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Abstract

This thesis consists of three chapters, each of which tackles a separate
number-theoretic problem and may stand alone as an individual research
paper. Nevertheless, these problems are united by a common thread of
numbers free of large prime factors, so-called smooth numbers. From
the vantage point of smooth numbers, these three problems (and their
methods of proof) build upon one another in a natural progression of
ideas. Chapters 1 and 2 appear as [30,31] in Mathematics of Computation
and the Journal of Number Theory, respectively, joint work with Carl

Pomerance.

In Chapter 1, we investigate the probability that a random odd composite
number passes a random Fermat primality test, improving on earlier es-
timates in moderate ranges. For example, with random numbers to 229,

our results improve on prior estimates by close to 3 orders of magnitude.

In Chapter 2, we investigate the distribution of smooth numbers. There
is a large literature on the asymptotic distribution of smooth numbers.
But there is very little known about this distribution that is numerically
explicit. We follow the general plan for the saddle point argument of
Hildebrand and Tenenbaum, giving explicit and fairly tight intervals in
which the true count lies. We give two numerical examples of our method,
and with the larger one, our interval is so tight we can exclude the famous
Dickman—de Bruijn asymptotic estimate as too small and the Hildebrand—

Tenenbaum main term as too large.

In Chapter 3, we investigate the reciprocal sum of so-called primitive
nondeficient numbers, or pnds. Erdds showed that the reciprocal sum of
pnds converges, which he used to prove that nondeficient numbers have a
natural density. However no one has investigated the value of this series!
We provide the first known bound by showing the reciprocal sum of pnds

is at most 18.6.
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Chapter 1

Improved error bounds for the
Fermat primality test on random
inputs

1.1 Introduction

Part of the basic landscape in elementary number theory is the Fermat congruence:

If n is a prime and 1 < b <n — 1, then
v 1'=1 (mod n). (1.1)

It is attractive in its simplicity and ease of verification: using fast arithmetic sub-

2+o(1) bit operations. Further, its converse

routines, (1.1) may be checked in (logn)
(apparently) seldom lies. In practice, if one has a large random number n that sat-
isfies (1.1) for a random choice for b, then almost certainly n is prime. To be sure,
there are infinitely many composites (the Carmichael numbers) that satisfy (1.1) for
all b coprime to n, see [1]. And in [2] it is shown that there are infinitely many
Carmichael numbers n such that (1.1) holds for (1 — o(1))n choices for b in [1,n — 1].
(Specifically, for each fixed k there are infinitely many Carmichael numbers n such
that the probability a random b in [1,n — 1] has (b,n) > 1 is less than 1/log"n.)
However, Carmichael numbers are rare, and if a number n is chosen at random, it is
unlikely to be one.

We say n is a probable prime to the base b if (1.1) holds. A probable prime is
either prime or composite, but the terminology certainly suggests that it is probably
prime! Specifically, let P(x) denote the probability that an integer n is composite
given that

(i) n is chosen at random with 1 <n <z, n odd,

1



(ii) b is chosen at random with 1 <b <n — 1, and
(iii) n is a probable prime to the base b.

It is known that if z is sufficiently large, then P(x) is small. Indeed, Erdés and
Pomerance [18, Theorem 2.2] proved that

P(z) <exp(—(1+o0(1))logzlogloglog z/loglog z) (1.2)

as © — oo. In particular, lim P(z) = 0. Kim and Pomerance [29] replaced the

asymptotic inequality of (1.2) with the weaker, but explicit, inequality
P(z) < (logz)™ 7 for z > 10'”

and gave numerical bounds on P(x) for 109 < z < 109", In this paper we simplify
the argument in [29] and obtain better upper bounds on P(z) for 10% < z < 10%,
as seen in Figure 1.1. In particular, at the start of this range, our bound is over 700

times smaller.

Figure 1.1: New bounds on P(z).

Bound on  New bound

r  P(x)in [29] on P(x)
10%Y 7.16E—-2 1.002E—4
107 2.8TE—-3 1.538E—5
1080 8.46F—5 2.503E—6
10% 1.70E—6 4.304E—7
10190 2.77E-8 7T.T98E—8

The notation aEEm means a x 10™.
With these methods, we also obtain new nontrivial bounds for 240 < z < 109,
values of & smaller than the methods in [29] could handle. These results are included

in Figure 1.2.



Figure 1.2: Upper bound on P(2F).

ko PR < | kK PRH< | kB P2MH<
40 4.306E—1 {140 3.265E—3|240 1.017E—5
50 2.904E—1|150 1.799F—3|250 5.876E—6
60 1.848E—1|160 9.932E—4|260 3.412E—6
70 1.127TE—1[170 5.505E—4|270 1.992E—6
80 6.728E—2|180 3.064E—4|280 1.169E—6
90 4.017E—-2[190 1.714E—4|290 6.888E—7
100 2.388E—2 | 200 9.634E—5|300 4.080E—7
110 1.435E-2 210 5.447E—5|310 2.428E—7
120 8.612E—3|220 3.097E—5|320 1.451E-7
130 5.229E-3 230 1.770E—5|330 8.713E—8

We compute the exact values of P(x) for x = 2% with 3 < k < 36. Additionally,
we estimate P(x) for x = 2% with 30 < k < 50, using random sampling. Calibrating
these estimates against the true values for 30 < k < 36 suggest that the estimates are
fairly close to the true values for 37 < k < 50, and almost certainly within an order
of magnitude from the truth.

A number n is called L-smooth if all of its prime factors are bounded above by
L. The method of [29] first computes the contribution to P(x) from numbers that
are not L-smooth (for an appropriate choice for L), and then enters a complicated
argument based on the asymptotic method of [18] for the contribution of the L-
smooth numbers. In addition to small improvements made in the non-L-smooth case,
our principal new idea is to use merely that there are few L-smooth numbers. For
this we use the upper bound method pioneered by Rankin in [41] for this problem,
obtaining numerically explicit upper bounds on sums over L-smooth numbers, c.f.
equation (1.11) and Remark 1.3.4. These upper bounds should prove useful in other
contexts.

One possible way to gain an improvement is to replace the Fermat test with the
strong probable prime test of Selfridge. Also known as the Miller—Rabin test, it is
just as simple to perform and it returns fewer false positives. To describe this test,
let n > 1 be an odd number. First one computes s, with n — 1 = 2°¢ and ¢t odd.
Next, one chooses a number b, 1 < b < n — 1. The number n passes the test (and is

called a strong probable prime to the base b) if either

b'=1 (modn) or b*'=-1 (modn) forsomei< s. (1.3)



Every odd prime must pass this test. Moreover, Monier [33] and Rabin [40] have
shown that if n is an odd composite, then the probability that it is a strong probable
prime to a random base b in [1,n — 1] is less than 1.

Let P;(z) denote the same probability as P(z), except that (iii) is replaced by

(iii)" n is a strong probable prime to the base b.

Based on the Monier-Rabin theorem, one might assume that Pj(z) < }L, but as
noted in [6], this reasoning is flawed. However, in [10] and [14], something similar
to Pi(z) < % is shown. Namely, if P{(2¥) is the analogous probability for odd k-bit
integers, it is shown in [10], [14] that P{(2*) < 1 for all k > 3. We show below how
our estimates can be used to numerically bound Pj(x). In particular, the results here

improve on the estimates of [14] up to 23%.

Notation

We have (a,b), [a,b] as the greatest common divisor, least common multiple of the
positive integers a, b, respectively. We use p and ¢ to denote prime numbers, and p;
to denote the ith prime. For n > 1, we let P (n) denote the largest prime factor of n.

Let ¢ denote Euler’s function, A the Carmichael universal exponent function, ¢ the

Riemann zeta-function, Li(z) = [ hfgtt, and J(z) = > logp. In many instances,

we take a sum over certain subsets of odd composite integers, in which cases we use

Z; to denote Y 4 odd, -

composite

1.2 Preliminary lemmas

In this section, we prove some preliminary lemmas which are needed for the rest of

the paper, and which may be of interest in their own right.

Lemma 1.2.1. Given real numbers a,b and a nonnegative, decreasing function f on

the interval [a,b], we have that
b b
RICEED ORI +/ £(t) dt.
a a<n<b a

The proof is clear. Note that since ), _, o, f(n) < > ., o, f(n), we may apply

the upper bound for the sum on the half open interval.



