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Abstract This note studies dual-based methods such as dual subgradient method, dual proximal gradi-
ent method, augmented Lagrangian method and alternating direction method of multipliers (ADMM).

Many parts of this note are based on the chapters [1, Chapter 8,12,15].
Please email me if you find any typos or errors.

1 Dual Projected Subgradient Methods (see [1, Chapter 8])

Consider the problem
min f(x)
xT
subject to g(x) < 0,

where we assume that

— f : RY = R is convex.

—g()=(91()s- -, 9m(-)) T, where g1,...,gm : RY = R are convex.

The problem has finite optimal value, and the optimal set, denoted by X, is nonempty.
There exists & for which g(&) < 0.

— For any A € R, the problem ming{f(x) + AT g(x)} has an optimal solution.

The Lagrange dual function is
g(A) = inf {L(z,X) = f(z) + AT g(x)},
and the dual problem is

max g(X).

For a given XA € R, suppose that the minimum in the minimization problem defining ¢(\) in

is attained at xy, i.e.,
Lz, A) = f(zx) + AT g(@a) = g(A).

We seek to find a subgradient of the convex function —q at X. For any A € R, we have

< f(ma) + ATg(xx)
= f(®x) + A g(za) + (A= X) Tg(z)
=qA) +g(@x) (A= N),
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which leads to

This show that

Algorithm 1 Dual Projected Subgradient (Ascent) Method
1: Input: Ao € RT".
2: for £ > 0 do
3: Compute x), € argming, {L(z,A\r) = f(x) + Al g(x)}.
Choose a step size si > 0.
Apt1 = [Ag + skg(@r)]+-
If a stopping criteria is satisfied, then stop.

Ezxample 1.1 Dual decomposition. Consider the problem

subject to Ax < b,
where f is (block-)separable, z = (x{,...,z}5)", and A = (A],..., AL)". Then the Lagrangian £(-)
is also (block-)separable in a:

B

L@ )= Li(xi,N),

i=1
where £;(x;, A) = fi(z;) + AT (A;z; — b). Thus, at each kth iteration of the dual subgradient method,
the x-minimization splits into B separate minimizations as
[xg); € argmin L£;(x;, Ag), i=1,...,B.
€T

Convergence analysis of the dual objective function sequence {q(Ag)}r>0 under various choice of
{8k }x>0 is already known since the convergence analysis of the primal objective function sequence directly
applies here. How about the convergence analysis of a primal sequence? For the primal case, we have to
consider a primal sequence other than the sequence {xy}x>o:

— full averaging sequence:

k
Ty = Zn;m-wi, where 7, ; = 7]51 ,1=0,.... k. (1.8)
i=0 21081

— partial averaging sequence:

k
Ty = Z Nk, T;, where ny; = %, i=0,...,k (1.9)
i=[k/2] 1=[k/2] 5!

Lemma 1.1 Assume that there exists M > 0 such that ||g(x)||2 < M for any x. Let p > 0 be some
positive number, and let {xx } x>0 and { A, }r>0 be the sequences generated by the dual projected subgradient
methods with step size s = m. Then for any k > 2,

M (| Moll2 + ) + 38 7?

fl@) = f@) +plllg@nlll: < 5 iz

(1.10)

and
k
M ([Arey21llz +0)% + i ko) 77

1.11)
2 (
2 Zi:[k/ﬂ Vi

f@r) = f(@) + plllg(@e)] 1 ]]2 <




2 Dual Proximal Gradient Methods (see [1, Chapter 12])

Consider the problem
min{f(z) + o(Ax)). (2.1)

where we assume that

— f : R% = (—00, 0] is proper closed and o-strongly convex (o > 0).

— ¢ : RP — (—00,00] is proper closed and convex.

— A € RP*? is a matrix.

— There exists & € relint(dom f) and 2 € relint(dom ¢) such that Az = 2.

We first reformulate the problem as

min {f(x) + ¢(2)} (2:2)
subject to Ax —z = 0. (2.3)
The Lagrangian is
L(z,z, 1) = f(@) + 6(2) — (n, Az — 2) = f(x) + ¢(2) — (A p, x) + (s, 2), (2.4)
and the dual function is
al) = inf {#(2) + 0(2) — (AT, @) + {11, 2)} (25)

= —sup {~f(@) = (=) + (ATp, @)+ (~, )}

Then, the dual problem is

max {q(n) = —f*(ATn) = ¢"(—p)}. (2.6)
We reformulate the dual problem in its minimization form:
min {F(4) + (1)} (27)
where
F(p) = f"(ATp), &(p)=¢"(—p). (2.8)

Theorem 2.1 Let o > 0. Then

—Iff :R'=>Risa %—smooth convex function, then f* is o-strongly convex.

