éJBqJﬁn.(I)
Hic fcilicet requiritur, vt eiusmodi angulus @ exploretur, quo
iftae formiulae euadant integrabiles. Hoc facillime pracftabitur,

ftatvendo v = fin. §, vt fit 0 v — 00 Cofi 9, quo fadlo -erit
Noua Alta Acad. Imp, Se. T. V. 1 - ox
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dx—=20col bfin.d+90fin.bcof Dcof P et . .. :
By:aecofGcof(I)-—-—Bﬁﬁn.ecof.@ﬁn.(Dg ;
Eft vero fin. bcof. $ —=Lifin. 20,
fiti. p coll. g == 3 fin.’ (p+q)—+— fin. (p——g) N
fin, p fin. g =i cof. (p—q) — i cof (p+ ) »
col. pcof. g == i col. (p -+ g)—Lcol. {p + g)e
His igitur- reduionibus in fubfidinm vocatis reperlemu“ :

3‘: — 1 finu(Q-0) -+ i (P—0)—+- fin. (204D)+1 fin.(20—P)
of(d)—ﬁ)-q—zcof(@—f—e)-—ucOf (ef—P)+icol. (29+¢)

33’

“"l

3

S 14. Iam veu? eu1dens eﬂ fngulaa has partes in-
tegrationem’ effe admiffaras ; i modo anguli’ O et ¢ rationem
inter fe teneant rationalem.:: Sit 1g1turd) a8, exiftente A nu-
mMEro quocungue, fiue integro, fine frako, fiue pofitino, fiue
negatiuo, quin etiam Uenclahus ﬁaLuI Potellt O = ?\9—{— o0
quo fa&o habebimus ¢ = '
| | 'g;“iﬁﬁn [(7\—; I)@—}—a]—-i—— fin. | (7\_-1)9—1—@]]
et (A 2T o] —Efin [(0—2) 8+ )
g’ cof. [(7\—1)9+c¢]—|— coll [(A+ 1) 0 +a]

— jcof. [(A— 2) 0 + a] -] cof. [ +2) 0+ a],
tzm autem integratio nohis Pr’lebeblt 1f’cas expreﬂioues :
cof. [ 1) 9+a] coj [(x-—:)w—a] caf[l7\+n)$+m]

Rl

Q.J
gy

b ap—

coey, 2l T) & A—1) 4h—2)
. ool [(A—2)f ]
. S e s: y
_}_J"n[{l-—-ﬂﬂs-!-a] _l_,_ﬁn [(h—rtd——al ___ fin. [(h—e)f+4af
2 (X — ‘ 2 (A1) 4 (A -2}
Jin, [()\._+2)9+a]
—]— 4(?L-l—z)

i

;qme fmmuhe femper eLgo erunt algebx;ucac, mﬁ foecit vel

e dy

'K_—e—x, vcl?\:r—s—z. , _— ‘
SRR & sse

, : '
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| - § 15, Confideremus rafum quo_ A==} 6t == o0, Ac
reperietur
x—colli0—Icoll38—%coll§d et
p=fin. i 0+ §fin. 30 -+ & fin. £ 0.
Porro cum fit
fin.§ 0 —fin. 0 cof. § — col 30 {in. 6,
. cof. 0 —= cof. § 0 coll 0 - fin. § 6‘ﬁn.'9 .
fin.$6 — fin.§ 0 cof. § 4 cof§0fin. 0,
col 30 2= col. } b cof. b fin. 29 fin. D,
his valoribus fubflitutis habebimus .
x = %coldfcoli § +Efinc30fn. ¢ —Zcofl.} 9 et
y_jaﬁn.éecof Gmiscof._ﬁﬁn 9—[——gﬁn.29. B

(":_,

Inteum tamen et hic calculo fatis taediofo foret opus, fi hmc
aeqmnonﬁm mtcr x ety ehcere vcllemus. |

I

1
,s..

§ Vs Euldens eft hinc parlter mnurner'lblles inueniri
lineas curuas problemati fatisfacientes, queniam litteras a et A
in infinitum warjare licet. Vtrum autem -omnes_iftae folutio=
nes a praecedentlbus fint diverfze’ nec ‘ne, quaeftio eft aldoris
111(39_511}15' in pnon enim methodo vauae folumones deduftae

funt ex varus forrnuhs radlcahbus, Vo, 1/17), 1/@., dum in

pofteriori petitae ’fiint ex muldiplicatione feu” diuifione” anguio-
rum: Nulla autem affinitas inter ‘has diuverfas determinationes in=
tercedere videtur ; atque adeo vix vllum eft dubium, quin in
linearum ordlmbus inferioribus nullae plane . dentur einsmodi
curuae, quarm arcus per arcus parfabolicos exprimere. liceat.

