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XXII.

De comparatione arcmim curvarum irrectificabilinm.

Secetioprima..— .

- continens evolutionem: hujus aequétibnis,:
0=a—:—2£(a_:—a—y)—';—g/(mmﬂ«yﬁy)ﬁ—%ﬁmy.
L
51 ex hac aequatione sigillatim utriusque variabilis # et y valor extrahatur, reperiétur:
—B— 8o+ V{(# — ey-2(3—7) @-(88 —9y)az)

y. : }l Kl
P — -—ﬁ—t?y—T/(ﬁﬁ—a7+‘~’ﬁ(3—7Jy+(88—~3':v)w) o

Ponatur brevitatis gratia 828 — wy = Ap,- B —y)=Bp et 35 —yy= Cp, entque
6+yy+5ae_+V(A+28m+Cmm)IJ, ' i
B yx—+0y=—7V(4~4-2By + ny)p.
Con L
Litteris jam 4, B, C pro lubitu assumtis, ex iis litterae «, 2, 7, O et plse;[luenti. modo:

. . B : . ) Cp v
finientur: Primo ex aequalitate secunda fit 6 — ===, qui valor in lertia 3—|—'y=§~_~f—? sub

f
dat 5—1—7:0—;3; ita ut sit

.
I=g5

Cﬁ Bp

Bp n
+ag Ot Y=g

Ilinc autem aequalitas prima abit in hanc

Cap Brrp
BE—5x + 55 = AP
es qua definietur p—%: indeque porro
5 — B(ACS - BB S — BCa) ; ﬁ,B(AC —BB)
= T BRAp—Fa) S TC VY

Sic ergo litterae « et & arbitrio nostro relinquuntur, quarum altera quidem unitate exprimi pov
altera vero comstaniem arbitrariam, a coiflicientibus 4, B, € non pendeniem, exhibebit.
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. 11 |
. Differentictur nunc aequatio proposita, ac prodibit
' da (8 -y - 0y) <= dy (B +yy-1-0x) =0,
ande conficitur haee aequatio

dx . —ay
f-yya-fz - B ]'m-—l—(?y’

quae substitutis valoribus in articulo I inventis, abibit in hanc aequationem differentialem:

da ay
VA 9Bz + Cazy  V(d--2By-+Cyy) ~

gujus propterea integralis est ipsa acquatio assumta.
e 1v.

Proposita ergo vicissim hac aequatione differentiali

- .

dx dy =0
V(d+-2Bx—+ Cox)  V{d+2By~+Cyy) '

ejus integrale semper algebraice exhiberi poterit, quippe quod erit

BE(AC— BB) (zx - yy) +2F(ACH - BB —BCajay
B(24f—Bay | ’

0 =o—+ 28 (z+y)+

t"quia hic continetur constans ab arbitrio nosiro pendens, erit hoc integrale quoque completum
aequationis differentialis propositae. Erit ergo retentis litteris graecis

vel y—= — =34V (A+ 2Bz Cax)p
5

—B—8y—V (4-+2By+C
vol @— £ (r y+Cuy)p

V.
Quemadmodum autem istarum formularum integralium differentia

r bz e e — WY
JY (A4 2Bz + Czz)  JV(4d-2By—+ Cyy)

st constans, siquidem inter @ et y ea relatio subsistat, ut sit
0 =u-+28(®4y)+ 7y (we+yy) - 20y,

ajetiam eadem manente relatione, differentia hujusmodi formularam

a*dx f yrdy
JV(4+- 2Bz + Cax) Y (da- % By —- Cyy)

‘commode exprimi potest; quos valores indagasse operae pretium erit.
‘ - \ .
VI
Posito ergo exponente n==1, staluamus

adz ' ydy )
v,

V{da-2Bw—+ Caz)  V(44-2By--Cyy)
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odetp ydyV¥ p —ay"
. B+yy—+-8a ﬁ-—:—yw+6‘1 ] ?

((3+yy‘-—|—5m)(,0-l-ym—l—3y) ,G,(s’—r—ﬁ(gf—r-a)(a:-l-y)+y3(ww+yy)-+—(yy+3§)
’ VIL
Quo hane formulam facilius expediamus, ponamus & -1-y =¢ ei_;' xy =u, erit
xx~+yy =il —2u et a®4-yi=1— 3tu, ‘

sicque aequatio abit in hane formam

B(zdz - ydy) + y{ewda +yy dy) + dzy (do +dy) = % (B8 (y—4-0)8—+y dtr i (-

Ipsa autem aequatio assumta fit: 0= - 287+ yit+ 2(5—y)u, ot penitus introductis litts
t et u habebimus S i

Jes (tdr—dﬁ) +'y (tt&il—'ié’d;ydt) + dudt :--g(ﬁﬁ —d 4+ Bly—0)t 4 (yy—00) u),_ _'
seu  di(Gl-+ yit— (y—lc?)lz) — du(f4y1) :%(ﬁﬁ!—* ad 4+ @3 {y—0) 1 == (yy'—ﬁﬁ)'ii)’:

VI

Ex aequatione autem assumta si differentietur, fit dt(ﬁ—l—yl,‘)_._(y—é)du, unde aequatlo
ultimae prius membrum transformatur in

,.__3(— BE— B ly=+0) t—y dtt — (y—Pu),
quod cum aequale esse debeat hmc formulae B

(ﬁﬁ+ﬁ y—|—5 t+y5it+(y——3) u),

. . a —dt -
commode inde oritur ‘ —fz: =% et V= Ve, :
\ p y—§ ?—8 o e
_ - IX.
Cum jam sit =+ y, habebimus sequentem aequationem integratam g
r xdx r ydy — Const, — (w - ¥) '}/P
JV (4 4-2Bz+Cax) J V(44 2Dy-- Cyy) T g—46

existente 0= -+~ 25 x+Y) 4y (wx 4+ yy) 4~ 202y, siquidem relationes” supra extiibitaei! .
litteras 4, B, C et o, B, ¢, 0 ac p locum habeant. Hinc crgo eadem manente determinati
variabilium @ et ¥ erit generalins: -

o dz(Ua-Ba) '_"f dy U+By) Const _§B(-T+y)"/i7. .
JV(d+-2Rz 4 Czax) V(4--2By+ Cyy) ) y—1@
Progrediamur porro, ac statuamus
zzdT 7 yyay —dF
- 2

V(4 +2Bx - Czz) V(4o 2By—+ Cyy)
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erit posito Drevitatis ergo S8 -+ @ (y=t=0) t 4= 811 4+ (y—0O)2u= T, si loco istarum formularum
surdarum valores ante reperti substituantur
Td .
pada (8 -+ yx - 0y) 4-yydy (8 +yy + 0z) = 1/—:, existente ut ante {—=a +y et w=ay.
XL
Cum none sit @ --y*=t"— hitu 4- 2un, erit eliminalis variabilibus @ et y

£dt —tdu— udt) + y (*de — tidu — 2tudi - udu) - du(tdt — du) = 1:;” ,
at (B11— Bu—+ ylf— 2ytu 4 Otu) — du (8- ytt— yu—+- ) = .

sive

.

. dai -yt . . '
Cum autem sit du=— H%)—), erit hac {acta substitutione

, ' TAY - Ttdt

—"*(— BB — B (y-0) bt — y O (y — 0P 0U) = = ——
. LAy —tdt - — YV
slcque et .171;—7——? et I_m.)-

XIL
------ Binc erzo adipiscimur sequentem aequationem integratam
sode o wydy ool @R
JYV(44-2Bz -+ Cax) JY{4+2By+ Oyy) ~ onst, — 2(7—15) 3

atque in genere concludimus fore

f dz (W - B+ Czz) ""‘f dy(M + By + Gyy) Coast __515(m+y)'|/p Glz+y)2Vp

V(A+ LBz~ Cxa) V(44-2By -+ Cyy) ) 7—8 24—

sijuidem fuerit 0 =« 28 (x-t-v) 4y (xa a4 yy) + 2 dxy. Erit autem ex relationibus supra

wssionati Ve —B sive 1/1 . V QAf—DBaz
assignatis ——5= 77 = BEBF— )
" XilL
Ponatur jam in genere
aitdz .. . ytdy ;

‘I/(A—l—QBw—t—me)—1/(.4+9By—|—0yy) -

‘eritque ponendo T== B8 —+ £ (y—+-0)1-- y 0t (y—8)*u,

a"dx (8 4+ yx-r 8y) -y dy (£ + yy 4+ 0z) = 1;;3;7,

£- 7 (1t — 4n) 3_1/(”__4“}

at ob x-+y—=t et zy=u habchimus x=———— ebt y= g ideoque

i .

28 - (g =Dt (y—15) V(tt-—ém),

- ﬁ""‘?’m—l—a_’}";—_ >
18"*:?’3’4— 0w — 2’3""(7“"3)‘—;?—8) V (tt— 40
X1v.

Differentiando autem habebimus

atv (gt —4du)a-t1dt—2du AtV (ts—du) —tdi—-2du
do == 2V (1t~ 41) k et d)’-——- 2V (tEom 410)




--dt(m"—y") __ d_V ot V— _1/}) dt(a:n——y")
e (y— 8V (tt —4u) ~—Vp p=="10" ‘l/(“tfzﬁim')*, - T

o -V (it —4) _t—-V(n—Ju)' _ a-=9ftyut ‘

existente .:E = 2 et o —'9— atq_ue 0= T—é\), unde
’ ] _ =43t (y—+0)tt
V(ztm—hiu)_.VQ —
.. gt—ght . . .
~ Code valores ipsius Vo o sequente progressione colligi poterunt:

mn_yo
‘l_/(tt—lmn) - T
Cgl—yt
Yitt—4u) =1,

it A : 3
Vet —4u)~ N L T -

eyt _ =29 u—2pt—a '
Vai—dg U= 2(y—9) ’

—yt . L — 28R — g tt—ar

V{ir—4u) =1 2“”_ 2(y —8) 7.