— If f : R — (—00,00] is a proper closed o-strongly convex function, then f* is %—

smooth.

Lemma 2.1 (properties of F' and ®)

lLAll3
o

(a) F is convex and Lg-smooth with Lp =
(b) @ is proper closed and conver.

Proof (a) Since f is proper closed and o-strongly convez, f* is *

=-smooth. Therefore for any py, py, we
have

IVE(1y) = VE(po)ll2 = [|AV (AT 1)) = AV (AT o)) |2
<AV (AT py) = V(AT po)|l2

1
<llAll—llAT gy — AT pol2

IN

1
—[Allal[A [l = poll2

_ 1Al
=" |1y — tao]]2-

F is convex since F is a composition of a convex function f* and a linear mapping.
(b) Since ¢ is proper closed and convez, so is ¢*. Thus D(u) = ¢*(—p) is also proper closed and convez.



If f is also Ly-smooth, then we can use the proximal gradient method as below.

Algorithm 2 Primal Proximal Gradient Method
1: Input: ©g and L > Ly.

2: for k£ > 0 do

3: Thp1 = PIOX1 gy (mk - %Vf(wk))

This might not be efficient since the proximal operator prox 1404, May not have a closed-form
expression due to A (unless it is a diagonal matrix). Let’s see how we can circumvent such issue using
the Lagrange dual (even in the case where we do not need the L y-smoothness assumption on f).

We can easily use the proximal gradient method to solve the dual problem as below.

Algorithm 3 Dual Proximal Gradient Method (dual representation)

2
_ LA}
2

1: Input: pgand L > Lp
2: for £k > 0 do
3 Brp1 =Proxig (e — £VF (i)

Theorem 2.2 Let {p;, }r>0 be the sequence generated by the dual prozimal gradient method. Then, for
any optimal solution p, of the dual problem (2.7), we have

Lllpo — .12
q(m.) = alpy) < 4”“0%# Iy (2.9)

We next find a primal representation of the dual proximal gradient method, which is written in a
more explicit way in terms of f, ¢, A. (proof omitted)

Algorithm 4 Dual Proximal Gradient Method (primal representation)

1: Input: pgand L > Lp = %

2: for k£ > 0 do

3: x), = arg max,, { (x, ATuk>—f(a:)}.

4 pggq = g — $Amg + f proxp g (Azy, — Lpy).

Remark 2.1 The sequence {xx}r>0 generated by the method will be called the primal sequence. The
elements of the sequence are actually not necessarily feasible with respect to the primal problem (2.1)
since they are not guaranteed to belong to dom ¢(A-). Nevertheless, the primal sequence converge to the
optimal solution ..

Lemma 2.2 (primal-dual relation) Let o € dom @, and let

z = arg max {{z, ATp) —f(z)}. (2.10)
Then,
o @l < 2a(m.) — a(p)) (211)

Theorem 2.3 Let {xy}r>0 and {p, x>0 be the primal and dual sequences generated by the dual prozimal
gradient method. Then, for any optimal solution p, of the dual problem (2.7), we have

Lllpo — .13

- (2.12)

[l — .13 <



We can accelerate dual proximal gradient method by using the fast dual proximal gradient method
as below.

Algorithm 5 Fast Dual Proximal Gradient Method (dual representation)

2
Al
=z

1: Input: pg =mno and L > Lp =

2: for £k > 0 do

3: Hkt1 =Proxig (e — £ VF(mr)).
144/1+4t2

4: tk+1 = fk

tp—1
5: Met1 = Ppr1 + &

tp41

(1 — )

Theorem 2.4 Let {p; }x>0 be the sequence generated by the fast dual prozimal gradient method. Then,
for any optimal solution w, of the dual problem (2.7), we have

CEsi (2.13)

q(p) — q(py,) <

Algorithm 6 Fast Dual Proximal Gradient Method (primal representation)

2
[IAll5
—2.

1: Input: pg =m0 and L > Ly =

2: for k£ > 0 do

3: uy = argmax, {(z, ATn) —f(z)}.

