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DE SEBIE MAXIME MEMORABILI

QUA POTESTAS BINOMIALIS QUA]"LUNQUE
EXPRIMI POTEST.

AUCTORE

L EULERO

Conventui exhib, die 20, Decembris 177g.

6. 1. Memml me olim vidisse seriem prorsus singu-

* larem pro potestate binomiali:. (1 + x)", quae abrumpeba- .,

tar pro casibus quibus e:&ponens I est tam numeras - in-
teger positivils, quam’ negativus. Quia autem ejus formae

“non amplius 1ecmdabal, eam sequentl modo sum perscru-
‘tatus, qua ista series. abrumpl -débet, srve n fuerit nume-

rus integer positivas, sive negatlvus 5 eam sub hac forma.

-I'BPI assento :

(1-+x)" _“A+?1i3+n(n—~1)c+(n+1)(n (nn——-l)D |
-+ (n4-1) (n)(n——l) (n—-2)E+(n—|—2) - (n—-2)
+(n—}—2) (n-—-3)G—}— ete.

§ 2. . Hac forma g‘_en_eral_i‘ constituta , “litteras A, B,
C, D, etc. ita determinemus, ut casibus, quibus pro 7 -nu-.
meras integer sive positivus sive. negativus assumitur, satis-
flat unde castus ﬂmphcmres sequentea dabunt aequatlones.
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Sin

— 0, erit 1 — A,
_-n:l_' ~1ax—A~B, = -
- n=—1 f':—;-x"—"A —B42C,
-n=2 - (1) == A+2rB~{—QC+6D o
- n=—2 - (I+x)g__A——”B+6C—-6DJ—O4E

- n=3 - (1+oc)3—~A+3B+6C+24D+n4E+ 120F,

- n=—3 3_{1+x—ﬁ‘ﬂA—3B+1ﬂC~ﬂ4D¢ 100E
' : ~—120F + 720G, )
- n= 4 - (1-;—3:)4-—A~{—4B—?— 12C—|—60D-—1— 1901}
o +120F+ 720G +5040H, .
- n=—4 - (l_i_x)‘}'——A 4B+900~—60D«~}—360E
| ' —120F+-5040G—5040H +403201,
" etc., o

' ™~

§- 3. Jam resolatio harum aequationum pro - litteris
A, B C D, ete. sequentes ‘nobis praebet valores :

—_ : ‘ L
1)' . A‘ '“_" 1 > 5) 24’ E (1-};3@2-’
2. B="x , -6) 120]5‘—'“:':6)
: T :
3). .QC——-;"_ISTQJ_ 7.): 720@5_(;_!_@3,
4. 6D=, ete. ' |

. ‘/ -
§ 4 Lex, qua hi Valores ordme plooledmntm, satis.
est manlfesta, dum quilibet terminus PlOdlt si -praecedens

’

vel per x Vel P‘e}ﬁ T——%’X: mnl‘tlphc‘etm, Quo observato se-’

ries, quaesita sequenti forma expressa reperietur :

-
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| .17
(l;l_f)“'-~1'+ix+ﬁ’l“‘) &x +(n+13ntn*~—~1) x$
)T L1 i 1.2 T1.2.3 A
o () () x4 (n+<2),. (n»——*-zj x5
== 1.4 QERE + SR RN A {1 -)?

.o (71'—‘—2) ..... (TL-——-—-q) 6 v
+‘ 1...06 (s—-}—x)"+ ete.

cujus ordp guao clarius in oculos incorrat , stattamus

y
g 2% €t dlsunguamus terminos ordine pares ab mlpa—

F, ribus, ut seriem .geminatam obtineamus; eutque,

E (g g (2 gy oy 22 ) D gSor-etc. -

; (1-+%) = _}_@(n_i_(nq-;)n(n—a) Zg (o). ”(n —5) 9;4+ o)

YE- ﬁ‘tq‘{le ob. insignem ordinem, quo -termini utriusgque Seﬂel -
pzocedunt, }am fatls tuto concludere lzcet, eas esse ver1tat1‘

E consentaneas. Quoniam vero ‘haec lex per solam inductioc-

oI, nem est conclusg, utigue - r1p1d10re demonstrauone mdlgeq
quam jam sum lnvestlgatums. -

1is §. 5. Inteum tamen statlm ‘casus memomblhs se of- -
fext quo veritas Im;ms seriei egiegle confurmatur , sci-
licet si_ exponens 1 statuatm 1nf1n1te magnus, simul vere -
x 1nfm1te parvum, ita tamen'ut- productum nx sit quanti-.
tas finita, puota u; tum énim constat esse (1 “)”,::_ €.
Hoc autem casu series inventa sequentem' induet formam' .

