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We saw last class That two graphs are the same it they are differently,
as long as we are simply *moving The verfices', The goal of foday's
lecture is To make this stfatement more formal, One fool we will use is
adjacency and incidence matrices. We will as well start classitying the
graphs.

Matrices: adjacency matrix and incidence matrix

Let G6-(V, E) be a graph without any loop (it does not have to be a
simple graph). We say that 6 , with verfices numbered 1 fo n and
edges numbered e. for iin 11, 2, .,mi,

The adjacency matrix of G, written A(G), is the matfrix whose enfry
a is The number of edges with endpoints the vertices i and j.

The incidence matrix of 6, writfen M(6), is the n—by—m matrix whose
(i,))—entry is 11T verfex i is an endpoint of edge j, and otherwise o,

The incidence matvix is always a symmetric matrix,
The graph on the leff has the following adjacency and incidence

matrices:
'« & 0110 1100 0
& 1 020 1t 0110
& 3 u AG =11 9 ¢ 1 M(G)_01111
A 0010 00001

The degree of a verfex (in a loopless graph) is the number of
edges incident to that verfex,

Isomorphisms

So when are tTwo graphs the same? We will answer This question using
the notion of a bijection. As a reminder, this an injective and
surjective function, or a one—to—one correspondence.

An isomorphism from a simple graph G fo a simple graph H is a

bijection f:V(G6)=>V(H) such that every edge uv of G is mapped
fo the edge f(u)f(v) of H, We then say G and H are isomorphic,
denoted G2H,




This is equivalent fo asking that there exists a simultaneous @
permutation of the rows and columns ot fhe adjacency matrix of 6
that would yield the adjacency matrix of H,

Example
The following graphs are isomorphic:
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This is easily seen with the bijection that exchanges 1 and 3.
Remarks:
— Finding a bijection of the labels is the way to prove fwo graphs
are isomorphic, However, To prove they are not isomorphic, there are
many ways., For example, if fthe list of degrees is not the same, you
will never be able to find an isomorphism, Or if the number of edges
do not correspond, Among others,
— The isomorphism velation is an equivalence relation, i.e, this is a
symmetric velation (G¥H ff H:G), a fransitive rvelation (G6:H and H:=T
imply 6=7) and a reflexive one (6=6). That means that we can split
the graph into equivalence classes,

Example

The following graphs are not isomorphic, They both have six verfices,
all of degree 3, and nine edges, and they are both connected, but
one is biparfite and the other is not. Since they don't have the same
properties, they are not isomorphic,

m g No friangle appear in the first graph.

Example
All the isomorphism classes for graphs with 4 verfices are

II.\IXXZN
(74 I ZAN B AN

Special graphs

There are some graphs that have special names, and that turns out o
be handy for whenever we want 1o use them or fo classify them,



®

Complete graphs: Graphs with n vertices and (i) edges.

S

Complete bipartite graphs: Biparfite graphs with independent sets of
size s and v, with sr edges.

Ks,'r' w < s

Paths: Connected graphs, with all the verfices of degree 2, except
at most two who have degree 1,

P, \/\ PL\

Cycles: Paths with as many edges as verfices,

Cy, C) -

The complement of the graph 6 is The graph that has the same
vertices and whose edges are all the edges that do not belong fo a:

Kig —EG) =G
A graph G is self—complementary it its complement G is isomorphic
fo 6.

Example: Cs is selt—complementary.,
g O K

A decomposition of a graph is a list of subgraphs in which every edge appears
exactly once,

Proposition
A graph G is self—complementary if and only if the complete graph is a
decomposition into two copies of a.

Example: The cube decomposed info copies of l<\3 @
Note: K5 is often called the claw. °



The Petersen graph ®
The Pefersen graph is a 10—verfices graph with 15 edges that is very
famous, as it is an example or a counter—example tfo many phenomena,

The Petersen graph is the graph of 2—element subsefs of 1,2,3,4,5,
and There is an edge befween 2 subsets if their infersection is empty,

Some properfies of the Pefersen graph:
. — Two non—adjacent verfices share exactly one

neighbor.

— The graph has no triangle, but is not bipartite,

— The shorfest cycle in the Pefersen graph has length s,
i (The length of fhe shortest cycle in a graph is called
the girth of the graph,)
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Reference: Douglas B, West, Introduction to graph fheory, 2nd
edifion, 2001, Secfion 1,1



