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De nitions

Example

Permutations

[nN]=1f1;2:::;nq, 2SS,

= 3517364 =(Il;2; 5;?}(4;7)(61 ﬁ5;3; 1 @(6)(7;4;

one line notation  cycle notation cycle notation

G S n cyclic permutations 1Gi=(n 1!
G = 1(1,2,3);(1;3,2)g = 123,31y
The descent sebf 2 S, is
D()=fi:1 i n 1 (i)> (i+1)g
D(2517364) = f2;4; 69
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De nitions

Example

Descents of cyclic permutations come up when determining th
smallest number of symbols needed to realize a permutatipn b
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De nitions

Example

Descents of cyclic permutations come up when determining th
smallest number of symbols needed to realize a permutatipn b

shifts.
E.g., the permutatior4217536can be realized using three symbols:

2102212210:: 4
102212210::
02212210::
221221Q::
212210 ::
12210:::
2210:::

NN ©

lexicographic order
% of the shifted sequences
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De nitions

Example

Descents of cyclic permutations come up when determining th
smallest number of symbols needed to realize a permutatipn b

shifts.
E.g., the permutatior4217536can be realized using three symbols:

9
~ lexicographic order
% of the shifted sequences

2102212210::

102212210::

02212210::

221221Q::

212210 ::

12210:::

2210:::

The number of symbols needed is related to the descents of the
cycle @,2;1;7;5; 3;6).

Descent sets of cyclic permutations
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De nitions
Example

Descent sets of 5-cycles

G

G

(1;2;3;4,5) =2345 1

(2;1;3;4;5) =3 1452
(3;2,1;4;5) =4 1253
(4;3;2;1;,5) =5 1234

(2;3,1,4,5) =4 3152
(2;4;3;1,5) =5 4132
(4,2;3;1,5) =5 3124

(1;3;2,4;5) =34 251
(1;4;3,2;5) =45 231
(3;1;2,4,5) =24 153
(3;1;4,2;5) =45 123
(4;3;1,2,5) =25 134

(1;4,2,3,5)=4 3521
(2;1;4;3,5) =4 1532
(2;3;4,1,5) =5 3412
(3;4;2;1;5) =5 1423
(4,2;1,3,5) =3 1524

(1;2,4,3;,5)=24531
(2;4;1;3;5) =345 12
(4;1;2;3;5) =235 14

(1;3,4,25=35421
(3;4;1,2,5) =25 413
(4;1;3,2,5)=35214

(3;2,4,1,5)=5 4213
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De nitions
Example

Descent sets of 5-cycles

G Sy G Sy
(1;2;3;4,5) =23451 | 1234 (2;3,1,4,5) =4 3152|3214
(2;1;3;4;5) =3 1452 | 2134 (2;4;3;1,5)=54132|4213
(3;2,1;,4;5) =4 1253|3124 (4,2,3;1,5)=5 3124 | 4312
(4;3;2;1,5) =5 1234 | 4123 (1;4,2,3,5)=4 3521|3241
(1;3;2,4;5) =34 2511324 (2;1;4;3,;5)=4 1532|2143
(1;4;3;2,5) =45 231 | 1423 (2;3,4,1;,5) =5 3412 | 4231
(3;1;,2,4;,5) =24 153 | 2314 (3;4;2;1;5) =5 1423 | 4132
(3;1;,4;,2;5) =45 123 | 3412 (4,2;1,3;5) =3 1524 ({3142
(4,3;1,2;5) =25 134 | 2413 (1;3,4,25)=35421|1432
(1;2,4;3;5) =24531| 1243 (3;4;1;2,5)=25413 | 2431
(2;4;1;3;5) =345 12 | 1342 (4,1;3,2,5)=35214 | 3421
(4;1;2;3;5) =235 14 | 2341 (3;2,4,1,5)=54213[4321
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Main result The bijection
The inverse

Main theorem

Theorem
For every n there is a bijectioh : G+1 'S j such that if
2Chs1 and ="' (), then

D( )\ [n 1]=D():
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Main result The bijection
The inverse

The bijection' : G+ 'S . First step

Given 2 Cpy+1, Write it in cycle form withn + 1 at the end:

=(11;4,10,1;7;16,9; 3;5;12; 20; 2; 6; 14; 18; 8; 13,19, 15, 17; 21) 2 Cyq
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Main result The bijection
The inverse