Lemma 1.2.2. For x > 2, we have that

T 2
—— —logz < —~ < —— +logx.
@ 2

Proof. The result holds for 2 < x < 18, so assume x > 18. We have that

ooyl Z“ 21 Z” )

n<w n<z djn n<w/d
) ( DRty i
TR

where { } denotes the frational part. By Lemma 1.2.1,

<yl dt_1+1
d2_ 2 2

d>x d>x
X (1.5)
Z a2 = _ﬁ o
d>x d>z

. 1 _ 367
Since Zl<d§187u( A1 = 536 > 1.09, we have

B SR S S T Sl Y
d<z d<z 1<d<z 1<d<18
u(d)=-1 m(d)#—1

Substituting this and (1.5) back into (1.4) gives

e(n ) x 1 x
—|— 1+logr —1.09 < —= + log .
2 @

n<x

Similarly, direct computation shows that

p(d) [ 13
gT{a} Z <Y i Y g<ler-gp

1<d<z 1<d<4

u(d):1 w(d)#1
and thus o(n ) . 13

x x

— > ———-———1—-logx+ — > ——= —loguz.
2 27 ¢
O
Lemma 1.2.3. For x > 1, we have that
log x . log 2 ©(n) < log x b1

@@ & T



Proof. The inequalities are easily verified for x < 40, so assume x > 40. Partial

summation gives

N POk AR OO S

n<zx n<39 n<39 n<t

Evaluating the two sums to 39 and using the upper and lower bounds in Lemma 1.2.2
for the sums to x and ¢, we obtain the stronger result,

] ]
0g 90(721) _ loga

© +0.58 < nzgm ; ) +0.82.

Note that the upper bound in the lemma is tight at = 1 and the lower bound cannot

be improved as x — 2. O

Lemma 1.24. [f2<y <z and 0 <c <1, then
> o< flay),
y<p<z

where

—C

1—c
floy)=(1+23-107%) (Li(x”) - Li(y' ™) + igy) - ﬁ(y)ligy.

Proof. We use the inequalities
Iz) <z (0<z<10Y), |z —9(x)] < ex (z>10Y), (1.6)

where € = 2.3 x 1078, see [11], [12], improving on recent work in [38] (also see Propo-
sition 2.2.1 in Chapter 2). Let f(t) = 1/(t°logt). By partial summation,

> = X f)logp = 0@ @) 90 )~ [ 005w

y<p<z y<p<z

Note that (1.6) implies that ¥(t) < (1+¢€)t for all ¢ > 0. Since f'(t) < 0 for t > 2, we

have

S < aafl) — (146 [ et — o) f0)

y<p<w v

= (1+e¢) (Li(z'%) = Li(y" ) + yf (v)) — 9 () f(v),

where we have integrated by parts and used that [ f(¢) d¢t = Li(¢'~¢). This completes
the proof. O



Lemma 1.2.5. We have

1 5
(1) — <o fory >0,
n 3y
n>y
g 1 _4(¢3)—1)
(”>nz>y$§T fory > 1.

Proof. The first claim is stated and proved in (4.7) in [29]. We proceed similarly for
the second claim. When 1 < y < 2, we have

DR SRR (O R PETCCRT]

4 y?

n>y n>2
When 2 < y < 3, direct computation shows that
1 1 1 4(¢(3)—-1)
R R
n>y n>3
When 3 < y < 4, direct computation shows that
1 1 1 1 4(¢(3) = 1)
— =) —=(8)-1—-— — <2/
D B R e
n>y n>4
When y > 4, by Lemma 1.2.1, direct computation shows that
1 1 <dt 1 1 4(¢(3) — 1
Z_3§—3+/ —3:—3+—2<M.
Ty ), oyt 2y y

nzy

1.3 The basic method

Let
F(n) ={be (Z/nZ)* :b" =1}

and let F'(n) = #F(n). If n > 1 is odd, then £1 € F(n). Thus, for these n, F(n) — 2
counts the number of integers b, 1 < b < n — 1, with "' = 1 (mod n). Also note

that by Fermat’s little theorem, F'(p) = p — 1 for primes p. We thus have for = > 5,

21<n§m,n oda(F' (1) —2) Z/ngx(F(n) —2)
Hence to obtain an upper bound for P(z), we shall be interested in obtaining a lower
bound for 3, ..(p — 3) and an upper bound for Z;gx(F(”) — 2). To this end, we

shall prove two theorems.

P(z) (1.7)



Theorem 1.3.1. For x > 2657, we have

72
-3) > ——.
Z(p ) 21ogx—%

2<p<lz

Theorem 1.3.2. Suppose ¢, L1, and L are arbitrary real numbers with 0 < ¢ < 1,
1< Ly < L. Then for any x > L?, we have

Z,(F(n) —2) < gzt H (1- p’c)_l +2%B,

n<x 2<p<L

where

1 n log Ll( 1 n 1 ) n 5 n 8
4Ly ¢(2) \2(L—1) /2 L—1 /2
L 1+4+1logL 1 L

n 1 n (1+1log L) ( 1
@P—1p " 2@r-1) T L1\

B—

+ IOg Ll) .

Before proving Theorems 1.3.1 and 1.3.2, we state the main result of the section,

which follows from these theorems.

Theorem 1.3.3. Suppose ¢, Ly, and L are arbitrary positive real numbers satisfying
0<c<landl < Ly < L. Then for any x > max{L? 2657}, we have P(z) <
1/(1+4 27") where

L (B+mc—1 H (1_p—6)_1) (2logz — 3),

2<p<L

and B is defined as in Theorem 1.3.2.

In principle the prime sum is much larger than the composite sum, so the prob-
ability P(x) may be approximately viewed as their quotient. We remark that the
prime sum in Theorem 1.3.1 is asymptotically equal to z%/(2log ), so the result is
close to best possible. Additionally, in the application of Theorem 1.3.2, L and ¢ are
used as parameters for smoothness and Rankin’s upper bound, respectively.

We now prove Theorem 1.3.1 using (1.6) and the additional inequalities from [11],
[12] that

I(r) > 2 —2yr (1423 < x < 10Y), m(x) < (1+e)li(z) (x>2), (1.8)

where li(z) = [ dt/logt and € = 2.3 x 1075



Proof of Theorem 1.3.1. Let A = 1500. By partial summation,

Y (p=3)=1-3n@)+) »p

2<p<z p<z
z¥(z)  AJ(A) ’ logt —1
=1-3n(x)+ (p—3)+ — — / I(t)——— dt.
2;.4 log x log A A log?t
(1.9)

By (1.8), we have —3x(x) > —3(1 + ¢)li(z). Suppose that A < x < 10'%. By (1.6),
(1.8), we have

J v logt—1 22232 [T ¢ t
ld 2} (I)—/ﬁ(t)og2 de>2—=__ [ -~ __°
log A log”t log x 4 logt  log”t
22/2 2
T2 T 2
= li(z) Tog 2 li(A) + g A4

Using these estimates in (1.9), we have

23:3/2

> (p=3) > 1) - 3

2<p<z

—3(1 li 5875.

31+ o) +

It is now routine to verify the theorem for 17000 < x < 10'°. Similar calculations
with (1.6), (1.8) establish the theorem for z > 10'%. A simple check then verifies the

theorem in the stated range. O

Proof of Theorem 1.3.2

The bulk of the work is devoted to the proof of Theorem 1.3.2. The basic method is
to divide the eligible n into five parts, depending on the largest prime factor P (n)
as well as the quotient ¢(n)/F(n), indicating how close n is to being a Carmichael
number. We summarize this in the diagram below, which may help guide the reader
through the proof.

odd composite n

L-smooth not L-smooth

(1.11)

@/ F small @/ F large
|
(L12)  pr<yz P>

| |
Sl7 52 53



For any x > L? with L > L; > 1, we have

n<z n<x nlz
Pt(n)<L Pt(n)>L
' 1.10
< Z n+ Z F(n) (1.10)
n<lx n<x
Pt(n)<L Pt(n)>L
n odd

For the first term in (1.10), we have for any 0 < ¢ < 1,

o on<attt Yo %:xlﬂ IT @-»" (1.11)

n<x Pt (n)<L 2<p<L
PT(n)<L 2in
2tn

Remark 1.3.4. By approximating the logarithm of the Euler product in (1.11) (with
2 included) using Lemma 1.2.4 and the method of [29], we can write a closed, numer-
ically explicit upper bound on the distribution of L-smooth numbers: If % <c<1
and 37 < L < z, then

Z 1 <z°fyexp(A+ f(L,36)),
P+n(§)x§L

where the notation f(a,b) is defined in Lemma 1.2.4 and
1 1 1 1 1
=TT 0-v9" A= (5+ 55— ) (36> — 5 -377%),
for= 1] (0 =p7) 2e—1\2 T 33T 1) 2
p<37
There has been a very recent improvement of this Rankin-type upper bound due to
Granville and Soundarajan, see Appendix 2.5, that is suitable for numerical estimates.