" . e:::l—i— —-}—12-]—123'_'1234—[— etc.

' quae senes, ut cuique ‘constat, vental:l est consentanea.»
ms - .
se- §. 6. Ut autem Ins demonstratlonem completam inqui~ -

ramus, qma Posulmus —J—Qc""%z: erit x— _zz—a—mi(zz_l.,@

A
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Ad hanc fmctmnem tollendam statuamus === 2 ¥, ut . fiat
r=oyy -+ oy V Ve hmcque ﬁt

‘ 1+:x:-—1+ 2yy+ "J”/.V}”—f-l (J’+V1 +J"ﬁ’)2
ita ut potestas nostra - proposita evadat ( y-]— V1 —+ J/y)2 n,

'Q_uza igitar 1sta founula. ¥V 1—1— y y fxequeutlssune oc—;

. ctirret bleVltati'S matia ponamus y+ T/ 1 —]— yy__v, ut
- potestas: evolvendd su: " ‘

§7 7. - Cum Jmtul ista otestas v °" ae uetm bmls se-'
P q

riebus supra exhibitis, pro, priore statuamus :

| S:1+n(w—x)m+(nﬂ) . (z—ﬂ)%_] i) (1

3)26+-etc;
. pro’ alterd vero statiamus: |
¥ : -
_‘f«ﬁnm —1——(—71—_——'_92—(7;— )£32+(n+f)...(:
ut ﬁat |

t—=ngs e (“_+ ?’:(';— D B 2)_"_"_(’;"”2) z5  etc.

=2 2t - etc.

yuae - series pldecedena magls est . assnmlata. Hinc igi-

tar habebimus 2° ___.s+ e

§. 8. Cum’ mmc posueunms z:g ¥, atque hmc fiat

—-99ry+ ﬂyl’ 1~1—yy__2y1) habebimus. ~___v, et

aequduo no,_stl‘a‘]flm erit v°

. By way
Bv'""B G 2%y — .
) jf v’:+:vy Vx—i—:vy

ita expuﬂmm, ut sit y ==, hmcque porro P/l - yy_””+1 '

_s;f_—t*p. Ut munc hanc ae- -
quationem per  differentiationem tractemus, notetur esse

Vibissim autem. ¥ pt'-':r B
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quae sublatis fractionibus hanc induet formam :

19
Tam vero dlﬂ"e;enuando eut ay = M%’%’;i_-? , qui wvalor

egregie convenit -cum eo° quem plaecedens formola diffe-

rentialis . praeberet , unde, fit: -

By”*'a Vidyy = a_”“:i;ﬂ-

§. 9. Cum jam potebtas nostra »*” aequetur duabus

NI

seriebus , graram alteramr per § altelam per tv denotavi-
mus , notasse hic juvabit priorem seriem & mmplect1 ter-
minos 1dt10‘1ales, alteram VEero telmmos omnes continet 11- .
13%1@11:&1@9 Hot observato aequatloms mventae primo su~ -

mamus logarithmo:: . u_*.: habeamus enlv = I(s +tv) et
endw | 9sd-wpl—-tow /

stumtis dlitf:reatm.lhbus --.erit e T _Cﬂm au-.
'!. ’ . AR o ’ 'uay

tem - sit v = y = Vot~ yy et ov = e, factar,.hac-

substitutione orietur haec aeqﬂatlo i - N

nnay __a V’I—Fa‘y—l—yar’/ +yy+3f(1+y3'}—*-f3’aj'+fay1/ y_'y
Yifbyy - S sty -tV Sy VL tyy -

S 14

, gnsay—]—ontyay_;_gntay]/l —|~yy | -
__BSV1+yy+yarl/1+yy+at(1+yy)+tyay+t3y1/_ Y.

unde ‘seorsim aequando partes 1at10nales et 1r1at10nales'

nascuntur hae duae aequatlones |
I.— onsoy -+ (.gn-—l)tyay_._at —]—yyat
(Qn — 1)t8y*- as+_}fat
§ 10. ‘Ut harum aequationum pnol 51mp11c1or red- :