The bijection' : G+ 'S . First step

Given 2 Cpy+1, Write it in cycle form withn + 1 at the end:
=(11;4,10,1;,7,16,9,3,5; 12, 20; 2,6, 14,18, 8,13,19,15,17, 21) 2 Cyy
Deleten + 1 and split at the \left-to-right maxima":

=(11;4:10;1;7)(16;9; 3;5; 12)(20; 2; 6; 14; 18, 8; 13, 19; 15; 17) 2 So:
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The inverse

The bijection' : G+ 'S . First step

Given 2 Cpy+1, Write it in cycle form withn + 1 at the end:
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Thismap 7! is a bijection
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Main result The bijection
The inverse

The bijection' : G+ 'S . First step

Given 2 Cpy+1, Write it in cycle form withn + 1 at the end:
=(11,;4,10,1,7;16;9;3;5;12 20; 2,6, 14,18, 8; 13,19, 15,17, 21) 2 Cx1

Deleten + 1 and split at the \left-to-right maxima":
=(11;4:10;1;7)(16;9; 3;5; 12)(20; 2; 6; 14; 18, 8; 13, 19; 15; 17) 2 So:

Thismap 7! is a bijection, but unfortunately it does not
always preserve the descent set:

(7)=16> (8)=13 but (7)=11< (8)=13:
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Main result The bijection
The inverse

The bijection' : G+ 'S . First step

Given 2 Cpy+1, Write it in cycle form withn + 1 at the end:
=(11,;4,10,1,7;16;9;3;5;12 20; 2,6, 14,18, 8; 13,19, 15,17, 21) 2 Cx1

Deleten + 1 and split at the \left-to-right maxima":
=(11;4:10;1;7)(16;9; 3;5; 12)(20; 2; 6; 14; 18, 8; 13, 19; 15; 17) 2 So:

Thismap 7! is a bijection, but unfortunately it does not
always preserve the descent set:

(7)=16 > (8)=13 but (7)=11< (8)=13:
We say that the paiif 7; 8g is bad We will x the bad pairs.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10; 1, 7)(16;9; 3;5; 12)(20; 2; 6; 14; 18; 8; 13, 19; 15, 17)
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13,19, 15, 17; 21)
(11;4;10; 1, 7)(16;9; 3;5; 12)(20; 2; 6; 14; 18; 8; 13, 19; 15, 17)
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:
Iz := rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10; 1; 7)(16; 9; 3;5; 12)(20; 2; 6; 14; 18; 8; 13, 19; 15, 17)

z:=17.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:
Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13,19, 15, 17; 21)
(11;4;10;1; 7)(16;9; 3;5; 12)(20; 2; 6; 14,18, 8; 13,19, 15;17)
f7,6g andf7;8g are bad; and (6) =14 > 13= (8)) ":= 1.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10;1; 7)(16;9; 3;5; 12)(20; 2; 6; 14,18, 8; 13, 19; 15, 17)
z:=17. "= ],
Switch 7 and 6.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10; 1;6)(16;9; 3;5;12)(20; 2; 7; 14,18, 8; 13, 19,15, 17)
z:=17. "= ],
Switch 7 and 6.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10; 1, 6)(16;9; 3;5;12)(20; 2; 7; 14,18, 8; 13, 19; 15, 17)
z:=17. = L
Switch 7 and 6. Switch 1 and 2.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
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z:=17. "= ],
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11; 4,10, 2;6)(16;9; 3;5;12)(20; 1; 7; 14, 18; 8; 13,19, 15, 17)
Z:= 6. "= 1.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long akz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11; 4,10, 2;6)(16;9; 3;5;12)(20; 1, 7; 14, 18; 8; 13,19, 15, 17)
z:= 6. f6;59is bad. "= 1
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
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consecutive values, switch them. Repeat 2.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch thenRepeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10;2;5)(16;9; 3;6; 12)(20; 1, 7;14; 18; 8; 13, 19; 15, 17)
Z:= 6. "= 1.
Switch 6 and 5. Switch 2 and 3.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch thenRepeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10; 3;5)(16;9; 2; 6; 12)(20; 1, 7;14; 18; 8; 13, 19; 15, 17)
Z:= 6. "= 1.
Switch 6 and 5. Switch 2 and 3.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;10;3;5)(16; 9; 2;6; 12)(20; 1, 7; 14, 18; 8; 13, 19; 15, 17)