It would be interesting to adapt that method to this paper.

Now we bound the second term in (1.10). Since F(n) is a subgroup of (Z/nZ)*,
by Lagrange’s Theorem we have F'(n) | ¢(n), where ¢ is Euler’s function. Then for
each k, it makes sense to define Cy(x) as the set of odd, composite n < x such that
F(n) = ¢(n)/k. Let Cj(x) be the set of n € Ci(x) for which PT(n) > L, and let
C)(z) = #C,(z). Thus, we have

> r zz M=y ¥ 2

P+n(<)x>L k=1 neC; (z k=1 neC/ (z)
1
B SED DRTUES SEI Saet 12
k<Li  neCj(x) k>L1 neCy (z )
Ci(z) x*
Z (n—2) <z N
k<L, 1 L<n<e k<L k 4L



It will thus be desirable to obtain an upper bound for _, L1 . We remark that
in the case k > L; we do not use P*(n) > L; this observation Wlll be useful in the
next section.

Given a prime p > L, d | p — 1, let
Sp.a(x) ={n:n <z odd, composite, n =p (mod p(p —1)/d)}.

Let Spa(x) = #Spa(x). Note that 5,4 < =55 by the Chinese Remainder Theorem.

We prove that
U Ci(z) C U Sp,a(z)

k<L1 d<L,

dlp—1

L<p<lzx
Take n in the left set. Then p = P*(n) > L and k = p(n)/F(n) < L;. By Lemma
2.4in [29], we have n = 1 (mod —)) Letting d = (k,p—1), we have that n € S, 4

(via the Chinese remainder theorem) and d < k < Ly, so n is in the right set.
Additionally, for a given p, d pair, S, 4 counts integers n = mp for which m =1
(mod 1), Write m = 1 + u(22) for some u. Letting g = (u,d), we have that

m=1+(% )(ZTI), so n € S, 4/, meaning that n will be counted multiple times if

g > 1. Thus we require (u,d) = 1. In particular, if d is even, then u is odd. Since

=1+ u(Z1) is odd, we have u(Z*

T is even, so 2d | p— 1. On the other hand, if d is odd, we of course have 2d | p — 1.

Thus 2d | p — 1 always, and so

SELYIY Yo

L) even. That is, if d is even then u is odd and

k<Ly d<Li L<p<zy< (”‘dl
2dlp—1 (udf—l)
=D YD VTS SEED DD S
d<Ly L<p<x1/2u< ;il) d<Ly x1/2<P§xu§m (113)
2dlp—1  (yd)— 2lp=1 (y,d)=1
I Y ()Y X
d p(p "—1
d<IL; L<p<al/? d<Ly x1/2<n<a¢
2d|p—1 2d|n—1
< Sl + SQ + 53,
where

2d|n—1 B 2d[n—1 (1.14)

11



It is worth noting that in 57, S5, S35, we have dropped the condition that n be prime.
An alternative bound using the condition of primality may be handled as an applica-
tion of the Brun-Titchmarsh inequality. However, such a method is less effective for
the small values of x considered here.

Consider S; in (1.14). For a given d < L;, by Lemma 1.2.1 we have that

vy ooy L1 L
(n—1)? il = (D12 ' 4 2

/
- » (L—1)/2d
adin™y Aduri=k (1.15)

o 1
TLo12 T ul-1

Thus, by Lemma 1.2.2 and Lemma 1.2.3,

T L1 T log Ly
S—(L—l)Q(@+IOgL1)+2(L—1)( (2) + )

By Lemma 1.2.3, Sy in (1.14) is bounded by

o(d) z1/? log L
SQ < %% §$1/2<W2)1+.8). (1.17)

We now consider S3 in (1.14). For a fixed d < Ly, we have, as in (1.15),

1 1 1
< .
Z (n _ 1)2 - (x1/2 _ 1)2 + 2d(x1/2 _ 1)

J:l/2<n§z
2d|n—1
So,
1 ZL’Ll 17(1 + IOg Ll)
< < ) 1.18
Ss xd; 1/2 T2 @) S @12 2@ —1) (1.18)
1
By (1.16), (1.17), and (1.18), we obtain from (1.13) that
Ci(x) 1
— - — 1.1
> <a(B 4L1> (1.19)
k<Li

for B as in Theorem 1.3.2. Thus, using (1.19) in (1.12) gives the following result.

Theorem 1.3.5. Suppose Ly and L are arbitrary real numbers satisfying 1 < Ly < L.
Then for any x > L?, we have

S (F(n) - 2) < 2®B.

Pt(n)>L

where B is as in Theorem 1.3.2.

Thus, (1.10), (1.11), and Theorem 1.3.5 give us Theorem 1.3.2.

12



1.4 A refinement of the basic method

We refine the basic method as done analogously in [29], by considering the two largest
prime factors of n. This refinement provides a modest improvement over Theorem

1.3.3 for z starting around 2!4°.

Theorem 1.4.1. Suppose ¢, L1, L, and M are arbitrary real numbers satisfying 0 <
c<1,10< Ly < L, 2L < M < L?. Then for any x > L?, we have

S Fm) -2 <a 1+ f M) T (- 2B+ 0),

n<z 2<p<M1/2
where f is as in Lemma 1.2.4, B is as in Theorem 1.3.2, and

12 2(1 +log L1)2
C=="(1+1log L)+ G108 L)"
o (L Flog L) + =0T

n mu +1og L)(4 +1og L) (2 + (¢3) = (1 +1og L),

Proof. For each odd, composite n < x, letting P, () be the two largest prime factors
of n (i.e. P=P*(n),Q = P*(n/P)), we have three possible cases,

(i) P> Lor F(n) < ¢(n)/Ly,
(i) P < L and PQ < M,
(ii) P <L, PQ > M, and F(n) > ¢(n)/L.

It is worth noting that cases (i) and (ii) are not in general mutually exclusive. We
retain Theorem 1.3.5 and the remark following (1.12) to handle case (i). For case (ii),
let 0 < ¢ < 1. When P < M2, we have

Z 1<z Z n_°.
n<z,2in 2in

P<M1/2 Pt (n)<m1/?

Similarly, when P > M'/? we have @ < % < M2 so

>ois XX s ¥ Y ()

n<z,2fn MY2<p<L.  nZlxz/p MY2<p<L Pt (n)<M'/? P
MY2<P<L Pt (n)<M'/? 2n
Q<M/? 2tn,
PO D DI
M1/2<p<L 2in
Pt(n)<M1/?

13



Using Lemma 1.2.4,

o< Y 1+ > 1

n<z,2n n<z,2fn n<z,2fn
P<L P<M1/? MY2<P<L
S SR TR A
2tn MY2<p<L 2tn
PT(n)<M!/? P (n)<m!/?
:xc(l—i- > pc) Yoot <at(L+ AL, M) Y e
M1Y/2<p<L 2tn 2tn
Pt (n)<M!/? Pt (n)<M/?
=L+ fLM2) I -p)"
2<p<M1/2

(1.20)

We now have the following result.
Theorem 1.4.2. [f0<c<1,1< L <z, and L < M < L?, then

Z n < xc+1(1 + f(L,Ml/Q)) H (1 —p_c)_l,

n<z,n odd 2<p<M1/2
P<L -
PQ<M

where f 1s as in Lemma 1.2.4.

Consider n belonging to case (iii). For each k, let By (z) denote the set of such n
with p(n)/F(n) = k and let By(x) = #Bg(x). Thus,

SO Fmy<a Y Bklix). (1.21)

n in case (iii) k<L1

By (2.11) in [18], we have A\(n) | k(n — 1) for all n € Bg(z). Since PQ | n, we

have A(PQ) | A\(n), so n satisfies the set of congruences
n=0 (mod PQ), k(n—1)=0 (mod A\(PQ)). (1.22)

Suppose first that P = Q. Then A(PQ) = P(P —1), so that (1.22) implies that P | k.
For such a prime P, the number of n < z with P? | n is at most x/P? < x/M. Thus,
the contribution for n in this case is at most

x x x? 1\ log L, 222

R 1<—< —> < 1+ log Ly)?. 1.23

m2r 2 <l Tog /172 < Mg ar - T 1oe ) (1.23)
k<L Plk k<L

P>M*/?

