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OBSERUATIONES GENERALES

CIRCA SERIES, QVARVM TERMINI SECVNDVM
SINVS VEL COSINVS ANGVLORVM MVLTIPLO-
RVM PROGREDIVNTVR.

. An&ore’
L. EVLERO

Conuent. exhib. die 6 Mart. 1546.

§. 1.

Quodﬁ hujus fetiet A+ Bx + Cx x4+ D x° + etc. fumma-
tio fuerit cognita, ita vt, quicunque valor litterae x tribuatur,,’
cins fumma affignari queat, tum etiam femper tam fumma
huins feriei: ‘

A+Bcof.'CI)+Cco£2C‘D+Dcof.3®;+etc,
quam luius :
Bfin.p+ Cfin. 2+ D fin. 3O~ E fin. 4O+ etc.

exhiberi poterit. Cum enim fumma primae feriel exprimatur
per certam quandam . funéionem ipfius x, quam hoc chala&c-
re Acx deﬁgnemus, ita vt fic

Arx = A+Bx—a—Cxx+Dx—*-etc‘
i loco x fcribamus tam

cof. P+ 7/ — 1 fin. o, quim cof. CID V*Iﬁﬂ (0]

{um-



fumma ferierum inde refultantmm erit
2 A+2Bcol.P+2Ccoli2 P+ 2D cof. 3¢+2Ecof +(I)+etc.
¢uius ergo fumma erit
Ai(cof O+y —1fin. Q)+ A: (cof(D Y — 1 fin. P);
fin autem pofteriorem a priore {ubtrahamus, prodibit- ifta feries:
2By —1fin. G+2CyY —1fin.2Q+2DyY —1fin. 3P
+2Ey/ —1fin, .q.CDCtC-
—¢nins—ergo{fumma erit.

A (COfCD-—l-—]/u—-Iﬁn Cf)) A (cof(D V—-Iﬁn.iqbf)

| §. 2. Quo exprefiones has commodiores reddamus 3
ftatuamus breuitatis gratia |
ol O+ —1fin.P=7p; cof. Q—V — rfin. p—¢
eritque, vti in vulgus notum eft, p g == 1 ideoque § = 3 tum.
vero erit
cof. p==2%7; cof. 2 CD—*?P“L‘M cof. g O = £+2L;
cofl. 4 (f) = PEE s etc.
Practerea vero pro finibus habebitur
fin. =21 ; fin. 2 O = 2E=1%; fin. g CI)__PL"_“E;; etes
quxbus conflitutis nancx[’amur has duas fummqtlones- |
A cof. o O+ B cof. =+ C cofl. 2P+D cof. 3Q)+Ec0f 4P+ eted

":M..L‘Li et

Afin. o O+ B fin. =+ Cfin. 2 Q-+ D fin. 3 P+ etc. =— pAip—Aig

2y —1

§ 3. Sumamus nunc pro ferie principali poteftatem
quamcunque Binomii euolutam, quae eft

(T+x)V =TT x—a—““":” XX +__.__._“‘“;"”(”'3‘“x3+ett:-
- its
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(14 x)%; tum Vero, vt hanc ex=

sta vt hoc cafu fit A :rx ==
defignemus fingulos coefficientes, vt

reffionem contrahamus ,

iam aliquoties -fecimus, his characeribus: (8, (1), (% Js (%)s

(%), ita vt fit

(B)=1,
(%) =mn, e
N p—
(%)wﬂf' 2 "n
T —_— 0 n—1 —_—2
(_3_)'——_; FS 3 ?
ctc.

vbi obferuafle iuuabit effe in generc ( n )'_m(ﬁrjgideoque

(- 7)::7( )= 1.. Praeterea vero euidens eft, quoties fueutz

——

vel numerus negatiuns, vel pofitiuus, maior quam #, tum fem~
per effe (L)=—o, fiquidem 7 fuerit numervs integer. His
€rgo obferuaus habebimus hanc {ummationem principalem:

o (T+X —(a)+(z)x+( Yt (5) x4 (5) x* - etc.
vnde ergo per praecepta modo tradita derinabimus binas fe«
quentes {ummationes:

(2)col.oP+(Fycof O+ (%) cof. 2P+ (F) cofl 3 O+ ete.
—(x+p)” +(1+9)n ot

() finno P+ () fin. P+ (5)fin. 2P+ (3) fin. 3(D+ etc.
__ (ppr—(1+g)*
. | o 2y —1
Quouis autem cafu, quamquam formulae pro p et ¢ affumptae
funt imaginariae, tamen femper iftas formulas ad valores rea-
les renocare licebit, quemadmodum in fequentibus binis pro=
blematibus {umus oftenfuri.