2=y _ — (28 — 48— 48 (2y—88) A+ (4B —duy +ﬁa3)tf+4ﬂﬁf+w
1/(M‘_M).._t‘ -Sttu—l—uu_ Al by - -

ete. etc. -
XVL
Nanciscemur. ergo formulas sequenies integratas
a2 dx r 3 dy . . 2 o __ )
fV(A -~ 2 Bx - Cmm)_.)"l/(zj -+ 2Py -+ ny)—*conSL 8)2( 3 (',V 25) (CB'-I*")") ~£@ (m—|—y) UG( )
zida r ytdy . i B, __1_ @ w ;

JV(da-2Bz+Caz)  JV(d-+3By—+ Cyy) COHSI'.'—{-— 5‘)2 (_ (m_l—:}) “’b (m_l_y) ( '
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(e d £
at anté vidimus esse du‘..._.-—% quo valore substituto - prodlblt

da _ -—dt("ﬁ—!- (y=+8)t — (y—8) ‘I/(tt—-4u)) '

ST - By ) V(rt i) - o Cnr

de(28 + 7+3)t+(y-—8)1/(tt—4u))
2()1-—6')']/(”—490

dy =

Hisque valoribus substitutis

_ — A4S 4By + 8t Aydita- 4()2——6‘)’1;):‘_ — T'dt i
da (18+7m+3y)_ Ay =8V (et —4u) —w(y-—rS')‘l/(tt—»éu)’

—+4-Tdt

- et dy(ﬁ+af:r+3m) D=0

XV.

Nostra ergo aequatione per T divisa habebimus

quae scilicet locum habent, si variabiles @ ¢t y ita a se invicem pendent, ut sit

0 =0 —+28@~ty) 4y (x4 7Yy + 202y, &
atque hi codfficicntes pariter atque p secundum praescriptas formnlas ex datis 4, B, € determit
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XVIL * v

Hine ergo infinitae formulae integrales exhiberi possunt, quae etsi ipsae non sint integrabiles,

‘earum tamen differentia vel sit constans, vel geometrice seu algebraice assignari queat. Quac com-
“paratio cum in analysi insignem habeat usum, tum imprimis in arcubus curvarum irrectificabilium

“inter se comparandis summam affert wtilitatem, quam in aliquot exemplis ostendisse juvabit.

e comparatione arcuum Circuli.

f. Sit radius circuli =1, in coque abscissa a centro sumta = z; erif arcus ei respondens

e d . . ' - . . . . .
= 1—,(1+M)-, cujus propterea sinus est —=z. Ut igitur nostrae formulae hujusmodi arcus circuli
e’xpfimaht, poni debet 4=—=1, B=0, C=—1; quo facto habebimus

~has enim determinationes ab ipsa origine peti oportet, quia ob B=0, Wﬂores inventi fiunt incongrui.

Jam ex formula secunda sequitur vel —y =0, vel §=0, quorum ille valor =y formulae

tertiae adversatur. Erit ergo 8=0, d===V(y yy—p) €t w_'_yp- Ambae ergo quantitates con-

' stantes y et p arbitrio nostro relinquuntur,

2. Quo formulae nostrae fiant simpiicibres, ponamus y —1 et p == cc, eritqﬁe
o =-—_c¢, ,6’:0, =1 et 6=—-;1/(1-—--cc)',

ac nostra acquatio canonica, relationem variabilium x et v determinans, fiet

0=—cc +:r.:c+yy—2aey‘l/(1 —cc),
ex qua_ colligitur y= mV(1 — cc) eV (1 — ).

ot

3. Quodsi ergo iste valor ipsi y tribuatur, erit

’ _ [ @ r dy'

- Denotemus brevitatis gratia haec integralia ita

. dxo

dtque I7. 2 et I,y indicabunt arcus circuli, abscissis seu sinibus @ et y respondentes. Quocirea erit

I.x—HI.(xV{1—cc)4—c V(1 —zx)) = Const.

%. Ad constantem determinandam ponatur =0, et ob II.0=0, fiet Const.= —If.c sicque erit

e+ HO.z=10.(xV{1—cc) 4+ c /(1 —xx));

¢

unde arcus assignari polerit acqualis summae duorum arcuum quorumcunque. . Ac si a capiatur

" H.c—M.e=1N0.(cVl—ex)—zV(1—cd),

qua arcus, differentiac duorum arcuum aequalis, delinitur.

legativam ob I, (— o) =—101 .2, erit

L. Fuleri Op. posthuma 1. L . b8
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5. Si in formula priori ponatur x ==c¢, Jerit Il e =1T. 9c1/1——cc) Ae sit purro
m"'—"\'ﬁgc‘v I"_CB)aut ﬁlt ‘H‘m m.—'-'fzﬂ- Q,,Ienlt.zob[ V(i—mfr) [ ;',1'—'1' 200, g . "’--!',‘.LEJ ”nr—,}
IRE O I F "”"311' ez=ta(de &= Gg):**e-‘f‘v‘! R R STt |10