Z:= 6. "= 1.
Switch 6 and 5. Switch 2 and 3. Switch 10 and 9.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2;6; 12)(20; 1, 7; 14, 18; 8; 13, 19; 15, 17)

Z:= 6. "= 1.
Switch 6 and 5. Switch 2 and 3. Switch 10 and 9.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10, 2;6; 12)(20; 1; 7; 14; 18; 8; 13, 19; 15, 17)
z:= 5, "= 1.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long akz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3,5)(16; 10, 2;6; 12)(20; 1; 7; 14; 18; 8; 13, 19; 15, 17)

z:= 5. f5;4gis OK, so we move on to the second cycle.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2; 6; 12)(20; 1; 7; 14, 18, 8; 13, 19; 15, 17)
z:= 12
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2;6; 12)(20; 1, 7; 14,18, 8; 13; 19, 15, 17)
z:= 12, f1211gis OK butf12;13gis bad ) "i=1.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2; 6; 12)(20; 1, 7; 14,18, 8; 13; 19, 15, 17)
z:= 12 "=,
Switch 12 and 13.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2; 6; 13)(20; 1, 7; 14,18, 8; 12; 19, 15, 17)
z:= 12 "=,
Switch 12 and 13.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
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I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch thenRepeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2;6; 13)(20; 1, 7; 14, 18, 8; 12,19, 15;17)
z:= 12 "=,
Switch 12 and 13.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2; 6; 13)(20; 1; 7; 14,18, 8; 12, 19, 15, 17)
z:= 13 "=,
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long akz; z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 2;6; 13)(20; 1;7; 14;18,8; 12, 19,15, 17)
z:= 13, f13;14gis bad. "=,
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
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2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)

(11;4;9;3;5)(16; 10; 2;6; 13)(20; 1;7; 14;18,8; 12, 19,15, 17)
z:= 13 "=,
Switch 13 and 14.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
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z:= 13 "=,
Switch 13 and 14.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:
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1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
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3. z := new rightmost entry of the cycle.
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z:= 13 "=,
Switch 13 and 14. Switch6 and 7.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
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consecutive values, switch thenRepeat 2.
3. z := new rightmost entry of the cycle.
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(11;4;9;3;5)(16; 10;2; 7;14)(20; 1, 6; 13;18,8;12, 19, 15, 17)
z:= 13 "=,
Switch 13 and 14. Switch6 and 7.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)

(11;4;9;3;5)(16; 10; 2; 7; 14)(20; 1; 6; 13,18, 8; 12, 19, 15, 17)
z:= 13 "=,
Switch 13 and 14. Switch 6 and 7. Switch 2 and 1.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
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(11;4;9;3;5)(16; 10; 1; 7; 14)(20; 2; 6; 13,18, 8; 12, 19; 15, 17)
z:= 13 "=,
Switch 13 and 14. Switch 6 and 7. Switch 2 and 1.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 1, 7; 14)(20; 2;6; 13,18, 8; 12, 19,15, 17)
z:= 14 =1
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long akz; z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 1; 7; 14)(20; 2, 6; 13,18, 8; 12, 19; 15; 17)
z:= 14. f14;159is bad. "=,
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.
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(11;4;9;3;5)(16; 10; 1; 7; 14)(20; 2, 6; 13,18, 8; 12, 19; 15; 17)
z:= 14 =1
Switch 14 and 15.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
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z:= 14 =1
Switch 14 and 15.



Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16; 10; 1, 7; 15)(20; 2;6; 13,18, 8; 12, 19; 14;17)
z:= 15 "=,
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long akz; z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13; 19, 15, 17; 21)
(11;4;9;3;5)(16;10;1;7; 15)(20; 2;6; 13,18, 8; 12,19, 14;17)
z:= 15 f15;16gis OK, so we are done.
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Main result The bijection
The inverse

The bijection' : G:1 'S 4. Fixing bad pairs

For each but the last cycle of, from left to right:

Iz := rightmost entry of the cycle.
Iffz;z 1gorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is largest.

I Repeat for as long abz;z+"g is bad:
1. Switchz andz+" (in the cycle form of ).
2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.
3. z := new rightmost entry of the cycle.