Ve

datur, ab ea subtiahatur PO&LGI‘IOI’ per y mulmphcata, e]us—




. que loco prodibit ista: Qnsay,_nat-—ya& " Altera ae=
* quatio, cum hac combinanda, erit (2n—1)tdy= s+ yat.
Jam videamus an ex his “duabus aequationibus pro lit-
teris s et t eaadem series deuvare ‘queamus , - quas supra
pér 111ducuonem elicninus. Quomam autem illae series
procedebant per potestates litterae % =2y, hic loco
ecnbamus Iy, sicque nostrae ambae aequatlones erunt :

(9n-—~ l)iaz_._zas—kzat
nsa‘z;_.._ Qat——-zas

§. 1.1. Pogsemus nune. €x ‘hiy duabus aequatlombus-
eliminare - 'qﬁanu’cauem t, quo facto ptodnet aequatio dif-,
feielma.hs secundi gradus inter § et %, unde haud difficul-;
ter series valorem ipsius exprimens deduci posset..,

Deinde simili modo, eliminata listera s, tvalis aequa_tlo pro-

diret inter t et %,. ex qua eodem -modo series PlO t deri-

'~ wari posset; vernm mulito facilius ambae hae series nmne-_ :
diate ex binis aequatlombus inventis .erni poteztmt . Pro .

 utraque scilicet - 11ttel-a’ statim fingamus sequentes series
indefinitas : J o '
g==1 +Az2-{—B&’, —[—Cz5+Dz9+Ez‘°——1— ete,
t=mant Bf’g—q/zs - 0 %? +—azg-1-etc
o § 1, Nunc istas seues substltuamus pr}.m@ in ae-
quatione priove : .
(27— 1)15_.__.%_‘?;3_-“%_—:@,

[

et

[
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sequenti modo : o \ |
.(9;3_.1)15___(911—1)&2“4-(011— )Bzg+(2~n1)'yzs (On-—-l)é"z"'—a—etc, i

zaa:#__ — T — 38 — S Fy 70 -—etc.
,___283; 4A._._.. 8B — 12C — '16])———-61:(:.

Hic jam smﬂuhs partibus seoxsim.. ad nlhllum redactls ob-= |
tinemus sequentes detemnnatmn_es Do

A — (n"”) D — (n"‘DB

B i— (““—ﬂJﬁ H :___ (”.';_53 e,

C =y, ¥= 0D
L etc.

§. 13.  Eodem modo tractetur altera aequauo .

z\as Y- & SN
ens 55 'T‘az'-—'o’

et facta Subsututlone seuemm fictarum supra datamm ﬁet"

ons — 9n+ gn/&zz -+ anz“r—]— onC 28 - 231D23+etc.

— QA +'4B + 6C 4 8D Letc.

_f._z:_gm_g‘ﬁﬁ — 10")/ —_ 14.3 ~— 188 ~—¢lc.

Hmcque ergo fluunt sequentes detelmlnatlones :

a= m , = §= n+BC T
g = = n-H A, £ = ‘n+"’D ) R
L n+2 o n—-]—-s '

v =B, 4{==E.
' etc.

- § 14. Cum nunc 11tte1arum giaecamm prima ac._-::n

sit cogmta, alternatlm binas supeuores detelmmauenes con="
H

Mémoires dciAmd. T.IFT.. SRR o 11
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stilendo sequentes valores 1epe11enim

@ = 1, A = ”(”;"’j S, _
‘ ﬁ — (n-—l——':)n(n-——t)’ LB = (n—t 1) (n— 3} (2}
; 2.3 : : . 3.2.53-4
o 'Y .'E‘..““.. (n-}—a)! ..... s (n-——.n)’ C :-.(n——l—g) '”(671.—--3)5
pg— (n=4=3)...0.- Cn——gj D — (n=2) ... (:—w-;) )
: 1 . F
etc. S et

"Demonstratum igitur nunc est legem plOgleSSIOTllS quam

[

supra , quasi divinando, attullmus , cum Ventate petfecte

consentire. )
§. 15. Cum igitur inventis istis sellebus su :

(1+a:) — 'fv”,: s<HtZ,

, “-quaestlo hic omni attentione digna occurrit , qtiinam pro-
ditari sint Valoms pro utlaqUe littera & et t seorsim sum-=

1, quam 111vestlgauonem in seqaente ploblemate suin

-"suscepuu s,

Problema.

Propasztw hw duabus seriebus :

'S—*1+n(“m1) %t (n+1) = ""“3%4~—‘—etc.