_.nn. 1y o i .',1;- g”,.,‘

D e T T S )

Posito antem ultra = Jerm ok erit i’ Poannd el 0
VR =T (mvi_cc+cv(1_mm)) R

unde multlphcaho arcaum mrcularmm est mamfesta.

ne T e

. ‘ ])e comparatmne arcuum I’arabo]ae. o e
i . SRR i O R B A RTCS S
G Exnstente (Fig. 55. ) AB parabolae axe, sumentur absclssae AP in tangonte vertics ,-4\,

paramcter parabolae l——2 unde vocata absmssa quacunque AP_z, erlt apphcata Pp —m

o e a.f:% A ——

Sil&.,el:g-o-f)?f.’f“"f';i et p-'——f{:‘q,;atque aequatip_ relationem inter ety exhlbgns erit iy atin

0=—cec4+ar+7YY — 2033“V(Cc -+ 1), seu  y= 2z} (1 -+ ¢c) -"l—‘G-I/_,Qi‘_-i—:_ﬂ':‘;q:).-_; .

7. Deinde ob Yp=c et Kot 0= 1 * Vi1 +cc),. facto Y =1, B=0 et E=1, gi
formula XII data : ' : e

dm(l—lrma:”"" d’y(’l—v—yy) - c(&;_,':'y)z‘ “
f '1/(1 -Z) f 'l/(i —I-JJ) GODSt QVQ -+ ccl) I

N TR

At est m+y—w(1+V1+cc))+cV1+mm) ergo o

(@ - y)? -—wa(l +cc—|-V 1—|—cc))+cc—|—_20m (1+1/i+cc))1/(1ﬂ—mm.

Quare formularum istarum mtcgrahum dlﬁ'erentla erit

Const. — ca:w‘l/ 13 ¢cc)— cer Y xix) == ‘Const: — ca:y

s

pafagn
' - i d

8. Indicetur arcus parabolae:. a])sclssae culcunque. z respondcns Sdz1/ (1 +2zz) per H_
nostra aequatio hanc induet formam: o ] L

O.x—1II. (xV(1-4-cc) 4+ V| 1+mm)~— — H ¢ — cx {aﬂ/ 1+cc +cV i—:—w:;;),

sive. HM.co-M.x=II. (:n]/ 4+ cc) +o\]/i—| #m)] —ca (a:1/l+cc +cVi+ma:))

Datls ergo duobus, arcubus quibuscunque, tertis arcus ‘assignari polest, qui a summa Lllorum

quantitate geometrlce assignabili. Vel quo . mdoles IlIlJIlS aequanoms clarms persplc:atur erit”
- H.c—i—ﬂ.mzﬂ.y‘—-cwy'
anmdem Faerit™ S ¥ ___aﬂ/l = ¢d) + ¢V ‘-1‘4'-5:9:)
et arcus f'_g._H P 11 .3 -hine ergo babebimus ... d
Arc. de= Arc.fg —cxy, seu Arc.fg— Arc Ae = cxy:
existente v = @}/ (1 -+ \cc) ~+¢V(1 +-ax). Ex. his .igitor sequentia - problemata circa parabo {

resolvi poterunt. . : S . B RS
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w in 10.. Problema L. Dato .arcu parabolac - Ae, in vertice .4 terminato.a’puncto qnovis f, alium
;;i)scindere arcum fg, ite ut differentia horum .arcaum fg — Ade geometrice assignari queat.
Solutio. Ponatur arcus dati Ae abscissa 4K =¢, .¢t abscissa, termino dato f arcus quaesiti
fg respondens, AF = {; abscissa vero alteri lermino g arcus quaesiii respondens, AG= g, quae ita
‘accipiatur, ut sit g = V(1 4-ee) eV +ff); eritque exisiente parabolae parametro —2, uti
copstanter assumemus: Arc.fg — Arc . de=cfy. . e

A puncto aulem { quogue retrorsum arcus abscindi potest fy, qui superet arcum e quantitate
algebraica: ob signum radicale V(1 4+ ff) enim ambiguum, capiatur |

AT ==V 4ce)— eVl =) .

eutque Arc. fy — Arc ‘-.rfie:cfy Q.E L

it

. H Coroll. 1. II‘IVCD'LIS elgo ‘his duobus punchs g et 7, erit quoque arcuum fg et [y dif-
femlt[a geometucc asmgnablhs erit enim

Arc. fg—Arc f;f—"ef —y
g—y

AI; g5, g—-g/.—,QeVi—!—ﬂ'), unde = Tum vero habemus ¢ y=2f V(1 +-¢ce),

GYA-em
ve Y +gg)=g—§-'f—; unde eliminanda € fit
| = Sl e AU D= b
Flt ergo :—914—2/}” +2f]/1—|—ﬂ‘ 1—|—gg) A

12. CorollL 2. Dato ergo arcu quocunque f'g, f.XlsLente A‘F fet 4G=g, a puncio [
relrorsum arcus {7 abscindi potest, ita ut arcumm fg et fy differentia ﬁat geometrica. Capiatar
scnhcet AT =y =—g 1+ 2} -2 V1 4 ) (1 + gg) eritque

Arc. fg—Azc f'gz_.Qf(gVi—i—ﬁ" fVl—i—gg)zj/(i-l—ﬁ”).

