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Back to Integrals

Now we want to explore some basic properties of integrals of
complex-valued functions of a real variable and especially of
contour integrals. It might be wise to review the last part of the
previous lecture before proceeding.

Lemma

Suppose that w : [a, b] — C is continuous.

b b
Q Ifa € C, then a/ (t)dt—/ aw(t) dt.

G‘/ dt /|w t)| dt.
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Proof of (1)

Proof
Let W(t) u(t) + iv(t) and @ = x + iy. Then

aflw t)dt x+/y)(f u(t)dt+i [? ()dt)
x[Put)dt—y [Pv dt—i—l(yf (t)dt+x [Cv ):
fa(xu(t) ())dt+ff( u(t) + x(t ))dt)—
f;’(x+fy>(()+:v(t = [, aw(t) O]

Math 43: Spring 2020 Lecture 11 Part 1



Proof of (2)
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Standard Properties

Suppose that f and g are continuous on a contour I.
(1) /(f(z) +g(z)) dz = / f(z)dz+ /g(z) dz.
r r r

Q IlfacC, then a/f(z)dz:/af(z)dz.
r r

© If —T is the opposite contour, then
/ f(z)dz = —/f(z) dz.
-r r
Q If|f(z)| < M forall z €T, then

‘/I_f(z) dz‘ < Me(r).
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Proof

Proof.

Part (1) is straightforward and (2) is also if we use part (1) of the
previous lemma. For part (3), let y be a directed smooth curve with
admissible parameterization z : [a, b] — C. Then —+ is parameterized
by w(s) = z(—s) for s € [-b,—a]. Then

/_7 f(z)dz = /_ba f(w(s))w/(s) ds
= [ i e

which, after t = —s and dt = —ds, is

a b
/ f(z(t))z’(t)dt——/ f(z(t))Z'(¢t) dt
b

:—/Wf(z)dz a
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Proof Continued

Now, in general, if [ =~; + -+« +y,, then = = —v, + - - + —1.
Then

/rﬂﬂdz_gé/wf&ﬁb
——Z;Lagw

:_ﬂaaw.

This proves (3).
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Proof of (4)

We still need to establish (4). But if 7 is a directed smooth curve
with admissible parameterization z : [a, b] — C then

]/7 F(2) de| =

which, using the lemma, is
b
g/ | (2(£))(2)] dit

/ M|Z'(t)| dt

= M{(y

b

[ f0)2(1) |

Now we let ' =1 + - -+ + v, etc. O
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An Example

Let G, be the positively oriented circle |z| = 2. Show that

cos 4
d‘<f2
’/ 2 +1 7¢7

Ifz—x+iy and |z| = 2, then

|cos(z)| < 3(|e| +|e 7)) = 3(e™¥ + €¥) < 2. (Since |y| < 2!)
On the the other hand, we can use the reverse triangle inequality
to say that |23 4 1| > |z|3 — 1 = 7 on |z| = 2. Thus the integrand

above is bounded by I\/I ¢ Then the modulus of the integral is

7
bounded by M{((,) = < - 4 O
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Let's Take a Break
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