e ) " Adhue
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| - Adhuc alia Solutio
ciusdem Problematis. |

§. 1. Ponamus hic fatim » = fin.0, vt formula no-
{’ua adlmplcuda fit

]/(Bx‘+ajf)m_39cof9]/(1 —+ fin. 0%)
— 9 8 cof. ¢ ¥/ (cofl. 6% + = fin, )

Faciamus P = cof. § et Q — fin. 9_1/ o —# fin. § 5 exiftente
dv—200cof.§, et nunc ex §. 4. habebimus

Ix
o — = cof. ¢ fin. @ —+ nfin. d cof. P et
._%_é'_._cofﬂcof (b--—*ﬂﬁrl §-fin. @a

quae aequatxones in cof. 6 du&fte, ob cofi¢* —:~+3col 29
6t fin, =i fin. 20 5. abeunt 111 Viftas

"“-ﬁn d)+cof 2 0 fin: CD+nﬁn 20 col. P et
cof. @ - cof. 2 ¢ cof. CD——fzﬁn.r:zBﬁn.CD,

ST
hae autem. porra. ob;

cof. 2 0fin. O =1fin. (P+26)-+-ifin. (P—20) et

fin. 2 8 cof. © =1 fin. @Q~+2—ifin. (P—296),

cof. chofCD___:cof (P4 20) 45 col. (O— 20) et

fin. 26ﬁn.ﬁ “icof. (O—20) —icol. (P+29),

tl;gu]sf'ermabun,tur in, fequentes.:
"ﬁ_ei = 2fin; =+ (z+ 1) fin. (P2 8) — (n—1) fin. (G—28) et
22 — 2.cof, O+ (#.%) cof, (P+-20) — (2—1) coft (P—26)-,

-

1P

§. 1-‘8.

T ey
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§. 18. Nunc ambae ifiae formulze fponte Ietﬂlﬁ(:‘lbiiﬁs
reddentur, fi modo ftatnatur c;b_a—;«xe tm enim pro co-
ordmatls coruae quaefitae “habebimus

‘?_x = — & cof. (ot+?\9)+ﬂ+x cof (ot~ (A 2) &)
~}- ;:: cof. (o =\ — &) 6).
4y — _ﬁn.(a+7\l§)+"’+‘fn.(a+(h+ ) 6)
—fin. (a+ (A —2) 8.
Hae igitur. ambae. f01 mu]af: enunt. algebraicae, dummode ne fit
vel Az=2, vel A== —2 , rahqms cafibus omnibus , quibus

A eft numerus rationalis, fiue integer, fiue fmdhm curua pro-
dlblt algebraica,

§. 19. Hic ergo fine dublo caflus el1c1etur ﬁmphms-
fimus , i’ capiatur A—1 et. a = o0, tum emm habcblmus !

4% = —(n-+1) cofy § ~— ‘—’%‘i’ cof: 3.0, et
4y =—(n—3)fin. 64k fin, 34,
- vhbi litteram # feripfimus loco V 2. _ ‘ L

§. 20. Ad has formulas tra®andas ponamus tang.f=t,

fietque
=t _— | /
“tum vero erit rang 3 9—‘"”";, vnde fit
P10 I1—31t ‘
fin. g 6 — .3 ts et cof. 30 — 3 -
(x + 12y (x =+ ¢ 1)

quibus valoribus fubftitutis reperiemus

I3 — 4.4

=4
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e '(’.71*—&!.)_,' (r+1) (r—-«gr t) _ 4(+1).

| Vi Nj 3(x +H) - RE TS
- ideoque ) _ .- '
N . -—-'(’72-4—1 pa o
K — -———2 ef_‘ :
(x +121)° [
-y = 3—-(n+z)tt) N

(z +1 ﬁ) .
Diuidatur poﬁerlor dequatio per ptibrem et prodlbit
(n+1}y_(n+2> 33_3 iy :

Hinc dutem fatis liquet, fi vellemus quantitatem # eli-
minare , -aequationem inter x et y ad. plurimas dimenfiones
effle ad{cenfuram. Sufficiat igitur tres formulas generales exhi-
buifle , guarum’ ﬁngulae 1nnumerab11es ‘curuas algebraicas fup-
pedltare poﬁ'untdf, ita V¢ in omnibis "longitudo arcus curuae
SV (05 + 057, aeq:uetur arcui p‘lrﬂbohco j'afv ]/(I + 0 V).
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