Horum crgo arcuum differentia evanescere nequit, nisi sit vel =0, quo casu fit y=—g, vel
g=1, quo casu uterque arcus fg et f» evanescit. ‘

~~~13. Coroll. 3. Ut igitar positis. AE'=7¢, AF =f, 4G =g differentia arcuum fg et Ae fiat
geometrice assignabilis scilicet Arc. fg— Arc . de=efy, oportet sit

' 9=Vl +ce)+eV 1 + 1),

11.;05. trmm quantltatum e f, o IJIDIS datis tertia ita determmatur ut sit

vel g= V{1~ ee) —l—-ﬂ/({—a—ﬁ3 )
vel f=g V{1 +ee)— eV gy,
vel e=g V{4 ff)—FV1 -+ gg.
1. Coroll. 4. Cum sit = fVA —-ee)4-eV{d o), erit
: R4 +gg):<ef+7/(1+ee)‘(i—|—ﬂ'},
unde colligitur g=- V(1 4 gg) = (e + V1 =-ee) (- V(1 4~ ).
Ergo ut arcus fig supcu,t arcum 4e quantitate a]gebralca efy, oportet ut sit -

g+ V(1 -+ gg)
F+V({A 1)

=e-+V({ 4-ee. -
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45} Coroll 5. Haec: ultima formula-ideorrest “notatu - digna, quod in ea quantltatum

functiones sint a'se mvicem: separatae. -Quod sl ergo ponatur ERRIEREEIE S S A 11 'ﬂm

Pioarin s e+"|/i~—|—ee ~—E” f‘—l-“l/(l—r-ﬁ _F g+1/(i+gg frmm @, et

“;ft"‘“’;i R .e 1:1:—1 R fﬁ FF—i - GG—i LoD

D R 2E . e i AT TRE PR AT - s

Quare si caplatur %_E erlt arcuum dlﬁ'erentla | ’ : e

shutiton e R ' e ey
B (m:-h(rp-i)(aa—i) SR

- Arc f_g Arc Aemef’g_ — SR | e
. (rF—l)(GG—i)(GG FFY _ {9(66 — FF)
seu Arc.fg— Arcide=: ~mee = T -

l

mus (M) requiri, “ut sit e _" e

gV g-+7V(1 +40)
A oY (Lee) et p+1/(i+pp)—-.ﬁ+:1{(i._—3;fge)-

Ponamus brevitatis gratia . S
f—l—-Vl-—i—jf F p-l—-‘l/(i+pp
_q+1/|-—l—_gg—G ' q—!—‘l/i—l-qq) ,

S L e

atque ut prohlematl sat:sﬁat necesse - est sit. — = g Porro  autem. cum sit- ex. (15)

’=1

' G el ' ' —
Arc f —Arc Ae M m:mhter ue Arc —Arc Ae__—-——-—
. .9 aFG, | - gy Pq : "
erit arcuum determlnaturum dlﬂ'erentla ) . . N
o e o r72(00 — PP) 1y (G& — FI) 5
Aré. pq— Are. f'g__ 575 _ TG )

ideoque geometrice assignabilisf'Ql E.T°

o Tete . 0—Pp 66— FF : L
7. o Ha auke —_—— - ~ ‘ enfia ; &L
17. Coroll.'X. Cum aulem sit —= -5 ent —gp,=== —55— undedlﬂ'er& :

determinatoram prodit : .

‘ ¥

) ' Arc. PQ‘-—Arc fyﬂ-—(m—fgég& .IT) .

FF— GG —1 pp—1 " 00— ., 6P .
Est antem f=— Fi: g= Mi’ P=—a5 q.—_Q%Q ! ideoque ob Q-—-—,?;:__‘e!'}?‘%ﬁ

_ GGPP—FF
;o IT e _
18. Coroll. 2. Erit ergo _' ‘ R _ u
(PP — 1) (G6PP — FF) o EP—1)E6— 1) oy
P9=""—fzrp of fy="pp— . ideom®

¥
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Cpae, (PP —TE) (BGPP—1)
pg—1g= ATG PP

. Binc arcuum differentia prodit

(66 — FF) (PP — FF) (GGPP — 1)

Arc.pg— Are.fg= SFrGG PP -

~ 19. Coroll. 3. Ut igitur arcus pg arcui fg adeo fiat acqualis, esse oportet vel GG— FF==0,
vel PP—FF—=0, vel GGPP-—1=0. Primo autem casu arcus fg ideoque et pq evanescit;

altero casu punctum p in f, ideoque et g in ¢ cadit, arcusque ergo pg non prodit diversus ab

1 i
a]lcu fy; tertius autem casus dat P=—_> seu p+1/1+pp) = VAR VYVl +-gg9) —g,
unde fit p=—g et g==-—F, ita ut pg in alterum ramum parabolae cadat, arcuique fg similis

' et éequalls prodeat
" 20. Coroll. 4. Hinc ergo sequitur, in parabola non exhiberi posse duos arcus dissimiles, qui