14



Now consider the case P > (). The latter congruence in (1.22) is equivalent to

(o wxiray) =

Thus for arbitrary fixed primes p > ¢, the Chinese remainder theorem gives that

from which we also note

the number of integers n < x satisfying the system n = 0 (mod pq), k(n — 1) =0
(mod A(pg)) as in (1.22) is at most
(k, Apq))
PaA(pq)
Summing over choices for p, q, we have the number of n in this case is at most

Z <1+[L‘(k’,)\(pQ>>> §1L2+1$ Z (k, [p—l,q—l])_ (1.24>

1+

ott PaA(pq) 27 2 A= pglp—1,9¢—1]
pg>M pg>M
P#q

This is (4.4) in [29] where “Ly” there is our “L”. Following the argument in [29]
from there, and letting M’ = M — 2L and with wuy, us, us, ug, i, v, 9 positive integer

variables, we have that

(k,[p—1,q—1]) .
Z pglp —1,q — 1] < Z Z Z m (1.25)

q,p<L wiuguzua=k p<L/u1 uiugulpvé?>M’
Pq7>éM (u1,u2)=1 v<L/us
Yl

which is the initial inequality of (4.6) in [29] and with a typo corrected (the variable
“9” under the second summation there should be “u”).

We now diverge from the argument in [29], and split up the sum on the right side
of (1.25) into two cases, 6 = 1 and § > 2. When 6 = 1, by Lemma 1.2.5(i) we have

1 5 1
Z Z Z prrAugugul = 3 Z Z v

wiugusua=k pu<L/u1 pruqugui>M’ urugusua=k v<IL/us

(uru2)=1 v<L/ug (126)

5
§3M,(1+1ogL) >,

uiuguszus=k

When § > 2, let D := /M’ /ujuguiur. By Lemma 1.2.5(ii) we have

1 4(C(3) —1 1
Z Z Z u2u263u1u2u§§ (C(]\i’ ! Z Z ﬁ

ujuguzuga=k p<L/uj §>max{2,D} uruguzus=k p<L/uy
(u1,u2)=1 y<L/ug v<L/us

4(¢(3) - 1) 9
i (1+logL) uw%ﬁ;.

(1.27)

IN
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Substituting (1.26) and (1.27) back into (1.25) and then (1.24), we have

x(k, A( 1
Sk S paA(pq)

pa>2 (1.28)

+ x(1 4 log L)<6]?/[’ + Z(C(]B\;/_ D (1+log L)> Z 7(42(k),

where 7(;)(k) is the number of ordered factorizations of & into i positive factors. In

[29] (see (4.9)), an easy induction argument shows that
(k) _ 1. i
ZT < E(Z‘i‘logy)
k<y
for any natural number ¢ and any y > 1. Using this in (1.28) and then combining

with (1.23) gives
B
T 5 kk(x) < 2%C,

k<L,

where C'is as in Theorem 1.4.1. Thus, from (1.21) we have the following result.

Theorem 1.4.3. If10 < L; < L < M/2 and x > L* > M, then

ZI F(n) < 2°C,

n in case (iii)
where C' is as in Theorem 1.4.1.
Combining Theorems 1.3.5, 1.4.2 and 1.4.3 yield Theorem 1.4.1. O]

Finally, Theorems 1.3.1 and 1.4.1 give the following result.

Theorem 1.4.4. [f0<c<1,10<L; < L,2L <M < L? <z, and x > 2657, then
P(z) <1/(1+ 271) where

z:<x01(1+f(L,M1/2)) H (1—pc)_1+B+C>(210g:c—%),

2<p<M1/2

f is as in Lemma 1.2.4, B is as in Theorem 1.3.2, and C' is as in Theorem 1.4.1.

16



1.5 The strong probable prime test

The next theorem extends the applicability of Theorems 1.3.3 and 1.4.4 to the prob-
ability, P(z), that an odd composite n < z passes the strong probable prime test
to a random base. For an odd number n, let S(n) denote the number of integers
1 <b<n—1such that n is a strong probable prime to the base b, cf. (1.3). Thus,

S (st -2)

Pl(iU) = .

Z;Sx (S(n) —2) + kagx(p ~3)

The following theorem together with Theorems 1.3.1, 1.3.2, and 1.4.1 allows for a

numerical estimation of P;(z) for various values of x.

Theorem 1.5.1. For x > 1, we have that
1

> (s =2) < 537 (Fin) - 2).

n<x n<x

Proof. By (2.1) in [14], we have that S(n) < 27“( F(n), where w(n) denotes the
number of distinct prime factors of n. So, if n is odd and divisible by at least 2
different primes, we have S(n) < 1F(n). Further, if n = p® is an odd prime power
then S(p*) = F(p*) = p — 1. Therefore we have

S s -2) <Y (%F(n) . 2) +% Y -1

n<z n<x 2<p?<z
a>2
1 / / 1
R N CURE T SRR DI I)
n<x n<x 2<p§an

so to prove the theorem it is enough to show that

S % S -1 (1.29)

n<x 2<p<gl/a
a>2

Since 3 times an odd integer > 1 is an odd composite number, we have
! z 1 1 3
1> l=|=-—=|>=-2z—-=.
)RS [6 QJ 5573

nlz l<m<x/3
modd

Also, since the primes larger than 2 are odd, for a given value of a we have

1 . 11 1/a 1 1/a 1 2/a
IS j§§<§x —1)(53: +1><§w .

2<p<zl/a J<i(@t/a-1)

17



Adding these inequalities for a = 2,3, ..., |logx/log 3], we see that (1.29) will follow
if we show that
1 3 1 1 1
%73 > g% + §x2/3 + gxl/Q(logx/ log 3 — 3).
This inequality holds for x > 254. For 9 < z < 254, (1.29) can be verified directly.
Indeed, the prime sum in (1.29) increases only at the 8 powers of odd primes to 254
and it is enough to compute the two sums at those points. For x < 9,
!/ !/
d T (Fn)-2)=> (Sn)-2) =0,
n<x n<x

so the theorem holds here as well. This completes the proof. O

We remark that the same result holds for the Euler probable prime test (also
known as the Solovay—Strassen test). This involves verifying that the odd number
n satisfies o 1/2 = (%) (mod n), where (%) is the Jacobi symbol. Indeed, from
Monier’s formula, see [18, (5.4)], we have that the number of bases a (mod n) for
which the Euler congruence holds is also < 2'7“( F(n). Like the strong test (as
discussed in the introduction), an advantage with the Euler probable prime test is

that more liars may be weeded out by repeating the test.

1.6 Numerical results

We apply Theorems 1.3.3 and 1.4.4 to obtain numerical bounds on P(x) for various
values of x. In Figure 1.3, bounds on P(2*) are computed via Theorem 1.3.3 for
40 < k < 130 and Theorem 1.4.4 for 140 < k£ < 330, at which point the methods of
this paper lose their edge over those in [29]. To select values for parameters L, Ly, M, ¢,
we started with an initial guess based on [29], and then optimized each parameter
in turn (holding the others fixed). The reported values were determined by repeated
this process five times.

Note that the upper bounds in Theorems 1.3.3, 1.4.4 are decreasing functions in x,
so one can use the Figure 1.3 data to compute upper bounds for values of x between
consecutive entries.

We also compute the exact values of P(z) for z = 2¥ when k < 36. By definition,
P(z) = —Sc(x)
Se(x) + Sp(x)

for



For ease, we have split up the computation into dyadic intervals (2871, 2%). Letting

Sp(x/2,2)= Y (p=3), Selz/2,x)= Z/ (F(n) —2),

we have that

z/2<p<z

P(2%)

xz/2<n<x

Z?:S 30(2]'717 2j)

T S, (2,29) + S, 2)

Figure 1.3: Upper bound on P(2%).