4: M1 = My — %AukJr%proxL(b (Auy, — Lpy,).
144/144t2

5: tk+1 = fk

. t—1
6: Mht1 = Hpy1 + £

thi1 (Nk+1 - K1)

Theorem 2.5 Let {x}i>0 and {py,}r>0 be the primal and dual sequences generated by the fast dual
prozimal gradient method. Then, for any optimal solution w, of the dual problem (2.7), we have

o(k+1)2 (2.14)

[l — .|l <
Ezample 2.1 Consider the one-dimensional total variation (TV) problem:

. 1
win {3112 ~ bl + +/1Dal, }.

where

Let f(x) = 3||x — b||3, #(z) = 7||z]|1 and A = D in (2.1). Then, f is o-strongly convex with o =1, ¢

is convex, and ||D||3 < 4, so F(u) = f*(D"p) is Lp-smooth with Lp = 4.

Algorithm 7 Dual Proximal Gradient Method for One-dimensional TV Problem (primal representation)

1: Input: pg and L > Lp = 4.

2: for k£ > 0 do

3: x), = arg max, { (x, DTuk>—%||w—b||%}=DTuk+b.
4: Brp1 = My — %Dmk + % proxpy (Dzy — Lpy,).




The dual problem min, {F(u) + ®(p)}, where
x 1 1
F(u) = £(D7w) = LD T 3 Lo

B(p) = ¢* (—p) = {0, oo < s

00, otherwise,

is a constrained quadratic convex problem. The projection operator onto a norm ball C = {u : ||pt]]o0 <
7} is Pe(p) = min{|p|,v1} © sign(p).

Algorithm 8 Dual Proximal Gradient Method for One-dimensional TV Problem (dual representation)

1: Input: g and L > Lp = 4.
2: for k£ > 0 do
3 pysr = Pe(pe — £(DTpy b))




3 Augmented Lagrangian Methods (see [1, Chapter 15])

Consider the problem
min f(x) (3.1)
subject to Ax = b,

where we assume that f is proper closed and convex functions.
The dual function is

and the dual problem (in the minimization form) is

m;n{f*eATm + (b, )} (3.2)

Consider the proximal point method, which has the following update at each kth iteration for given
constant p > 0:

. 1
s = D10, ) = argmin {3 = g+ (-0 | (33
"

= arg min {f (—ATp) + (b, ) +2*||H - Hk||§} .
n 14

The sequence {p, }x>0 satisfies
it — I
- < o = Bullz 3.4
alm) = alpe) < =50 (3-4)

Recall that the proximal point method has its accelerated version with rate O (k—lg)
The primal representation of the dual proximal point point method is known as the augmented
Lagrangian method.

Algorithm 9 Augmented Lagrangian Method

1: Input: puy and p > 0.

2: for k£ > 0 do

3: T4 € argming { L, (@, py,) = f() + (py, Az —b) +5||Az — b2}
4 ppyr = pyg + p(ATpyr — D)

Remark 3.1 This method has a rate faster than than the rate of the dual projected subgradient methods,
but the additional quadratic term destroys the separability for the dual decomposition.

We next show that the augmented Lagrangian method is equivalent to the dual proximal point
method. The optimality condition of the xji-update is

0 € Of(@ri1) + AT (uy + p(Ais1 — b)), (3.5)
which can be reformulated as
ATy € 9f (Thi). (3.6)
Using the conjugate subgradient theorem [1, Theorem 4.20], we have
i1 € OF (AT pyp). (3.7)
Multiplying it by —A leads to
0€ —AIf*(—ATpy ) + Axj, (3.8)
which is equivalent to the following optimality condition of the proximal point update:
. 1
0€—-Adf* (—ATpy 1) +b+ ;(Nk-i—l — Hy)- (3.9)



4 Alternating Direction Method of Multipliers (see [1, Chapter 15])

Consider the problem
i H = 4.1
o {H(@,2) = f(z) +6(2)} (4.1)
subject to Ax 4+ Bz = c,

where A € R"*4, B € R"*? and ¢ € R". We assume that f : R? — (—o0,00] and ¢ : RP — (—00, ]
are proper closed convex functions. There exists & € relint(dom f) and 2 € relint(dom ¢) for which
A%+ Bz = c. The problem (4.1) has a nonempty optimal set. Note that the objective function H(x, z)
is separable in @ and z.