smt inter se acquales. Interim proposito quocunque arcu fg, infinitis modis alius abscindi potest

pq, qui illum quantitate algebraica superet, vel ab eo deficiat. Superabit scilicet, si fuerit P > F,
i AP > AF; deficiet autem, si P < F, sea AP < AF. | '

_ 21. Problema 3. Dato parabolae arcu quocunque fg, a date puncto p alium arcum abscin- -
“dere pr, qui duplum arcus fg supéret quaintitate geometrice assionabili ‘

Solutio. Positis ut ante abscissis AF={f, AG=yg, AP_.-p, A0 =gq, sit AR==r deno-
‘tentque litterae majusculae F, G, P, Q, B istas functiones - v -+ ), g+ 1-1-gg) ete. .

minuscularum cognoeminum. Primum igitur si statuatur %—z?, erit

(rg — f9) (66 — FF)
2QFG

Arc.pg—Arc.fg =

g e1s . R G .
"Simili antem modo si statuatur ?:}—,'ent
i ’

Are. q;‘ — Are. fg= (gr — fo) (66 — FF)

2FG

ddanfur ergo invicem hae duae aequationes, erit

_ (pg—+gr —2fq) (66 — FF) -

Arc. pr—2Arc fg = ST

Tt 3 - o N R__6G __GGPP — FF
St Jam ex calculo eliminentur litt rac ¢ et (), erit primo p =gy tum vero est g =— 0y
. F(PR— ) . _PP—1 __G4P2_ 4 . . .
Bl g = — s~ et ob p=-mz— et r=—5o - et | )
= (FF-+ GG) (66PP  FF)
F —" 2FFGGP ’
T L (FFR GG) (GGPP Fr)2 ) {I‘F—— 1) (GG -1
Heoque Pyqr== imerr @ 2fg= 455G

' R __66
Sumto ergo & =g’ Aarcus pr superabit dup!um arcus fg quanutate algebraica. Q. E. L

22, Coroll. 1. Punctum igitor p 1ta assunai poterlt ut exceesueﬁ arcus pr supra duplun
ffeum 2fy sit datae magnitudinis; deﬁmetur enim P per aequationem algehlalcam, ope e:xiractnoms

Tadicis quadratae tanl.um.
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evenit si P definiatur ex hac aequatlone .
I EER R PRI (!EL!M:}’i

o1 LR~ 1) (G6 - 1) ] FFGG PP

- (?rGPPw FRy> bkl

( g ‘r,) FF+GG IR
e e PP, FFGG 1, 7 — 1) (64— C e
unde elicitur GiF vt “;;_('_GG ?)( =) o S

o ek GP 1/1 (FI‘+1)(GG+1)+1/1 (FF—‘I)(GG—{I) i
it L e i =i B R LA R IR R T L S
et O F T VEEEE) i G"' e - e

.. -& ryy i
2k, Coroll. 3. Haec autem determmatlo arcus duph pr ménnme fit 01JV1a, si a'rcus &a} S
i vert:ce A mclpxat “tuin ehim ‘b FEL YR [ 50 T, " seu P—"—J-——Vl—l—-gg)—g ;

ergo p=—g et R=G, |de0que r=g. Hoc.scilicet casu arcus pr in paral)ola c:rca ver icer
, : N R I
utrluque anqunhtar exl:endetur, s:cque mamfesto ﬁt d‘uplus arcus proposntl. ke

1 . s
PR N BRI Ay I S H LU LY F R N O LENY S5 S SNSRI+ M i

quoque potest,?ut--arcus- _pr lnﬁ-lpSD punctofg»ter

E ’ it

25 Coroll. A Tle_ -

habetur aequatio . ‘ .
. F® P 6 2F"G‘*+T°G8 21“ G"+ G‘“~—O -

i
Wt

ae per FF— GG dmsa praehet o

unde elicitur ~‘ o '; T . .
FF= 66 (6'— 1)+ 66 /(¢ T 1&35@0 P=GVE— 1+ V(6 @ 1)

Fl ¥

N . _""-" L.,-_GB _'_“G4 Yo [ r
: R-——f‘ seu R—V'(* 1)y G 1

3

26. Coroll. 5. Quantitas ergo G, seu paraholae\ ‘];ufnétuin' g pro Iubllauassuml Iicat‘
duo arcus terminabuntur, quorum alter alterlus exacte erit duplus, Cim autem sumto g afﬁrma
ideoque G> 1, prodeat F> G, punctum f a vertice magis erit remotum quam, punctum 59,
vero reperitur -

RR—1__ — (66— 1) V(65— Ghar Ty — 0 g G 1
="er — 265

U 25 l"li‘rl
culus valor cum sit negativas, puncturn # i altertm parabolae ramum 1nc:1dlt Arcus ergo ita e

* dispositi, ut babet figura 56, eritque - . R I I