Problema 1.

Propofita bac ferie cofinuum :
1+2cof O+ . 2= 2cof e P+2 iz, r2eof. g Pt s
2 E 3
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ita vt per charalleres flabilitos fit
s = (%) cof. o O+ (F) cof. O+ (5) coll 2(1)+(§) cof. SCI)w&-efc,
eius fummam realiver EXPTIMEre. |

Solutio.
§. 4. Cum igitur fit, vt modo vidimus
__(I —+p)4-(z +?)”

A
S 2

emﬁente p"-“cof(D——}—]/—-Iﬁ nQ et g:cof' C'D—n]/—-:ﬁn CI),?.

totum npegotium huc redit, vt ifta expreflio pro s exhibita ab
imaginariis libetetur; edidens enim eft, i formulae (x+p)* et
(x +q)* attu euoluantur, tum Iimaginaria fe fponte efle de-
fiructura , quandoquidemn hinc ipfa feries fimmanda exoritur;
quam ob rem in aliam refolutionem nobis erit inquirendum,
vt fine cuolutione adhibita imaginaria e medio tollantur, id
quod fequenti modo fieri poterit.

§ 5. Cum fit pg—1x, formula 1+ p ita exprimi
poterit, vt fit 1 4-p = (Y p+ Vv ¢) vV p, fimilique modo erit

14-¢—=(Vp+V q)V g, hisque valoribus introdudis prodi-
bit noftra {fumma

s= 1 bV O (F ).
Cum iam in genere fit p*—-¢* = 2 cofi a O, erit
pﬁupq%:zcofICD et p°+¢ == 2collinQ,

quibus valoribus fubflitutis fumma quaefita iam realiter fequen—
¢ modo exprimetur: §:=— 2" cof. { " cof. i # {.

§ 6. Hoc igitur pacto fummationem maxime memo-
~ gabilem fumus adepti, quae ita fe habet, vt femper fit
. ' I




e (1) e

i " o ¥ 1.1.",——1.?1'.-‘“2 f: y ’
1+ Lol L. 2o e Pt BT —* cof. 3 Pete,

F - =motcol i P cofin P, |
' quac. femper veritati eft confentanea, quicunque numeri pro #

fubftituantur, fiue integri fine fra@i, fine etiam negatini. Ope-
raec ergo pretium erit ex quouis genere cafus fimpliciores oly

oculos exponere.

' Evolutio cafuum,
quibus exponens # eft numerus integer pofitiuus.
, ~ § 5. Confideremus cafus {equentes : }
1% Sit w=o, et ipfa feries in vnitatem coalefcit, fumms R
autem erit — 1.

; 2°.  Sit # =1, et feries abibit in ¥ -4 cof. ®; fumma au-
! tem inuenta praebet 2z cof. ; @*. Confltat autem efle 2 cof. i Q*

i — 1 - cof. .

3% Sit n=»2, et feries abit in T 4~ 2 cofi @ 4 cof. 2 O;
fumma autem oritur == 4 cof. ; Q*cof. O. Modo autem vidi-
mus effe 2 cof. § O* =1 - cof. P, quae forma per 2 cofi P .
multiplicata producit
2cofi Ox 2 cofli P =1 -+ 2 cof. P + cof. 2 .