The dual function is

)= inf {L(w2p) = f(@) +6(2) + (1, Az + Bz — o))
zcR4,z€RP
= _f*(_ATl‘l’) - dj*(_BTl’l’) - <C7 iu’>7
and the dual problem (in the minimization form) is

mgn{f*(—ATu) +¢" (=B p) + (c, u)} (4.2)

The dual subgradient method (in primal representation) for this problem is as follows.

Algorithm 10 Dual Subgradient Method

1: Input: puy € R™.

2: for k > 0 do

3t (@41, Zr41) € argmingcpa Lere {£(2: 2, 1) = f(2) + ¢(2) + (py, Az + Bz — ¢)}
4: Choose a step size s > 0.

5 g1 = g+ sk(ATky1 + Bzeyr — o

The (zkt1, Zk+1)-update of dual subgradient method is separable, which preserves the separability of
the objective function H(x, z), but the overall method suffers from a slow worst-case convergence rate
1
()
The dual proximal point method (in primal representation), also known as augmented Lagrangian
method or the method of multipliers, for this problem is as follows.

Algorithm 11 Augmented Lagrangian Method

1: Input: pg € R™ and p > 0.

2: for k£ > 0 do

30 (®k41,ze41) € argmingcpa Lepp {Lo(@, 2, ui) = (@) + 6(2) + (g, Az + Bz —¢) +5||Az + Bz — c|[3}
4 pyyr = pg + p(ATppr + Bz — o)

Remark 4.1 The augmented Lagrangian method is equivalent to a dual subgradient method (with step
size s = p > 0) for solving the following equivalent problem of (4.1):

. p 2}
H ~|| A Bz — 4.3
i {H(w,z) + §| Az + Bz — |} (4.3)

subject to Az + Bz = ¢,

because the function £,(x, 2z, ) is a Lagrangian function for this equivalent problem.



The augmented Lagrangian method has a worst-case convergence rate O (%) that is faster than that
of dual subgradient method, but it looses separability due to the additional quadratic term, unlike the
dual subgradient method. Also, the (41, zk+1)-update step of the augmented Lagrangian method is
almost as difficult to solve as the original problem.

To circumvent this non-separability issue, the following alternating direction method of multipliers
(ADMM) solves the (xg41, 2x+1)-update of the augmented Lagrangian method by one iteration of the

alternating minimization method.

Algorithm 12 Alternating Direction Method of Multipliers

1: Input: 29 € RP, pg € R™ and p > 0.

2: for k£ > 0 do

3: Zpy1 € argmingcga {Lp(x, 21, py) = f(@) + ¢(2z1) + (py, Az + Bz, — ¢) +5||Ax + Bz, — c||3}
Zpy1 € argmingegp {Lo(Thy1, 2, 1y) = f(@pt1) + 6(2) + (g, Azpqr + Bz — ) +5||Azyq1 + Bz — |3}
Pri1 = My + p(AZpp1 + Bzpy1 —©)

ADMM can be generalized as below by adding quadratic proximity terms with given two positive
semidefinite matrices G € $% and Q € $%.

Algorithm 13 Alternating Direction Proximal Method of Multipliers
1: Input: g € R%, 29 € RP, py € R", p> 0, G € Si and Q € S

2: for £ > 0 do

3: Tyl € argmingcpa {ﬁp(w,zk,uk)Jr%Ha:fmkHé}

Zp41 € argmin, cgp {‘c/)(wlﬂ—hzvﬂk) + 3z — ZkHZ;}
Bry1 = py + p(ATpy1 + Bzpyr — )

For the following choice:
G=al —-pA"A, Q=pI-pB'B (4.4)

with o > p||AT Al|s and B > p||B" B||2, the alternating direction proximal method of multipliers
becomes the alternating direction linearized proximal method of multipliers, also known as a linearized
ADMM.

Algorithm 14 Alternating Direction Linearized Proximal Method of Multipliers

1: Input: zg € R%, 20 € R?, py € R™, p >0, a > p||AT Al|2 and 3 > p||BT B||2.
2: for £ > 0 do

3: Tpi1 = Proxip {wk — gAT (Amk + Bz, —c+ %uk>]

4: Zit1 = prOX%¢ [zk — %BT <Amk+1 4+ Bz, —c+ %ﬂk)]
5 ppyr = py +p(AZppy + Bz — o)

Assumption 4.1 For any a € R%, b€ RP, G € $¢, Q € $, and p > 0, the optimal sets of the problems

. 4 9 1 2
min, { f(@) + 514w} + Fllal + (o 2)} (4.5
and
min 4 o(z) + 2| Bzl + < ||zl + (b, 2) (4.6)
ZERP 2 2T oli7le ’

are nonempty.