(11;4,10,1,7,16,9; 3;5; 12, 20; 2; 6; 14;18; 8; 13,19, 15, 17; 21)
() (11;4,9;3;5)(16; 10;1;7;15)(20, 2; 6; 13,18, 8; 12,19, 14, 17)
Dene' ()=
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Main result The bijection
The inverse

The descent sets are preserved

(11;4,10,1;7;16,9; 3;5; 12; 20; 2; 6; 14, 18; 8; 13, 19; 15;17; 21)
(11;4;9;3;5)(16; 10; 1; 7; 15)(20; 2; 6; 13,18, 8; 12;19; 14; 17)

()
In one-line notation,

7 651012141613 3 142019 18 16 9 21815211
7 659111315123 141918 17 16 10208 14 2

()
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Main result The bijection
The inverse

The inverse map 1:S,!C n41. First step

Given 2 Sy, write it in cycle form with the largest element of
each cycle rst, ordering the cycles by increasing rst elent:

=(11;4;9;3;5)(16; 10; 1; 7; 15)(20; 2; 6; 13;18; 8; 12, 19;14; 17) 2 So:
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Main result The bijection
The inverse

The inverse map 1:S,!C n41. First step

Given 2 Sy, write it in cycle form with the largest element of
each cycle rst, ordering the cycles by increasing rst elent:

=(11;4;9;3;5)(16; 10; 1; 7; 15)(20; 2; 6; 13;18; 8; 12, 19;14; 17) 2 So:

Remove parentheses and appemd 1:

=(11;4,9;3;5; 16;10;1;7;15; 20;2;6;13,18;8;12,19,14;17; 21) 2 Cy1:
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Main result The bijection
The inverse

The inverse map 1:S,!C n41. First step

Given 2 Sy, write it in cycle form with the largest element of
each cycle rst, ordering the cycles by increasing rst elent:

=(11;4;9;3;5)(16; 10; 1; 7; 15)(20; 2; 6; 13;18; 8; 12, 19;14; 17) 2 So:

Remove parentheses and appemd 1:

=(11;4,9;3;5; 16;10;1;7;15; 20;2;6;13,18;8;12,19,14;17; 21) 2 Cy1:

A pairfi;i+1lgisbadif (i)> (i+1)but (i)< (i+1),or
viceversa. We will x the bad pairs.
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Main result The bijection
The inverse

The inverse map 1:S,!C n41. First step

Given 2 Sy, write it in cycle form with the largest element of
each cycle rst, ordering the cycles by increasing rst elent:

=(11;4;9;3;5)(16; 10; 1; 7; 15)(20; 2; 6; 13;18; 8; 12, 19;14; 17) 2 So:

Remove parentheses and appemd 1:

=(11;4,9;3;5; 16;10;1;7;15; 20;2;6;13,18;8;12,19,14;17; 21) 2 Cy1:

A pairfi;i+1lgisbadif (i)> (i+1)but (i)< (i+1),or
viceversa. We will x the bad pairs.

Call blocksthe pieces of between removed parentheses.
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Main result The bijection
The inverse

The inverse map 1:S,!C n41. Fixing bad pairs

For each but the last block of , from right to left:

Iz := rightmost entry of the block.
If fz;z l1lgorfz;z+1gare bad, let" = 1 be such that
fz;z+"gis bad and (z+") is smallest.

I Repeat for as long abz;z+"g is bad:

1. Switchz andz+" (in the cycle form of ).

2. If the elements preceding the last switched entries have
consecutive values, switch them. Repeat 2.

3. z := new rightmost entry of the block.

We obtain ="' 1().
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Non-bijective proof

Necklaces

X = fXxg1;%2;:::0< linearly ordered alphabet.

A necklaceof length " is a circular arrangement of beads labeled
with elements ofX, up to cyclic rotation.
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Non-bijective proof

Necklaces

X = fX1;%;:::0< linearly ordered alphabet.
A necklaceof length " is a circular arrangement of beads labeled
with elements ofX, up to cyclic rotation.

Given a multiset of necklaces,

I its type is the partition whose parts are the lengths of the
necklaces;

Descent sets of cyclic permutations



Non-bijective proof

Necklaces

X = fXxg1;%2;:::0< linearly ordered alphabet.

A necklaceof length " is a circular arrangement of beads labeled
with elements ofX, up to cyclic rotation.

