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The Area Problem

Area under the curve
and above the interval
[a,b] on the x-axis.




Assumptions about Areas

. Area is a nonnegative number.
. The area of a rectangle is its length times its width.

. Area is additive. That is, if a region is completely divided into a
finite number of non-overlapping subregions, then the area of the
region is the sum of the areas of the subregions.



Upper and Lower Sums; the Method of
Exhaustion

Suppose we want to use rectangles to approximate the area under
the graph of y = x + 1 on the interval [0, 1].
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e We will call the sum of the areas of the rectangles in the left
picture an Upper Riemann Sum, and the sum of the areas of the
rectangles in the right picture a Lower Riemann Sum.

e The Upper Sum = 31/20 and Lower Sum = 29/20 .

e The process of increasing the number of rectangles to improve the
approximation to the area whose value we seek is reminiscent of

the Greek Method of Exhaustion.
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General Procedure for finding the Area Under a

[aby |

Curve and Above an Interval

Let y = f(z) be given and defined on an interval [a,b]. Subdivide the interval [a,b] into n subin-
tervals. Label the endpoints of the subintervals a = 29 < 2y < 29 < 23+ < x,, = b. Define
P ={xp,x1,23,...,2,} to be a partition of [a,b].

Let Ax; = x; — x;_1 be the width of the it subinterval, 1 < i < n.

Form the Upper Riemann Sum U(P, f): the height of each rectangle is the mazimum value M; of the

'_tb,

function on that 7** subinterval.

U(P, f) = MiAzxy + MaAxs + M3Axg +--- + M, Az,
Form the Lower Riemann Sum L(FP, f): the height of each rectangle is the minimum value m; of the

function on that #** subinterval.

L(P, f) = miAx1 + moAxs + magAxs +--- +m,Ax,

. Take the limit as n — ~ and the maximum Axz; — 0.



Sigma Notation

If m and n are integers with m < n, and if f is a function
defined on the integers from m to n, then the symbol > 7" f(i),
called sigma notation, is defined to be f(m) + f(m+ 1)+ f(m +
2)+ ...+ f(n).



Example

3 i=1424344---+n

=1
3.y l=1+1+1+1---+1
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The Area Problem Reuvisited

i=1
L(P, f) = imiAZEia
i=1

where M; and m; are, respectively, the maximum and minimum val-
ues of f on the ith subinterval [z;_1,2;], 1 < i <n.



Riemann Sums

e Given a partition P of |a,b], P = {a = x¢, x1,x3,...,2, = b},
and Ax; = x; —x;_1 the width of the 7th subinterval, 1 < i < n;

e Let f be defined on |a, b].

e Then the Right Riemann Sum is
> fx) A,
i=1
and the Left Riemann Sum is

> flai) A,
1=0
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The Definite Integral

e Let P be a partition of the interval [a, b], P = {x¢, 1, T2, ..., Tn}
witha=z¢g<zl1<22...2, =0.

o Let Ax; = x; — x;11 be the width of the ith subinterval, 1 <
i <n. Let f be a function defined on |a, b|.

e We say that f is Riemann integrable on [a,b] if there exists a
number ® such that L(P, f) < ® < U(P, f) for all partitions of
(a, b]. We write the number as

b
¢ = / f(x)dx
and call it the definite integral of f over [a,b).
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Theorem 1: If f is Riemann integrable on [a, b], then

n

b
/ flayde = lim Zj’(ci}ﬂ.ri

T —+ DT

I|P[]—0 i=1

where ¢; is any point in the subinterval [z;_y,z;], and ||P|| is the maximum length of the Ax;.

Theorem. [f f is continuous on |a, b], then f is Riemann integrable
on [a,b].
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Example

Use an Upper Riemann Sum and a Lower Riemann Sum, first with
8, then with 100 subintervals of equal length to approximate the area
under the graph of y = f(z) = 2% on the interval [0, 1].
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Properties of the Definite Integral

. f:f(az)d:c = 0.

e If f is integrable and f(x) > 0 on [a,b], then f;f(x)dx equals
the area of the region under the graph of f and above the interval
la,b]. If f(x) <0 on [a,b], then f;f(x)dx equals the negative
of the area of the region between the interval [a, b] and the graph

of f.

o Definition: [, f(z)dz = — f;f(a:)d:c
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e If f and g are integrable on |a, b], then

b

/ab(Af(x) + Bg(x))dz = A/ab f(z)dz + B/a g(z)dz.

for any constants A and B.

e If f is an odd function, then \
f(x)dz = 0.

That is, the definite integral of an odd function over a symmetric
interval is zero.
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e If f is an even function, then

_a f(x)dx = 2/: f(x)dz.

i

0.6

I D.B-; q
1

0.2

o8 04 0 77 o4y o

area I = area Il

17



Example

Let the function f be defined piecewise by

x ife <0

flz) = —x?24+2r 0<x<?2

T— 2 otherwise
“I =
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Mean Value Theorem for Definite Integrals

Theorem. Let f be continuous on the interval [a,b]. Then there
exists ¢ in |a, b] such that

/ f(z)dz = (b— a) f(c).

Definition. The average value of a continuous function on the

interval |a, b] is
1 b
- a/a f(x)dz.
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