Limits of Functions

Suppose that f is a complex-valued function defined on a deleted
neighborhood of zy. Then we say that lim f(z) = wy if for all
zZ—2Z)

€ > 0 thereisa § > 0 so that 0 < |z — zg| < d implies that
|f(z) — wo| < e.

(Theoremn |

Suppose that f(x + iy) = u(x,y) + iv(x,y) is defined on a deleted
neighborhood of zy = xp + iyy. Then Ii_>m f(z) = ao + ibo if and
zZ—20

only if

lim u(x,y)=ag and lim v(x,y) = bg.
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Continuity

We say that f : D C C — C is continuous at z5 € D if

lim f(z) = f(z).

Z—2Z)

Suppose f,g : D ¢ C — C are continuous at zy. Then so are

f
f+g andfg. If g(z0) # 0, then so is —. Moreover if h is

continuous at f(zy), then k(z) = h(f(z)) is continuous at z.




Examples

Example

Part of the point of the lecture is that most of the functions we are
familiar with—provided they still make sense—are continuous.
Polynomials are everywhere continuous and rational functions are
continuous wherever they make sense (“on their natural
domains”). Our new complex exponential function is continuous.
In fact, just about anything we can build using elementary algebra
and composition are continuous on their natural domains. We just
have to be careful not to write down things that don't make sense

like (z) = Ve + 2.




Complex Differentiation

Definition
Suppose f is defined in a neighborhood of zy. Then we say that f
is complex differentiable at zp if the complex limit

F(z0) = lim f(zo+ w) — f(20)

w—0 w

exists.




Back to Calculus |

Theorem

(1) %(z”) =nz"! forallneZ.
@ (fray=r+g
O (fg) =fg+fg
0 (f)="5E
g g
Q If h(z) = f(g(2)), then h'(z) = f'(g(2))g’(2).
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Definition
Functions f : C — C that are complex differentiable everywhere are
called entire functions.

Remark

All polynomials are entire functions. Rational functions are complex
differentiable on their natural domains. So all the polynomial
calculus frc1>6n high school 9remains in place:
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Z(z+32)7 =10(z+2)"(1- ).
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Analytic Functions

Definition

Let f : D C C — C be a function. We say that f is analytic at
79 € D of there is a neighborhood U C D of z such that f'(z)
exists for all z € U. If D is a domain, then we say that f is
analytic on D if f'(z) exists for all z € D.

The function f(z) = |z|? is complex differentiable only at z = 0!
Hence is not analytic at a single point.