4% Sit nunc 7 = 3, et feries nafcitur haec: 1 + 3 cof.
+ g coll 2 P+ cofl 3 P, cuius fumma eft = § cofi 37 cofl § P,
quae formula per reductiones fatis cognitas ipfam feriem pro=
ducit. '

o

5°  Sit nunc # =4, et feries abit in
I~ gcof. @ 6 coft 2 P~+4 cof. 3P - coft 4 P -
tus ergo fumma erit 2¢ cof. ; Qtcof. 2 O, cnius veritas etiam
non difficulter oftenditur. Sicque femper veritatem per re-
ductiones cognitas oftendere licebit.
M 2 Huolu~




Euolutio cafuum,
qUIbUS pro # numerus 1nteger negatluus G_CClpltul‘

- § 8. Statuamus 1° 7 ==— ¥, atque hinc nafcetur fe-
quens feries infinita :

T — cof. O + cof. z(])-—-cofg(b»{—cof 4O —cof. 5 P ete.

in infinitum, cuins ergo fumma per noftram feriem generalem
cof 3O
2col i o
obferuatum. Quodfi enim hacc feries, cuius fumma tantispér
ponatur =5, ducatur in 2 cof,: @, reperietur per reductiones no-
tiffimas
2 scofIh= {2 cof.;d)—cof_.%(I)—i—cof.é(l)m-cof._i_q)—i—coﬁ%d)%etc.
—~cof. ;P +cof. §P—col i P+ col. iP—col 3 P

quod manifefto redit ad 2 5 cof. 1 O = cof. £ ideoque s =%

§. 9. Statuamus nunc z —-— 2, €t feries orietur fe-
quens : ' K
1 — 2 cof.+ g cof. 2O — g cofs g O+ 5 cof. 4 O— 6 cof. 5 Petc.
i o cof. © . . .
cuius ergo fumma erit =— —— T _ . cujus veritas etiamnunc
4cof  @° |

- fequenti modo oftendi pbteﬁ. Pofita feriei fumma =, erit
] . acofliP—2cof. iQ+3coftiP—gcolli®

ascof.i= { 2cofli} C])-;—ﬂcofSC]) geoliQ+5cofllf CD} et

qui valor coalefcit in fequentem feriem: ‘
9_Jcof.zC])___cof._(I)—~coﬂ2q3+cof.§(‘£)—~c0£§® ete.
Multiplicetur -denuo per 2 cof. § P, ac prodibit
o §cofP+cof2P—cofl sP+coli4D+cofi 5O _

4se0fi "% —cof.eP+cof.gP—coligP—cof. 5¢}etc.,coﬂ¢
ideo~

- quod quidem iam dudum- aﬁegmetns et |



— (0] mem——

[ . L . a . ) ..
ideoque_J§ = of. D vt inuenimus , fine erit etidm
4 cof. 3 O
5= cof- &
: o1+ cof. P )

§ 10.: Sit nunc # == — 3, orieturque haec feries in-

finita :
1 — 5 cof. P+ G col. 2 p—r1ocof.3P~+15cols 4.(})-—21 cof. s QP etc.

/ cof'.zq)

cuius ergo fumma erit = — Haec autem exprefiio
: gcoft : P

porro reducitur ad hanc
e _ N . 3

X
—

8 col.i §° 4 (1 =+ cof. (f))

: o e = 1 -2 e O
ita vt quoque fit § =",

§. x1. Simili modo {equentes adipifcemur fummationes:

; » | o
1 —acol. D+ 10cof, 2P —rnocol. sQetc. = ok
teob P P 16col- 3 4
1 — § cof.P+15 cofs 2P—35 cof. 3 +yocofgPete.= mcoﬁ_é__d)_ ;

' g2 col i ¥
1—6cof. P+21 cofia P—s5 6 cof.3P+1 2500f4@)etc,_ cof. 3(13@5,

3

of.ﬁcb

1—=cof.P+28cofi2P—3s4col.aP+210c0L4Pete. = : .
128 col. § Q¥

Euolutio cafus

quo » =1.
§. 12. Hinc ergo formabitur fequens feries infinita:
5 -3 cofl CD--:-_cof 2q)+£i.~°'cof 3(}),,4’1 222 cof 4.0 ete.
M 3 cuius




cuius ergo fumma erit = eofl 1Py 2 colL3 (®, cuius veritatem

haud facile erit aliunde comprobare; certis auntem cafibus ma-~
pifefto in oculos incurrit, Velut fi faerit @ == o, habebitur

X T.T g I.LG __ TeI.3u5, e .