L

Ly

M1/2

C

P(2F) <

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330

307~
727
1.860E+-3
4.000E+3
8.500E+3
1.804E+4
3.500E+4
7.351E+4
1.354E+5
2.507E45
9.90E+5
2.20E+-6
4.88E+6
1.05E+7
22147
4.55E+7
9.23E+7
1.84E+8
3.62E4-8
7.19E4-8
1.38E+9
2.62E+9
4.96 £+9
9.29E+9
1.73E+10
3.16 410
5.83E4-10
1.06 E+11
1.90E+11
3.38E+11

135

318

831
1.75E+3
3. 72543
7.55E43
1.04E+4
3.2TE+4
5.95E+4
1.10E+5
1.57E+5
3.19E+5
6.21FE+5
1.21E+46
2.30E+-6
4.55E+6
8.69E£+6
1.66 E+7
3.16E+7
D.TAE+T7
1.09E+8
2.01E+8
3.66 £+8
6.64F+8
1.19E+9
2.18E49
3.97TE+9
6.87TE+9

2.37T9E45
3.739E+5
5.689E+5
8.669L+5
1.315E+6
1.990E+6
2.990E4-6
4.455E+6
6.627E+6
9.644E+6
1.410E+7
2.049E+7
2946 E+7
4.204E+7
5.998E+7
8.558 E+7
1.197E+8
1.678E+8

1.20E+10 2.346E+8
2.10E+4+10 3.297E+8

19

0.5440
0.5831
0.6235
0.6491
0.6704
0.6906
0.7052
0.7217
0.7321
0.7423
0.7444
0.7504
0.7554
0.7602
0.7648
0.7692
0.7734
0.7773
0.7811
0.7845
0.7878
0.7911
0.7941
0.7969
0.7996
0.8023
0.8048
0.8072
0.8094
0.8117

4.306 £—1
2904E—-1
1.848E—1
1.127TE -1
6.728 -2
4.017TE-2
2.388E—-2
1.435E -2
8.612E—-3
5.229F -3
3.260E -3
1.799E -3
9.932E—4
5.505E—4
3.064E—4
1.714E -4
9.634E -5
5.447E—5
3.097TE -5
1.770E—5
1.017E-5
5.876 -6
3.412E—-6
1.992E—6
1.169E—6
6.888 L —7
4.080E—-7
24287
1.451E—-7
8.713E -8

(1.30)



Note that the probability that an odd composite in the interval (2¥=1 2%) passes the

Fermat test is given by

SC(Qkfl’ 2k)
S, (251, 28) + S, (2.1, 2k)

P(2F1 28y =

We have directly computed S,(2871,2%) and S.(2871,2%) for k < 36, with the latter
computation aided by the formula F(n) = [],,(p — 1,n — 1). Specifically, S, is
computed directly from the available list of primes up to 226, To compute S, we use a
sieve-like procedure. We initialize an array representing the odd numbers from 2+~*
and 2% with all 1’s. For each prime p to 2¥/3, we let m run over the odd numbers
between 2¥~!/p and 2*/p. For each m, we locate mp in the array, multiplying the
entry there by ged(m — 1,p —1). At the end of the run the non-1 entries in our array
correspond to the numbers F'(n) for n odd and composite. Note this avoids factoring

236 would

integers n in (2¥=1 2%), though a brute force method to the modest level of
have worked too.
In Figure 1.4, we provide the values of S,(2%) and S.(2%), as well as P(2*) and

P(2t1,2%),
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Figure 1.4: Exact values of data.

ko S,(251,27) Se(281, 2F) P(2k=1 2F)  P(2F)
36 0 0 0

4 18 2 1.000E—1 7.692E—2
5 104 4 3.7T04E—2 4.478E—2
6 320 24 6.977TE—2 6.276E—2
7 1180 114 8.810E—2 8.126E—2
8 4292 316 6.858E—2 7.210E—2
9 16338 1114 6.384E—2  6.605E—2
10 57416 3056 5.054E—2 5.492E—2
11 208576 10890 4.962E—2 5.109E—2
12 780150 28094 3476E—2 3.922E—2
13 2837158 74528 2.600E—2 2.936E—2
14 10673384 231514 2.123E—2 2.342E-2
15 39467286 582318 1.454E—2 1.695E—2
16 148222234 1636968 1.092E—2  1.254E—2
17 559288478 4521166 8.019E—3 9.224E—3
18 2106190104 11682336 5.516E—3 6.503E—3
19 7995006772 33290330 A147E-3 ATT0E-3
20 30299256236 88781082 2.922E—3 3.410E-3
21 115430158810 230250774 1.991E—-3 2.364E-3
22 440353630422 628735800 1.426E—-3 1.672E-3
23 1683364186642 1680806136 9.975E—4 1.174E-3
24 6448755473484 4408788648 6.832E—4 8.115E—4
25 24754014371036 11552686982 4.665E—4 5.565E—4
26 95132822935752 30756273488 3.232E—4 3.840E—4
27 366232744269106 82133627362 2.242E—4  2.657E—4
28 1411967930053822 215629423796 1.527TE—4 1.820E—4
29 5450257882815404 565834872742 1.038E—4 1.241E—4
30 21065843780715212 1504267288346 7.140E—5 8.504E—5
31 81507897575948416 3999812059436  4.907E—5 5.83TE—5
32 315718919767278610  10350692466866  3.278E—5 3.940E—5
33 1224166825030041460  27472503360964 ~ 2.244E—5 2.682E—5
34 4750936696054816476  72288538641772  1.522E—5 1.821E—5
35 18454541611019193346 190806759987694 1.034E—5 1.237E—5
36 T1745407298862105164 498526567616818 6.949E—6 8.342E—6

Additionally, we have estimated P(2%) in the range 30 < k < 50 using random

sampling. More precisely, we randomly sample LQ’“/ 2] odd composite numbers in the

interval (271, 2%) estimating S,(2"!, 2%) by

§p(2k717 2k> — /

2k +

ok—1 logt

dt = Li(2%) — Li(22%71) — 3(Li(2") — Li(25 7)),
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in order to smooth out some noise from the experiment. To estimate 56(2’“_1, 2’“), we

add up F'(n) — 2 for each odd composite n sampled, and scale this sum by

2F=2 _ Li(2%) + Li(2% 1)
9k/2 !

representing the ratio between the number of composites in the interval and the
number of samples taken. We repeat this procedure ten times, and compute the mean,
§mean(2k_1, 2%), and median, §median(2k_1, 2F), of the data. Using these statistics, we

estimate P(281,2%) by

Progan(2"1,2%) = Smean(2°71, 2°)
’ Sp(2k71’2k> _I_Smean(QkA?Qk)’
Prtan(271,2) = ot ZT2)
’ Sp(2571,28) + Sppectian(2571, 2)

For 30 < k < 36, P(2"1,2%) is known, in which case we compute the relative errors,
ﬁmean /P — 1 and ﬁmedian /P — 1, to get a sense of the accuracy of the experiment.
Then we estimate P(2%) by

~ & 2k
Pmean(Qk) = = Smeanfg )
SP(Qk) + Smean(Qk)
where
§ (2k) _ SC(Qk_l) + §mean(2k_17 2k> fOI' 30 S k S 367
T 8e(2%) + 328 Smean(2971,27) for 37 < k < 50,
and

g (ot = 15+ Sp(2"1,2) for 30 < k < 36,
’ Sp(2%%) + Y8 Sp(271, 29) for 37 < k < 50.

Results of the random sampling experiment are summarized in Figures 1.5 and 1.6.

One sees a negative bias in these data with the results of random sampling
undershooting the true figures. The referee has pointed out to us that this may
be due to Jensen’s inequality applied to the convex function z/(a + ), so that
E[X/(a + X)] > E[X]/(a + E[X]). The undershoot may also be due to the fact
that on average F'(n) is much larger than it is typically. In fact, it is shown in [18§]
that on a set of asymptotic density 1, we have F(n) = n°"), yet the average behav-

15/23

ior is > n . The exponent 15/23, after more recent work of Baker and Harman

[4], can be replaced with 0.7039. It follows from an old conjecture of Erdés on the

distribution of Carmichael numbers that on average F(n) behaves like n'=°(1),
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Figure 1.5: Random sampling estimates in range where P(2*) is known.

k ﬁmean@k*l, 2F)  rel. err. ﬁmedian(Qkfl, 2F) rel. err. ﬁmean@k) rel. err.
30 5.541FE—5 —0.224 5.045E—5 —0.293 | 7.319E—-5 —0.139
31 4.800FE—5 —0.022 3.616E—5 —0.263 | 5. 758 k-5 —0.014
32 2.706 E—5 —0.175 1.899F -5 —0.421 | 3.515E-5 —0.108
33 2.223E—-5 —0.009 1.248 -5 —0.444 | 2.666 E—5 —0.006
34 1.387E—5 —0.088 1.013E-5 —0.334 | 1.721E—5 —0.055
35 7.603FE—6 —0.265 6.506 —6 —0.371 | 1.033E—5 —0.165
36 4.433FE—6 —0.362 4.123E—6 —0.407 | 6.474E—6 —0.224

Figure 1.6: Random sampling estimates in range where P(2*) is unknown.

k ﬁmean(Qkila Qk) ﬁmedian(2k717 Qk) ﬁmean(zk)
37 4.113E—-6 3.675E—6 5.200E—6
38 4.807E—6 2.677TE—6 4.908E—6
39 3.008 -6 1.463E—6 3.496 -6
40 1.519E—-6 1.097TE—6 2.026 -6
41 9.078E—-T7 5.697TE—T7 1.194FE—6
42 7. TATE =T 3.7T2E -7 8.822E -7
43 34727 2.334FE -7 4.842E -7
44 1.968E—-7 1.67TTE-7 2.704E -7
45 1.639E -7 1.687TE—7 1911E-7
46 1.186 E—7 1.198E—7 1.372E-7
47 1.061E-7 6.597E—8 1.133E-7
48 4.076 -8 3.947TE -8 5.928 -8
49 3.791E-8 3.213E-8 4.337E—-8
50 2.361E—-8 1.318E—-8 2.865FE—8
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Chapter 2

Explicit estimates for the
distribution of numbers free of
large prime factors

2.1 Introduction

For a positive integer n > 1, denote by P(n) the largest prime factor of n, and let
P(1) = 1. Let ¥(x,y) denote the number of n < z with P(n) < y. Such integers
n are known as y-smooth, or y-friable. Asymptotic estimates for VU (z,y) are quite
useful in many applications, not least of which is in the analysis of factorization and
discrete logarithm algorithms.

