Math 38 — Graph Theory Nadia Lafreniere
Edge—connectivity 05/ 08/ 2020

Last class, we considered connectivity to be fhe minimum number of
vertices one can remove To gel a disconnected graph., Today, we will
look at a similar notion, but this time we are removing edges.

Definition
A disconnecting set is a subset of edges F <€ such fhat 6—F has at
least 2 components, separafing = disconnecting

The edge—connectivity is the minimum size of a disconnecting sef, and
is nofed k' (G). A graph is k—edge—connected if if has edge—
connectivity at least k,
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Complete graphs have edge—connectivity n—1, You can prove if:

Let scV be a verfex subset of a connected graph G, Let (5,51 be the
sef of all edges with one endpoint in s and one in S, Then (5,57 is
an edge cut,
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tdge cut z Disconnecting sef

tdge cuf o Minimal disconnecting set



Connection To vertex—connectivity @

Theorem (Whitney, 1432)

1t 6 is simple, then k(G)=«k'(6)=<6(G)., In words: verfex—connectivity
is at most edge—connectivity, which is always at most the smallest
degree,

Example of inequalities

kK(G)<k'(6)=6(6) k(G)=k"(6)<6(6) K(G)<k'(6)<6(6)
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Proof

We first prove k' (6)=6(6). Let v be a verfex with degree 6(6).

The edge cut for the set (vi has 6(6) edges, so an edge cut with

6(6) edges exist, and the minimum edge cut has size at most 6(a).

We also need fo prove k(G)=k'(G6)., To do so, we sfart with a
minimum edge cut, and construct a vertex cut with af most the same
size, 1f this process is always possible, that proves the desired
inequality,

Consider a minimum edge cul (5,V=S1, There are fwo cases:

— 1f every vertex of S is connected fo every verfex of V=5, fhen
#(S,V—51-IS|IV=S|= [V|—1, Also, we proved last class that k(G)=IVI—1,
So k(6)= |VI—1 = #(S,V—=S1=k"(6).

— Ofherwise, there is one verfex x in S and 4 not in § that are not
adjacent, We construct a sef of verfices T:

— All neighbors ot x in V=5,
— All verfices of s\ix; fhat are adjacent to verfices in V=5,



Then, T is a vertex cul: There is no way to go from x to y without

passing through one edge of T, so 6—T is disconnected, We need

To show that T has at most #(S, V=51 verTices.

For each verfex T of T:

— It 1 is a neighbor of x, then xt is in the
edge cuft,

— It T is in S, then T is adjacent fo at least
one verfex u in V=S, Then uf is in the edge cut,
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No edge is counfed fwice in this list, because x is not in T,
Since every edge in this list is in the edge cut, fhen |TI= #(S, V-53,
and k(6)=k'(6),
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Proposition
Let 6 be a connected graph., Then, an edge cuf F is minimal if and
only if 6—F has exactly fwo components,

Remark

1f we replace minimal by minimum, then fhe statement becomes
false: 6—F can have two components while there are edge cuts with
size smaller than |F],
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With your sfudy group, try To agree on an explanafion of why this is
True,



Edge connectivity for regular graphs ®

Theorem
1t 6 is a 3—vegular graph, then k(G)-k"'(G).

Proof

We already know thal k(G)=«k'(G), in general, To prove The stafement,
we only need o show the reverse inequality (=), that is, from a
minimum verfex cut, create an edge cut of fhe same size,

Let S be a minimum verfex cut, and let H and T be two components of
6—S, Since S is minimum, every verfex of it has a neighbor in H and a
neighbor in T, Also a verfex cannot have at least fwo neighbors in both
H and T since 6 is 3—veqular, For each verfex v in S, delete the edge
from v to fhe component in which in has only one neighbor (if there is

one neighbor in H, one in T and anofher one (in S for example),
delete fhe edge fo H).

W\

That process breaks all the paths between H and T, so the deleted
edges form an edge cut, Also, fhe size of fhat edge cut is IS, which

proves The statement, .

Are there any other values of v such that any r—regular simple graph G
inevitably has k(G6)=k'(6)? Discuss i1 with wour study group.

Reference: Douglas B, West, Introduction to graph theory, 2nd edition, 2001,
Section 4,1