Theorem 4.1 Suppose Assumption 4.1 (in addition to the assumptions for (4.1)) holds. Let {(xk, zk) } k>0
be sequence generated by the alternating direction proximal method of multipliers for solving (4.1). Let
(x4, z4) be an optimal solution of (4.1) and w, be an optimal solution of (4.2). Suppose that v > 0 is
any constant satisfying v > 2||y«||2. Then for all k >0,

[0 — @ |l& + [120 — 21D + 5 (v + llo[2)?

H(Zyg, 2r) — H(xx, 2:) < , 4.

(@, 21) — H(w., 2.) 20+ 1) .7
llwo — . |l& + llzo — 2| + 5 (v + [lol]2)?
AZp + Bz, — ||z < . ; 4.8
|Az; + B2y — cl|2 < SO D) (4.8)
where D = pBT B + Q and
1< 1<

Tp = —— E ; Zy = —— E i1 4.

Tk k1 2 Lit1, Rk 1 2 Zi+1 (4.9)
Let’s now consider the following simpler problem:
min {f(x)+ ¢(Ax)}, (4.10)
zcR4

which is equivalent to (2.1) without the o-strong convexity of f. As for (2.1), we can reformulate (4.10)
as

Lomin {f(@)+0(2)) (411)

subject to Ax — z =0,

which is equivalent to (4.1) with B = —I and ¢ = 0.
We study ADMM and linearized ADMM for the problem (4.10). (Compare these methods with the
dual proximal gradient method that requires additional o-strongly convex property of f.)

Algorithm 15 Alternating Direction Method of Multipliers for (4.10)

1: Input: zg € RP, uy € R” and p > 0.
2: for £ > 0 do

B i € argmingega {f(@) + §llAw — 2+ LuylI3}

Zk41 = Proxiy (A-'17k+1 + %Mk)
P
Bip1 = py + p(ATpq1 — Zk41)

Algorithm 16 Alternating Direction Linearized Proximal Method of Multipliers for (4.10)

1: Input: g € RY, 29 € RP, pg € R™, p >0, a > p||AT A||2 and 8 > p||BT B|2.
2: for k£ > 0 do

3: Th41 = PrOX1 g [mk - §AT (Ail:k -z + %Nk)]

— L _ 1
Zk41 = ProXiy [zk + 45 (A$k+1 zp + ,,l%)]
M1 = o+ p(ATp 1 — 2311)

Ezxample 4.1 Basis pursuit. Consider the problem
min ||x||;
zeR4
subject to Ax = b.

10



This can be reformulated in the form of (4.11) as
;2]'11{; {llzlly + Ity . v=b} (2) }
subject to Ax = z

by letting f(z) = [|z[|1 and ¢(2) = I{y . v=p}(2). For any v > 0, prox. ;(-) is a soft-thresholding operator
and prox. ,(-) = b.

Algorithm 17 Alternating Direction Linearized Proximal Method of Multipliers

1: Input: o € R%, pg € R™, p>0and L = ||AT Al|2 (o = pL and B = p).
: for £ > 0 do

2
. — _ 14T _ 1
3: Tyl = proxp%f [ajk TA (Ail:k b+ puk>]
4 Bri1 = #g + p(AZpqr — b)

Remark 4.2 The direct extension of ADMM for three or more variables is not necessarily convergent [2],
while it works well in practice.

Remark 4.3 ADMM is a primal representation of the dual Douglas-Rachford splitting method [4], anal-
ogous to the fact that augmented Lagrangian method is a primal representation of the dual proximal
point method.

The following is Douglas-Rachford splitting method [3] that solves ming{p(f(x) + ¢(x))}, where f
and ¢ are proper closed convex functions and p > 0.

Algorithm 18 Douglas-Rachford splitting method
1: Input: yo € R% and p > 0.

2: for k£ > 0 do

3: Tp+1 = proxX,r(Yr)

4 Ykt+1 = Yk + ProX,5 (2®p41 — Yk) — Th
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