One of the earliest results is due to Dickman [15] in 1930, who gave an asympotic

formula for W(x,y) in the case that x is a fixed power of y. Dickman showed that

U(z,y) ~xp(u)  (y — o0, z=y") (2.1)

for every fixed u > 1, where p(u) is the “Dickman—de Bruijn” function, defined to be

the continuous solution of the delay differential equation

up'(u) +plu—1) =0 (u>1),
p(u) =1 (0<u<l).
There remain the questions of the error in the approximation (2.1), and also the

case when u = logx/logy is allowed to grow with = and y. In 1951, de Bruijn [9]
proved that

)
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holds uniformly for > 2, exp{(logz)**+} < y < z, for any fixed ¢ > 0. After
improvements in the range of this result by Maier and Hensley, Hildebrand [23] showed
that the de Bruijn estimate holds when exp({(loglog z)>/3*¢}) < y < .

In 1986, Hildebrand and Tenenbaum [24] provided a uniform estimate for ¥(z,y)
for all z > y > 2, yielding an asymptotic formula when y and u tend to infinity. The
starting point for their method is an elementary argument of Rankin [41] from 1938,

commonly known now as Rankin’s “trick”. For complex s, define

(sy)= Y, no=][a-p)"

n>1 P<y

P(n)<y

(where p runs over primes) as the partial Euler product of the Riemann zeta function

((s). In the case that s = o is real and 0 < o < 1, we have

Uag)= Y 1< Y (@/n) =a%(oy). (22)

n<zx n
P(n)<y =y

Then o can be chosen optimally to minimize z7((0,y).
Let

oI

¢j(87 y) = sl

log ((s,y).

The function

1
(bl(svy) = _Z o8p

s— 1
pSyp

is especially useful since the solution o« = a(z,y) to ¢1(a,y) + logz = 0 gives the
optimal ¢ in (2.2). We also denote o;(z,y) = |¢;(a(z,y),y)|.
In this language, Hildebrand and Tenenbaum [24] proved that the estimate

U(x,y) = _ay) (1 + O(l + logy))

ar/2moo(z,y) u (]

holds uniformly for x > y > 2. As suggested by this formula, quantities «(x,y) and

oo(z,y) are of interest, and were given uniform estimates which imply the formulae

log(1 4+ y/logx)
log y

oz, y) ~
and

I
oo(z,y) ~ <1 + —O§x> log z log vy,

25



together which imply

z*((a,y) .
U(z,y) ~ Vraloa(y/ 1og.7) (if y/logx — 00),
U(x,y) ~ GGy (if y/logz — 0).

V/2my/logy

These formulae indicate that W(x,y) undergoes a “phase change” when y is of
order logx, see [8]. This paper concentrates on the range where y is considerably
larger, say y > (log z)*.

The primary aim of this paper is to make the Hildebrand—Tenenbaum method ex-

plicit and so effectively construct an algorithm for obtaining good bounds for ¥(z, y).

2.1.1 Explicit Results

Beyond the Rankin upper bound ¥(z,y) < z*((a,y), we have the explicit lower
bound

Xz
(log )™

due to Konyagin and Pomerance [29]. Recently Granville and Soundararajan [22]

\I/(Zli,y) > xl—loglog:c/logy _

found an elementary improvement of Rankin’s upper bound, which they have gra-

ciously permitted us to include, see Appendix 2.5. In particular, they show that
U(z,y) < 1.39y"72°¢(0,y)/ log x

for every value of o € [1/logy, 1], see Theorem 2.5.1.

In another direction, by relinquishing the goal of a compact formula, several au-
thors have devised algorithms to compute bounds on W(z,y) for given x,y as inputs.
For example, using an accuracy parameter ¢, Bernstein [7] created an algorithm to
generate bounds B~ (x,y) < ¥(x,y) < Bf(z,y) with

B~ log Bt 2logx
Z > %Y ad So<14 208
v clog3/log2 v clog 3/ log 2

running in

1
O( Y +y O§;$+clogxlogc>
logoy ~ log™y

time. Parsell and Sorenson [36] refined this algorithm to run in

y2/3
O(c + clog x log c)
logy
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time, as well as obtaining faster and tighter bounds assuming the Riemann Hy-
pothesis. The largest example computed by this method was an approximation of
(2255 228,

As seen in Figure 2.1, the lower bound presented in this paper does better than the
Konyagin—Pomerance lower bound by 10 orders of magnitude in the smaller example
and 26 orders of magnitude in the larger example. The upper bound presented is
about 2 to 3 orders of magnitude better than the Rankin estimate and about 1.5
orders of magnitude better than the new Granville-Soundararajan estimate.

As a point of reference we also give the main-term estimates z*((a, y)/av/2mos
from [24] and p(u)z from [15]. It is interesting that our lower and upper estimates
in the second example create an interval for the true count that is tight enough to
exclude both the Dickman—de Bruijn and Hildebrand-Tenenbaum main terms. The
second-named author has asked if U(z,y) > zp(u) holds in general for x > 2y > 2,
see [21, (1.25)]. This inequality is known for u bounded and z sufficiently large, see

the discussion in [33, Section 9.

Figure 2.1: Examples.

T 10100 10500
y 1015 1035

KP | 1.786 - 10%*  1.857 - 1056
R [4.599-10% 9.639 - 10%*
GS [ 5.350- 109 6.596 - 10%83
DD | 2.523-10% 1.472-10%82
HT | 2.652 - 10%* 1.5127 - 10482
U~ |2.330- 109 1.4989 - 10482
Ut 2923109 1.5118-10%2

Here,

KP is the Konyagin—Pomerance lower bound x/(log z)*,

R is the Rankin upper bound z*{(«, y),

GS is the Granville-Soundararajan upper bound 1.39y'~*2%C(a, y)/ log z,
DD is the Dickman—de Bruijn main term p(u)z,

HT is the Hildebrand-Tenenbaum main term 2%((a,y)/(av/2703), and

U~ U™ are the lower and upper bounds obtained in this paper.
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Our principal result, which benefits from some notation developed over the course
of the paper, is Theorem 2.3.11. It is via this theorem that we were able to estimate
U (10199 10%) and ¥(10°°°,10%%) as in the table above.

2.2 Plan for the paper

The basic strategy of the saddle-point method relies on Perron’s formula, which im-

plies the identity!

W(a,y) = —— /WOO C(s,p) ™ ds,
270 J o —ioo s
for any o > 0. A convenient value of o to use is the saddle point & = a(z, y) discussed
in the Introduction: For any o > 0, the integrand is maximized on the vertical line
with real part ¢ at s = ¢, and it is minimized for ¢ > 0 at a.
We are interested in abridging the integral at a certain height 7" and then approx-

imating the contribution given by the tail. To this end, we have

1 a+iT s
U(z,y) = —/ C(s,y)% ds + Error. (2.3)

2mi a—iT

There is a change in behavior occurring in ((s,y) when ¢ = Jm(s) is on the order

1/logy. In [24] it is shown that
‘ C(s,9) ‘ B H ’ L—p™ H (1 n 2(1 — COS(ﬂOgP)))_l/Q
- s | a1l — p—a)2
Clay)l ol l=p=l 22 p*(1=p=2)

Sexp{_zl—cos(tlogp)}' (2.4)

(0%
p<y p

Thus when ¢ is small (compared to 1/logy) the oscillatory terms are in resonance,
and when ¢ is large the oscillatory terms should exhibit cancellation. This behavior
suggests we should divide our range of integration into |t| < Ty and Ty < [t| < T,
where Ty =~ 1/logy is a parameter to be optimized.