— (n+1};(n——1) 3 (n : %J e (n—m2) 5 -
t__—z-;— 3 % + Y] 3 + ete..
znvestz gare umusqu.e su,mmam.

; | Solutio.

§. 16. Determinatio harum duaroin summaram repe—-"

tenda est ex binis aequatmmbus differentialibus supla m—»

ventls, dum Ioco % et 9z scribitur 2y et 20y
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3
1
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(27 ~— 1) tay — ds¢ +yat
ggnsayﬂ_atﬁ.ya&. R

]_—11c qulﬁem iterum’ posset altemtla llttelalum § €t t eh«-
minari, quo pacto pewemreLur ad aeguationem dn‘felen«-
tialem secundi gradus . verum etiam isto labore superse-
dere potérimus. Utam_ur scilicet. tantum aequatione priore

lac: forma relata: ds=—=entdy—09.{y , cum qua combi-"
nemus aequationem’ principalem: »°"==s-}-tv, unde fit

s=v " —1v, 1d,eoque

ds —enp™" | Yov—9. tv—*znzay--a f:y

Est vero 9.tv — 3.ty == 2.t (v — ) = 2. tVl-#—J"j’

: ob v ___y —]— 1/ t ——yy. Sicque habebimus :

—— tydy
o nv'" ravﬁgntayhl—atl/l»{—yyﬁ—‘,iéy,

quae aequatio per V14 _'yy divisa, dat:

. E'QT‘L'UQ'“'_'_'I gar -
.

ot 1227 L ont

I+y§ ’ 81/1—1—./9’ T Vitoy
Quia vero est ———— = %, aequatio nostra erit: .
' Vidyy 7 ' ,
tyoy 4_80 ___ anuRER—Igwy
3?5—1—1_,_”-}— ntT = s

quae mumphcatd per v ”1/ Ltyy reddet membmm Siw
nistrum integrabile , eritque : , \ o
a to’ 1/1—;-yy_._2m:4” av,-

cums ergo 1ntecrale erit :

t'"V 1 fyy =

TOiH

4n 4, C .
v +;),




consequenter. habebimus
;= 2% - Cy— 2%

21/7:'1:5 ‘

§. 17, .Tam pro constante C qum casg, y—-o et

pe=—=1, fieri debet t = o0, erit C—=—1, 1ta ut sit:

. 2."’!.._._..._ —2Mn .
o= 2= unde deduc 1tm |

211+ 9.11-—1—: S K ’ h
's:*_,v”—tv:v“———f'” o el PR
. 21/:-«}-yy
Supra atitem - ‘vidimus esse : v 1~ y:y‘__--—;—. — quo sub«
Topen _‘_..Ug-—zn
stlttlto 1epeuetm .s.__w_m—w T s

Interim tamen- etiam v1deainus, quomodo aequatmnem dlf-

ferentlalem supra memoratam tractaii OPOItLdt S

Alla Solu Llo.
ex d1fferent1d11bus secundi g adus petﬂa

-

§. 18. Cum nostrae binae aequdtiones dlﬂ‘elennales

_ sint: 05 = entdy — d.ty,
'Bt:—...Qnsay—\—yas9
erit ex priore §—=2n f toy — ty .qulbus valonbus in al-
| Tera substitatis fiet : -
at___4nnayft8y —7- 2. ty,
quae evoluta - dat : . -

ot — Anndy[tdy — tydy yyat

§. 19. Ut hinc signum summatorium tollamus, - ‘sta~

R

tuamus ftdy = u, ut sit tﬂ"a et at___aa“

A

, quibus va-

le:
qu

et
red



a (1 +y‘y) +yau = 4nzzuay,

Joribus subsntutls “prodit :
f;bay

quam. aequa‘tlonem, ponendo (7 e’”’ y, ob. Bu.dp aye
et 29u = (dpdy -+ ppoy) e’?° ', ad dlﬁemnualla prima