_Arcus gr=2 Arc. fg

27. Coroll. 6. Sit g valde parvum erit G_— 1 —l—g -+ 299, hmcque =129+ 2.9'

SOt

GP=1-3g-+ 29'_9', G =1 —|—ﬁ‘g+8gg ot GB—-i +89+39gg, “hde

F=(1 +g—|—2qJ)(l—|—3J+ugg)_1+!|g+8_qg,

I‘_i X ‘ e
*‘eroo f—{—gF“ —llg, porro. R_ 1 --5g—|—fgy, uude r=—15g. ere (l":g 56) si

valde parvum, erit proxime AF— LAG et AR=154G, ita ut sit quoque GR = 2G s
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28. Scholiom. Antequam ad ulteriorem arcuum parabolicornm multiplicationem progrediamur,
". gtiamsi ea ex formulis datis non difficulter erui queat, tamen expediet differentiam algebraicam
. greuum paralolicorum commodius exprimere. Cum igitur (Fig. 55) positis abscissis 4L ==¢, AF=/,
* JG=g invenerimus (13) Arc.4g — Are. Af— Arc. de=-cfg, existente e=gV (1) —fV (1 +-g9),
videndum est, num quantitas e¢fg non possit transformari in ferna membra, quae sint singula fonc-
" fiones certac ipsarum e, F el g, ita ut sit efg=={unct.g—funct.f—funct.e; sic enim quaelibet
- Barum functionum cum arcu cognomine comparari posset. Cum aulem sit
efg=FggV(i+F)— gVt +-g9) et V({i+e=V{+f){1+99) Ty

V(1 —-eey=g V(1 +g9) +-2ffgV (1 +g9) — FV (1 + /) —2fq9 V(1 =+ 1), - hincque

Fag VA 1) — g V(1 gg) = of g =~ g V(1 - gg) = LFV(1 =) — 2oV (1 et

quac est expressio talis qualis desidératur. Quare si istas abscissarum e, f, g functiones brevitatis

.. gratia ponamus %e V(i +ee) = G, é—fl/(i +fI=F et —;—g‘l/-(i ~+gg) =@, habebimus

Arc.Adg — Arc. Af — Arc. de =8 — F — € = Arc.fg— Arc. 4e.
5 TiJrorro hae functiones cum illis, quiims ante usi sumus, comparemus, seilicel

- e+1/(1+ee)~—~l? f—l—‘{/(i—l—ﬂ") F, g-—:—“t/(i—l—gg) G-

;.;_._Fm €= SL‘E =% = C =3z

¢t ex matura horum arcuum est +=E. Si jam simili modo pro arcu pq procedamus, et ex abscissis

| dP.=p et AQ =g has formemus functiones

' |
p+V(-rpp)=P G pV{+pp)==P
a ' g+V(t+g)=0 ng(i—qu)—_
“““'ent simili modo Are. pq——Aw Ae =80 —P—E, existente %—E Hinc si illa acquatio ab hac '
. subtrahatur, remanebit Arc. pg—Arc.fg=(0—P)— (B—F), si modo fuierit ————%-

t _ 29 Problema 4, Dato arcu parabolae quocunque fg, abscindere arcum alium pz, qui ad
- areum fg sit in data ratione n:f.

Solutio. Positis abscissis 4F=7, AG:j, capiantur plures abscissae 4P—p, AQQ—_g, AR=r,
4§ =2y ct ultima 4Z==73, ex quibus formentur geminae functiones, litteris majysculis cum latinis

- tum germanicis cognominibus denotandae, scilicet

f+~vV{i-+f=F,. g~+-"]/(l‘-l—-gg)= fr, pa=-V(l4-pp)=P ete,
1 1 1
Efv(i +ff) =%, | 29V j—gg):@,__‘ SPV{1+pp)=F ele.

A_:git;iiue primo % - }G«T  erit .
. Arc.pg—Are.fg=(Q—P) — (6 —F).




Z — 1 -1 F‘—-l :
L , 8.— 872 e %_‘ e
Vorem ob 2 E ot g 8O W
erum 'ob Z =2, erit 8= s op-  Quibus valoribus: substltutls sequens acqulretur @equ
" resolvenda, ; L T S AN
At pa 1*4” TP (66 —TFRY{{ £ FFGG)
anGz”PP PP = . FI‘GG . ,‘ - .
sive . 0= Gﬂn(Gﬂn an) P:s__l__an(Gzn ) an) ann.—o an—z (Gz Fz) (FE G2+ l_). PP’
- R o : i _|__.nF2ﬂ(G2 Fl) (F262—|— 1)1:2__-_'1,1_%.' TR

termino z erit Z—

o _'J’ o7 :R GZ 5 il ek g E3 )
Deinde "sit —6—?, seu:?' F 5 ent dea megen ‘ H