Given a multiset of necklaces,

I its type is the partition whose parts are the lengths of the
necklaces;

I its evaluationis the monomialx{*x3? ::: whereg is the
number of beads with labe;.
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Non-bijective proof

Permutations and necklaces

Theorem (Gessel, Reutenauer '93)
jf 2 Sy with cycle structure and descent composition @}

= hSc;L i,
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Non-bijective proof

Permutations and necklaces

Theorem (Gessel, Reutenauer '93)
jf 2 Sy with cycle structure and descent composition @}

= MS;Li,
11
where ]
Sc = slﬁew Schur function corresponding to C,
L = yev(M) over multisets M of necklaces of type
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Non-bijective proof

Permutations and necklaces

Theorem (Gessel, Reutenauer '93)
jf 2 Sy with cycle structure and descent composition @}

= MS;Li,
11
where ]
Sc = slﬁew Schur function corresponding to C,
L = yev(M) over multisets M of necklaces of type

Corollary (Gessel, Reutenauer '93)
Let | = fig;io;:ii;ikg< [N 1], ~ n. Then
jf 2 S with cycle structure and D( ) Igj =

jf multisets of necklaces of type and
evaluation §x? "::ixX " Ix], g,
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Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig
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Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig

jf 2Cha withD() 1% = . .
jf necklaces with evaluatior;'xy? " :::x* ™ %7, X2 j:
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Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig

ff 2Cws withD()\[n 1 1g=
jf necklaces with evaluatior;'xy? " :::x* ™ %7, X2 j:
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Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig

Let | = fiq;in;:::;ikg<, 19= | [f ng. By the previous corollary,
f 2Cuwa withD( )\ [n 1] Igj = o '
jf necklaces with evaluatior;'xy? " :::x* ™ %7, X2 j:

Choosing rst the bead labeledy., , the # of such necklaces is
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Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig

ff 2Cws withD()\[n 1 1g=
jf necklaces with evaluatior;'xy? " :::x* ™ %7, X2 j:

Choosing rst the bead labeledy., , the # of such necklaces is

il;iz il,...

which is preciselyf 2 S, : D( ) Igj.
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Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig

Let | = fiq;in;:::;ikg<, 19= | [f ng. By the previous corollary,
f 2Cuwa withD( )\ [n 1] Igj = o '
jf necklaces with evaluatior;'xy? " :::x* ™ %7, X2 j:

Choosing rst the bead labeledy., , the # of such necklaces is

[ P E S R O Y ¢ O 1
which is preciselyf 2 S, : D( ) Igj. We have shown that
jf 2Cua :D()\V[n 1] Igj=jf 2S,:D() g

foralll [n 1]



Non-bijective proof

Non-bijective proof using Gessel-Reutenauer

Goal:jf 2Cm1 :D()\[n 1=Igi=jf 2Sn:D()= Ig

Let | = fiq;in;:::;ikg<, 19= | [f ng. By the previous corollary,
f 2Cuwa withD( )\ [n 1] Igj = o '
jf necklaces with evaluatior;'xy? " :::x* ™ %7, X2 j:

Choosing rst the bead labeledy., , the # of such necklaces is

[ P E S R O Y ¢ O 1
which is preciselyf 2 S, : D( ) Igj. We have shown that
jf 2Cua :D()\V[n 1] Igj=jf 2S,:D() g

foralll [n 1]. The statement follows by inclusion-exclusion.
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Final remarks

An equivalent statement

Let T, be the set ofn-cycles in one-line notation in which one
entry has been replaced with 0.

Ts = 031;201;: 230,012 302 310y:
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Final remarks

An equivalent statement

Let T, be the set ofn-cycles in one-line notation in which one
entry has been replaced with 0.

Ts = 031;201;: 230,012 302 310y:

Clearly,jTnj = nl. Descents are de ned in the usual way.
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Final remarks

An equivalent statement

Let T, be the set ofn-cycles in one-line notation in which one
entry has been replaced with 0.

T3 = £031;,201; 230,012 302 310g:
Clearly,jTnj = nl. Descents are de ned in the usual way.

Corollary
For every n there is a bijection betwedi and S, preserving the

descent set.
Example:

Ss|123]132]213]231[312|321]|
T3|012[031|302]230(302|310|

Descent sets of cyclic permutations



Final remarks

THANK YOU
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