The contribution for |t| < T will constitute a “main term”, and so we will try
to estimate this part very carefully. In this range we forgo (2.4) and attack the
integrand ((s,y)x®/s directly. The basic idea is to expand ¢(s,y) = log((s,y) as a
Taylor series in ¢t. This approach, when carefully done, gives us fairly close upper and

lower bounds for the integral. In our smaller example, the upper bound is less than

IThe right side should be increased by % in the case that z itself is a y-smooth integer.
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1% higher than the lower bound, and in the larger example, this is better by a factor
of 20. Considerably more noise is encountered beyond 7T and in the Error in (2.3).
For the second range Ty < |t| < T, we focus on obtaining a satisfactory lower

bound on the sum over primes,

Z 1 — cos(tlog p)
p<y P
Our strategy is to sum the first L terms directly, and then obtain an analytic formula
W (y,w) to lower bound the remaining terms starting at some w > L, where essentially

l-a« _ ,,,1—«
W(y,w) = % + error.
With an explicit version of Perron’s formula, the Error in (2.3) may be handled

by
o 1 1 T\
[Brror| <o >, e T 2 ()

P(n)<y P(n)<y
T|log(z/n)|>T? T|log(x/n)|<T*?
< o) fr(;f; v) + T [\I/(xer_l,y) - \I/(xe_Td_l,y)].

Here d =~ % is a parameter of our choosing, which we set to balance the two terms

above. Thus the problem of bounding |Error| is reduced to estimating the number of
y-smooth integers in the “short” interval (:B@’Td_l,xer_l].

This latter portion is better handled when T is large, but the earlier portion in
the range [Tp, T is better handled when T is small. Thus, T  is numerically set to
balance these two forces.

In our proofs we take full advantage of some recent calculations involving the
prime-counting function 7(z) and the Chebyshev functions

Y() =) logp, V(x)=) logp,
pm<z p<w
with p running over primes and m running over positive integers. As a corollary of

the papers [11], [12] of Biithe we have the following excellent result.
Proposition 2.2.1. For 1427 < z < 10" we have
05vr <z —9(x) < 1.95/x.

We have
2.3-107%,  when x > 107,
|9(x) — x| 1.2-107%,  when z > ¥,
— <
x 1.2-1077, when x> e,

2.9-107%°  when x > €.
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Proof. The first assertion is one of the main results in Biithe [12]. Let H be a number
such that all zeros of the Riemann zeta-function with imaginary parts in [0, H] lie on
the 1/2-line. Inequality (7.4) in Biithe [11] asserts that if x/logz < H?/4.92% and

x > 5000, then
|¥(z) — x| _ (logx — 2)log x

x 81/
We can take H = 3 -10'% see Platt [37]. Thus, we have the result in the range
10" < x < e®. For x > e* we have from Biithe [11] that |4 (z) —z|/z < 1.118-1075.
Further, we have (see [42, (3.39)]) for z > 0,

Y(x) > (x) > P(x) — 1.0222 — 32173,

(This result can be improved, but it is not important to us.) Thus, for z > % we
have [9(z) — z|/x < 1.151 - 1078, establishing our result in this range. For the latter

50

two ranges we argue similarly, using [¢(z) — z| < 1.165 - 107 when z > ¢ and

[Y(x) — x| < 2.885-10719 for x > €, both of these inequalities coming from [11]. [J

We remark that there are improved inequalities at higher values of z, found in
[11] and [19], which one would want to use if estimating W(z,y) for larger values of y

than we have done here.

2.3 The main argument

As in the Introduction, for complex s, define

(s,y)= Y n=][-p)"

n>1 P<y
P(n)<y

which is the Riemann zeta function restricted to y-smooth numbers, and for j > 0,

let .
By

-log (s, ).

¢j(87 y) = O
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We have the explicit formulae,

1
¢1($7y) = - Z Og_pla

Py p*
¢2(s,y) — % %’
b3(s,y) = — g <p28(;pj>11;g3p7
da(s.y) = % (™ + ?ﬁ:sff))? log'p.
d5(s,y) = — p%; (" + 11p35<;_ 1_1{; L) log'p

Note that for y > 2, 0 > 0, ¢1(0,y) is strictly increasing from 0, so there is a unique

solution o = a(x,y) > 0 to the equation

logz + ¢1(a, y) = 0.

Since we cannot exactly solve this equation, we shall assume any choice of o that
we use is a reasonable approximation to the exact solution, and we must take into
account an upper bound for the difference between our value and the exact value. We
denote
¢j = ¢i(e,y), o5 =1d;l = (=1)¢;, Bj = Bj(t) = o;t' /]!
so that the Taylor series of ¢(s,y) = log((s,y) about s = « is
dlatity) =Y %(—z’t)j = "(~i)'B;.
Jj=0 Jj=0
Our first result, which is analogous to Lemma 10 in [24], sets the stage for our

estimates.

Lemma 2.3.1. Let 0 <d <1 andT > 1. We have that

1 a+iT s
‘\I’x ) / C(s.y) = ds
o S

2w _iT

< oy fr(j?d’ v) + T [\If(:r;er_l,y) — P(ze T, y)} :

Proof. We have

1 a+iT 1 a+iT T sds
% a—iT C(S y)_ ds = 2_m a—iT n ?
P(n)<y
a+iT IL‘ s
Z 27m/ n
P(n)<y
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where the interchange of sum and integral is justified since ((s,y) is a finite product,
hence uniformly convergent as a sum.

By Perron’s formula (see [25, Theorem G| and its proof), we have

a+iT s o
O e
21t Joir \n/ s max (1,7TT|10£—’§($/71>|>
1oL wwkzy@‘ (z/n)”
21 Joir \n/ s

max (1, 7T 10g(m/n)|>
Together these imply

IN

ifn<ux.

—Q

n

P(n)<y Max <1, 7T log(x/n)])

1 1 1
< « . o PR
=7 Z ne T log(xz/n)| i Z ne

1 a+1T zs
‘W(l’,y)——/ C(Suy)? ds

—iT

<z

P(n)<y P(n)<y
|og(a/n)|>T4~1 |og(a/n)| <41
< f‘éégggz‘FeaTmJ[QerTwJ,y)—-@(we‘T&J,yﬂ‘
This completes the proof. n

In using this result we have the problems of performing the integration from
a — T to a + i1 and estimating the number of y-smooth integers in the interval
(xe_TUH , :cer*l}. We turn first to the integral evaluation.

Recall that B; = B;(t) = 0;(z,y)t? /5! and let Bf = B;(t) = tlogz — By(t). Note
that Bf = 0 if « is chosen perfectly.

Lemma 2.3.2. For s = a + it, we have

S

Re{C(s,y) = =

(o, y)

o2 1 12 (acos(Bs + By + bs) +tsin(Bs + By +bs)) exp { — By + By + a5},

where as, bs are real numbers, depending on the choice of t, with |as + ibs| < Bs(t).

Proof. We expand ¢(a+it,y) = log ((a+it,y) in a Taylor series around ¢ = 0. There
exists some real £ between 0 and ¢ such that

, , t2 it? t 1 ,
ola+it,y) = d(a, y) + itds — §¢2 - §¢3 + E¢4 - 25(0‘ +1&,9)

5

t
= BO — ZBl — Bg —|—ZBg + B4 — z§¢5(a + Zé,y)
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Since ((s,y) = exp(p(s,y)), we obtain

x® o,y)ze . _ . 1P .
C(s,y)? = %exp {ztloga: —1B; — By +1Bs + By —I—zagbg)(oz +z§,y)}
2 (a, o 1 ,

= %ﬁy)exp{ — By + By + (B} + Bs) +Za¢5(0€ —Hf,y)}.

Letting i¢s(a + i€)t° /5! = a5 + bsi, we have

s

x
C(S7 y); -
Zg—fgf)(a—it)(cos(Bi“ + By + bs) +isin(By + By +bs)) exp { — B2 + By + as },
and taking the real part gives the result. O

The main contribution to the integral in Lemma 2.3.1 turns out to come from the

interval [—Tp, Ty], where Tj is fairly small. We have

1 a+iTy s 1 To o+t

X
27 o C(s,y) s ds= o _TOC(OHM ,y)aHt

dt.

Note that the integrand, written as a Taylor series around s = «, has real coefficients,
so the real part is an even function of ¢ and the imaginary part is an odd function.
Thus, the integral is real, and its value is double the value of the integral on [0, T].