et
E reducere licet ; exit epim: i
@p+ppoy) (1 -ny) ~+ py By 4nnay; sive
: o Dy
i _ Bp—j—ppay—hlwl_w 4”’“1+w'
; Ut nuic primuim telmmum et Textmm 1r1 urmm
4 . 20. P
t q .
b i . — 9 __, eritque ac tatlo
, contmhamus, ponamus P=rms ’aq q( ql)a
__91 199 nn L9 sive L. —WITILR ) quae
| L R A TAN e T quac.
dit- 5 commode sepmatmnem admittit; evidens enim est prodire;
04— 0 o o
. gan=—a1 T ey
. g quae aeqnatio per 4n mu lplwcata et 1ntegrata dat
i *lz-’f-'f‘f = 97 . — Anlv
b ‘an—g T i e =T AV
1 % t i enhl — Cv unde elicitur
ales %; consequen er et - — — > elicit
- {-' e on(CadTe——1)
. % q - Cm4n+‘1 *
E §. . 21_{ Hinc igimr', ob p::;+ , erit
7 : S ST
% 2 o qew nn(Cru‘%”———-:)aru
- ki — 497 . R —
“al 1 poy = 1/1-1—:yy =5 _ideoque pay__ W(Cﬁn_}ﬂ s
li; quae e‘cp,lessm resolvitir in has partes s
l angv . 4nCod? - 13w
| POy =—"% T Towai. 0
cujus ergo integrale erit: : L
- ! fpay—'——znlv—]—l(Cp“-;—1)-—]—ZD
sta- consequentei erit -
e i 3 —
vau &= (1 4ot )..__Dv ”—L-CDW“” .
. ‘t o
-}
.3
b
I

B
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§. ce. Cuni igitur sit u._fi:aaf 1deoque b= a i per

dlﬂ’emnud uonem, mutatis constanubus a1b1t1arus, 1eper1mus s
. T Ew—2% o Fot3n .

Vi-=yy

[

Ad constantes. autem definiendas primo notetur pOSl’EO y—*o .
‘et v =1 fleri debere t__.o, unde fit F..._.—-—L ita ut

jam srt. o B (v_”“ ' +M)-.

Demde Vero si
Y1 1-1‘—9'3' J/'

“fuerit infinite parvom, fieri debet K _.,nzmgny tum vero

evadit v =1 4y et v = 1—y, ideoque v""—i+-2ny
R = =1—2ny, ex quibus valoribus fiet Ony—-——q,n}i, ¥,
sfgo K —-—1I, sicque nancmgmmm pro t eundem valorem
ac supra invenimus, scilicet t—“%n,_e}; quo porro

Ah—T L gpl—327
‘ 2V 14y
Solutio facillima Problematis.

ut ante derivatar §=—="2

§.-23: Han¢ solutionem derivabimus ex sola ‘aequa~

't1one x n—"'d‘-%f:?), in qua, ob v=—y-L V. 1+yy, llttuld._:

§ complechmr potestates pales 1psms ¥, t vero. impares.
Sumto. igitur 3 negative, littera s manet eadem , littera t
vero abibit in —t; tum autem loco v habeblmu_s,:

= r A+ Vaityy =

Hoc observato, si loco 11ttelamm 8, £, v scnbamua 8§y —1t,

r P

v, aequamo nostra etlammmc submsi,eze debeblt 510—

—nm
que habebmms v =8 = , qua aequatwne cum pnn—
cipali v° i -t conjuncta » flet subtrahendo :
& .
.




L

i

1
[
}
i‘
0
ir

af —- o7 . : f
P = tv + 5> ,
't.."‘""——~ U——— P21 o gpl—2%

~, et hinc, 1epeueml §==

" unde 1"1t f*—

u N RARRZA
.e:l"[;"""I

Cum enim - €x prima aequatione sit. t =7 —, ex

“altera vero — t—o' " '—1, hi valmes invicem. coae="

* guati dabunt s(wj’) 7)2“'"1—4— »* ™", unde ob =¥ ,1+y’-y

,Dszn—-x jgE—2T T
.

erit § == , _
2V 15y o , o 7
SS o4. Transferamus demq_ue haec -omnia’ ad ipsam

potestatcm 14X, et ctim sit -1 -}—m:vv et

—— P TS sl I 1/ sl
Vip ypy =22 = e et eV a0y =,

qulbus valoubus substltutls fiet «
LEE (1) %—1—(14— )
(R L N ),

o

sive _ e
R CE = .
e ) .
PR s I (et it
- x4 2 :

L T A . o 1 ‘ . . :
Hinc pro alte_:ra serie ' dedueitnr —z"’—n =1V 1 4-x, ideogue

2

valor _seliei erit :
(i x]“"“'l Y xji—-—'n.

[ 2+xl >
quae .est’ summa termmomm oxdme pfnmm in serle pm:
potestate (1 -+—a:) 1nventa. SR X | '

'
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