'"”‘-"‘-‘if‘;"":I;“-’f'l‘f"-' SRR SR e ' : 7*?‘ j:_

Arc qr—Arc fgl: (5 ,'

Jlele ok a

qua aequat:one ad pnorem addlta fit

iAre. pr——:QArc fg—(&ﬁ 513)—-2(@ ﬁ) . ;s,.::r-: R

Sit"pﬁrro —;—= %—, seu’ J—;-—;Gs; Bt a TR T sy
Are s Are f'g-(@—éﬁ)—(@ %) . ‘
qua 1terum‘ ad praecedentem adjects” “obtinébitar . et Bl '
T el ps— At fy = (6 — PB) — 13(@'-—53').' BRI AN
Simili modo si- ultenus panatur % %; ‘seul —T ;, erlt ] , :
- _Arc. pt—?&Arc fg=(3—P)— 4G %) .

Unde perspicitur, si z sit ultimum’ punctim ‘arcus pz qui' quaeritur, et posita 4Z—z it
L=z V(- 5z) et B‘f_,:-;ez.l/(i' ~+ZZ),
. z__6n e
poni debere — == 5, tumque fore

Arc.pz—nAre.fg=(8 = PB)—n (G —F).
Nunc ut sit Are. pz—nArc fg, reddi oportet 8 ﬁ}-—n(@ F). At est

scmper definiri potest P
6P
!

30. .Coroll. . Si

prodibitque A B . SR
' . Zi NEG—FY) (@ )2z 6" o
o - FEGE (G — Py Fz"j . oot

ubi litterae F et G pariter uti P et Z sunt inter se commutatae.

31. Coroll. 2, Cum G*"— F*" dividi queat per G*— F?, pro variis Vﬂtliﬂl'-ih“.-s_- iP_Si

mulae inventae ita se habebunt | -
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be wivig pi=1, ' Ps=(._”..___92;';1)P”_=;_': v ot “'Z-_—%ﬁ R o
in—2,  p=IEEEeNR s e
s5i n=3, Pi— Gif;(fﬁ;_?ij)——g et Z=-G?!FP)
in="t, | Pﬂzlsz (G:f.ngfzi)az:-rﬁ) - g’ et Z= GT;E’
ete. . ete.

32. Coroll. 3. Ex solutione ceterum apparet pari modo pro arcu dato quocunque.fg inveniri

poss¢ alium pz, qui illum arcum n vicibus sumtum data’ quantitate superet, vel ab eo deficiat; ut
enim sit Arc.pz — n Arc.fg—=2D; resolvi opmteblt hanc aequationem 8 — EB—n (G — ?j)+D
" guae non habet plus -difficultatis, quam si esset D = 0.

33. Scholiom. Hacc qguidem, quae de circulo et parabola hic protuli, jam dudum satis sunt
cognita, et quia utriusque rectificatio quasi in potestaie est, (quae enim vel a quadratura circuli vel .
a logarithmis pendent, in ordinem quantitatum algebraicarum propemodum recipiuntur) nulli omnino
difficultati sunt subjecta: ea tamen nihilominus ahquanto uberius hic exponere v:sum est, quod ex
methodo prorsus singulari consequuntur. Quod autem lmpnm:s notati d:gnum est, haec methodus
- ad comparationem aliarum quoqu_e“_cur,{rarum manuducit, :gu_'c_l__ruml rectificatio per calculum solitum
~nullo modo expediri potest; ita ut ex. codem quasi fonte plurimae eximiae affectiones tam cognitae quam

incognitae hauriri queant, ex quo Analysi non contemnenda incrementa accedere censeri debebunt.

Sectio secunda

contmens evolutlonem hu_]us aequatwms
= o~y (xx ~-yy) -+ 20z~ L axyy,

Extrahatur ex hac aequauone sigillatim mdlx utriusque quam,ltatls variabilis et y, ac reperletur

— 8% -V (88w — [ - yz) (y 4= txw))
7= faw

Y =

i Y = V(B8 Yy — (a-i-yyy) (L)
7+ Eyy

Ponatur brevitatis gratia — ay = Ap, 80 — yy — of — Cp et — yL = Ep, eriique

&

¥y + O -4~ Loy = ”V(A-—l—- Cxx -+ Ex*) p
72 4= 0y -+ Layy = —V/(4 -+ Cyy + Ey") p. '
3 | T

Si igitur coéfficientes 4, C, E [uerint datl, ex iis litterarem graecarum valores facile defi-
.llluntur. Erit enim C o - S _

E=,———7:—4£s gz::g el (5=]/(g/y+Cp+Af%).

L. Euleri Op posthumg T. I. . 59