I+E mTﬂnﬁnﬁ ﬁ.@.éoa("tc' MVZ,

. . h o
feries enim manifefto oritur ex euolutione (I —-1 )
: O = 90°, et feries erit

B

— 2‘

s —

Faciamus nunc @ == 180°%, vt {it

1.1.3 I+ T. 3.% etc. - O

r — Iz
2 2, 4 Ze e 6 e 60 8-

quod_ etiam inde enidens eff, quia haec feries nafcitur ex for-

I
ma (x — 1)°% Sit etiam § == g0o° et feries inde nata erit
: 4
— 7
etc. = cof, 22°% 3o’ ¥ 2.

I. I X.I.3.5 Y. T+ 8 5. 7.9
I—-}—-......— ...l._ f. 9
2, 4 2. 4 64 8 EOL X2

2. 4. 60
Eft vero

o 0 — { -+ cof 45°) I+VYe
cof. 22°, go° =/ L8 =y |
vnde fumma concluditur = y =), ficque habetur haec fums

matio maxime memoratu digna:
285D ete. I

. I - T.1.3. 5

I+ N 2. 4. 6. 8 - 2. 4. 6. §. 10, I2
Sumamus etiam @ == 6¢°, et orietur ifta feries:

- I.I.R%.5.7.9 I etc-

1.1.3.5 ; 1.1.%.5.7 %
* ————
2, 4. 6. 8. 10 8. 41 6. 8. IO, I2

.,/I-—i—-?fsa

L}
2 .

T T I.I I I+ I.53
QR GENE CE O LY
BB ot a0 EAPN

EN

. . ,
culus feriei ergo fumma erit coft 15°y 3. Cum igitur fit
o —. 1 - cof, 30° — 2V 3 . )

cof. 15 “‘“Vl'—T'_—]/'-;—*s

. feriei fumma erit 17/ (3 -+2V 3).

- Euvolutio cafus

qUO = — %.‘
§. 13. Hinc ergo fequens formabitur feries infinita
. L3 — It L3 5.7 '
1 ,.cof.(})—i-ﬂ%coi”.z@ 2_4.6c0£3¢)+a.6'890£+®f:tc.

cuius




m(pg)m

. col. 2 s : b e
cuius ergo fumma erit == “—. Hinc i fuerit Grzo,
1/ 2 cof, 3 CP

oritur haec fummatio :

- !:' ! .3 T 5 & 1 I 8. 5.7 tc ._._5_‘.
I z 2. 4 Zide 6 e.q.a.se ’ Ve

x
Nafcitur enim haec feries ex forma (1 —+4-1)" % Sit nunc
O == 180°% et feries refultans erit o

’ f 1 _I.3 I,5.5 | I 35,7 '\___ .
I-'i-":s—l—;_—; 2-4-6*2.4""——.5,.3_*—6“ = oo
I
Oritur enim haec feries ex euolutione (z.— 1) % Sumamus

etiam P == 9c° et feries erit

DR - T — cof. 22°, g0,
13 1. 3.5.7 I.5 5.7 9£etc. cof. 22°, 30 .

2.4 2. 4. 6. 8 2, 4. £, 8, 10, I2 4,

Ve

Ante autem . vidimus effe cofl 22°, 30" = ¥/ 25V, vndé ifta
fumma erit — V(1479 2).

|
’ § 14. In genere etiam .pro exponéntibus quibuscun-
i que # operae pretium erit angulo @ certos tribuere valores N
! ac primo quidem fumpto ¢ = o habebimus

T (1) () o (3) (1) + ete. = 25
haec {cilicet feries eft ipfz formula (r +4-1)" eveluta, Suma-
mus nunc - = r§0° et orietur haec feries:
T+ B — @)+ () —ete. = o,
fcilicet haec feries eft = (3 — )%  Sit etiam O = ¢e® et feu
ries hinc nata erit
T—E+HB— @)+ () —(3) et

chius €rgd {fumma erjt

. : g ‘
2" colt 45 cof. 71 45° == 2° " cof. 1 45",
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§. r3. Haec pofirema fesics €o maiori attentione dignz
videtur, quod eius veritas nom parum eft abfcondita; vnde
haud abs re erit cafus aliquot {peciales contemplari, a¢ prime.
quidem pro numeris integris pofitiuis:

1% Si m==o erit 171,
00, 8i m=1 erit 1z=cof45°Y 2=1,
9% Si n—2 erit f—1 == 2c0{.90° =0y

3° Si #n==4 erit I— 61 = 270l 40 45° 224y

6° Si n—35 erit 1——10*1—-5:25%01'._5...4.5‘?:“4.5

=°, Si n—6 erit 1—15-15—1=2%c0of.6.45°="0,

8% Si #—4+ erit 1-—-21+35-_-r,-7::.2écoﬁ7.4.5°::23,

9° Si n—8§ erit 1 —2870—28-+-1 =2%cof. 8.45°= 2%,
etc, ¢tc. -

. § 16. Maiorem attentionem merentur cafus, quibus
pro # numeri pegatiui accipiuntur , quippe quibus feries infi~
nitae proucniunt.

°, §i p=—1 erit T —I+ I—E-T—I-T-—I-I-1CC

20, 8 n=—2 erit I—§+5§—9+9—II-4-I3—E5-+176tC
- : =acofl 2.45°=0 ,

3% Si az=—3 erit I—G--I5—28-+45—066-+9I etc. ’
: ' e 60[3:45% o 1
— "y T #?

42 Si n=—4 erit L1035 —84-+I65—286-453 etCe

:cqf.q.‘45° .....___%
% A2

3 .
e e ——————————r——77——qi;O:—JSiﬂg—_;—;gf—fﬂ.—t‘:[—)-—-—ﬂf:-ﬁ?f—c01'-3—‘—4'5—?7;; 2y )




m— (%) ====
§% Si n=-3 erit I—-x5+7o.-210-i~4-95—=-10c1 etes
_col. 5. 45° Y
Tt
23
6% Sim=—6 crit T~—2I+126-—4627-1287—3C03 etc.
_cof 6.45° - .
8
, ete. _ete,
In genere autem pro his éafibus erit-
i __.__M)L—f—x)_{___ AA TN 2 AA8) _ AR} L o 4 e o . (At5)

I. 2 X, 20 .- Ga i & I 2. 3. 'S 5, 3
e M) o e T AAEAY - . . s (A9 ctc e
2. . . . . Ie 2. ., ® L] . 0

enins ergo feriei fumma erit
__cofLA 45°
2t

Prcblema 2.
Propsfita hec ferie finuum:
o n == g n n—_—1 N — - ’
2 fin. L ﬁn‘.2\D+?.T. saﬁn.acj)-i—«etc,:;»
ita wt per charadleres [upra adbibitos fir

s=(&)fin.oP-+ (%) fn. ®+(“)fn s P+ (%) fin. 3(I)+ctc.
valorem buius fummae s fealwef exprimere.

Solutio,
§. 17. Quodfi hic iterum introducamus litteras
p=cof. O~y — 1 fin. D et '
g = cof §—y —1xfin. P,

quoniam eft p* —g¢" = 2}/ — 1 fin. n Q, feries propofita in duas
{equentes difcerpetur
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e (98) ==

M pE (D P (D) )

| 25V ‘""{--(%)qw(2)99*@)9%-(%)94} et

ynde manifefto erit " '
a5y —1=(14p)y— (I-+gm

i § 13. Hic iam iterum obferuafle iuual:;it effe
1+p =PV VD e
T g =W p+V DV

~———————quibns—valoribus—adhibitis—erit — e

~n/—r—<w/p+m>"<p — gy

Quomam igitur, eﬁ: | ‘ :
pé”——g —-‘21/--1ﬁngnd) et
Vp~+vV g==2cof i, '

hine per 2/ -1 dinidendo prodlblt fumma quaeﬁta realiter
gxpreffa s = 2" col. § Q" fin, i 2 P..

DE