Consider the cosine, sine combination in Lemma 2.3.2:
f(t,v) == acos(Bs(t) + v) + tsin(Bs(t) + v),

and let
vo(t) = |Bi ()] + Bs(t).

We have, for each value of ¢, the constraint that |v| < vy(t). The partial derivative of
f(t,v) with respect to v is zero when arctan(t/«a) — B3(t) =0 (mod 7). Let

u(t) = arctan(t/a) — Bs(t).

If u(t) & [—vo(t),vo(t)], then f(¢,v) is monotone in v on that interval; otherwise it has
a min or max at u(t). Let T3, Ty, T}, Ty be defined, respectively, as the least positive

solutions of the equations
u(t) =vo(t), ult)=—ve(t), wu(t)+m=1v(t), ult)+m=—uvy(t).

Then 0 < T3 < Ty < Ty < Ty. We have the following properties for f(t,v):
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1. For t in the interval [0, T3] we have f(¢,v) increasing for v € [—vy(t), vo(t)], s0
that

ft,—vo(t)) < f(t,0) < f(E,v0(t)).

2. For t in the interval [T3,T5], we have f(t,v) increasing for —uvy(t) < v < u(t)
and then decreasing for u(t) < v < vy(t). Thus,

min{f (¢, —vo(t)), f (£, vo(t)) } < f(t,0) < f(E, u(t)).
3. For t € [Ty, T1], f(t,v) is decreasing for v € [—v(t),vo(t)], so that
ftwo(t) < f(tv) < f(t —vo(t))-

4. For t € [T}, Ty], we have f(t,v) decreasing for v € [—uvg(t), u(t) + 7] and increas-
ing for v € [u(t) + 7, vo(t)]; that is,

f(tut) +m) < ft,v) < max{f(t, —vo(t)), f(t vo(t))}.

Note too that f(¢,v) has a sign change from positive to negative in the interval [T5, T} ].
Let Z~, Z* be, respectively, the least positive roots of f(t,v(t)) =0, f(¢,—v(t)) = 0.

Let I be an upper bound for the function appearing in Lemma 2.3.2 on [0, Ty
using |as|, |bs| < Bs and the above facts about f(t,v), and let I, be the corresponding
lower bound. We choose a5 = Bs in I when the cos, sin combination is positive, and

a5 = —B; when it is negative. For I, we choose a5 in the reverse way.

Let
To To
JJ:/ IS (t) dt, Jy :/ Iy (t) dt. (2.5)
0 0

We thus have the following result, which is our analogue of Lemma 11 in [24].

Lemma 2.3.3. We have

a 1 a+iTo s o
T 27rz s s

a—1iTy

In order to estimate the integral in Lemma 2.3.1 when |t| > Tj we must know

something about prime sums to y.

Lemma 2.3.4. We have

a+iT
[ dsn® ds] < a¢agn

+1To
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where
T dt
Ji :=/ exp (= W(y,1,t))

T Va2
and . N
Wowt)= Y ~— Cosi o8D). (2.6)
w<p<lv p

Proof. For 0 <wv <1 <t, equation (3.14) in [24] states that
(14 4vt/(t — 1)*)7" < exp{—4v/t}.

Applied to (3.17) in [24] with v = (1 — cos(tlogp))/2, we have that

T TL - i)

p(l —p)?

< exp{ B Z 1 —cos(tlogp)}'

(0%
p<y p

(2.7)

This completes the proof. n

Our goal now is to find a way to estimate W(v,w,t). The following result is

analogous to Lemma 6 in [24].

Lemma 2.3.5. Let s be a complex number, let 1 < w < v, and define

1
Fy(v,w) := Z ep Y

ps 1—35

1 1-s

-5 _ w

w<plv
(i) If v < 10" we have

wl/?—a _ U1/2—o¢

a—1/2

|Fy(v,w)] < 2(0"27 + w!/?7%) 4 2|5

(i) If 101 < w < v we have

B _ .8
|Fs(v,w)| < 511,(1}5 +w? + |3|U v ),

where f =1—«a and

2.3-1078, w € (1019, e¥],
1.2-1078, w € (e, e%],
1.2-1077, w € (
2.9-1071°, w > e,

Ew =
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Proof. (i) By partial summation,

lo Y(v)
Z gsp - +/ s+1
p %

w<p<lv
I wt E " E
v 1_1; ©) , Bw / ) 4

so by the first part of Proposition 2.2.1,

R < EL BRI g 720

Ve tl—i—a
1/2 a 1/2704
< ul/2ma | gyl/2—a y g)g)Y
1/2 -«

(i) Similarly, by the second part of Proposition 2.2.1,

mw) < B By [ 2 b oo w0

=" (vl_a +wT |s|—>
l—«

The following result plays the role of Corollary 6.1 in [24].
Lemma 2.3.6. Fort e R, 2> 1, and 5 =1—«, let
0, :=tlogz — arctan(t/f3).

(i) For 1427 < w < v < 10" we have that W (v, w, t) > Wy(v,w,t), where

VP —wf P cosd, — w? cosdy,
8 VB2 4t

— 4(1}1/270‘ + wl/zfa) —2(a+1s|)

Wo(v,w,t) logv =

w1/27o¢ _ U1/27a

a—1/2

(ii) For 10" < w < v we have that W (v, w,t) > Wy(v, w,t), where
B —wh B VP cos 6, — wP cos dy,
B N

WP — B
—25w(vﬁ+w5)—sw(a+|s|)( 3 )

Wo(v,w,t)logv =
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Proof. We apply Lemma 2.3.5 with s =1 — § and s = 1 — § + t, and take the real
part of the difference. Letting the difference of the sums be S, we have that

' log p logp logp L
Si= Z <p1ﬁ _p1ﬁ+it> - Z ]ﬂ(l—]? ), so

w<plv w<plv

Re(S) = 3 ER(1 - cosltlogp))

w<p<lv

which is the sum we wish to bound.

For a positive real number z, let S, := % — % We have that
8 , 8 o
Sz — Z_<1 _ Lz—zt> — Z_<1 _ 6 6 +at e—ztlogz>
B fg—it B B2+ t2
B it
- %(1 — 5%[008@ log z) — i sin(t log z)]),

so by Lemma 2.3.6,

Ne(S.) = £(1 .

: %[5 cos(t log z) + tsin(t log Z)])

B2 +
B B B B cos(tlog z) tsin(tlogz)])

_E<1_\/ﬁ2+t2[ N RN

N 3 B Bcosd,
= E(l — \/ﬁ cos(tlog z + arctan(ﬁ/t))> = E(l - \/ﬁ)

Thus,

P —wP  vPcosd, — wP cos by,

Re(S, — Syw) = 5 NCETE (2.8)
Recalling the definition of Fy(v,w), we have
Re(S) = Re(S, — Sy + Fo(v,w) — Fs(v,w))
> Re(Sy = Sw) = [Fa(v,w)| = [F(v, w)]
which gives the desired result by (2.8) and Lemma 2.3.5. O

From Lemma 2.3.4, we see that a goal is to bound W(y, 1,t) from below, and
pieces of this sum are bounded by Lemma 2.3.6. Ideally, if y were sufficiently small
W could be computed directly and the problem settled. In practice W might only be
computed up to some convenient number L, suitable for numerical integration, after
which the analytic bound Wy(y, w, t) may be used. Still, there are further refinements
to be made. Just as x/logz loses out to li(z), Wy on a long interval is smaller than
Wy summed on a partition of the interval into shorter parts. This plan is reflected in

the following lemma.
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Lemma 2.3.7. If v,w satisfy the hypotheses of Lemma 2.3.5, let

[log(v/w)]|—1
W, (v,w,t) == Wy(v/elsW/w)] 4 t) 4 Z Wo(v/el,v/el ™ ).

§=0

Suppose that w, L satisfy 1427, L < w. If y < 10'°, then
J; < /T exp ( — Wiy, w,t) — W(L, 1,75)) L
Ty Va2 +t?

Ify > €% and 1427, L < w < 109, let

Wl _ W*(10197w7t)’ W2 — W*<645, 1019,t), W3 — W*(e50’ 645,t),
Wy = W*(€55,650,t), Ws = W*(ya 6557t)'

Then

T
dt
J1 SLO exp(—W1—Wg—Wg—W4—W5—W(L,1,t)) \/042:—+_252
We remark that if 10! < y < €%, then there is an appropriate inequality for J;
involving fewer W,’s. If y is much larger than our largest example of y = 10*°, one

might wish to use better approximations to ¥(y) than were used in Proposition 2.2.1.

Proof. Tf 1427 < w < v and [w, v] satisfy the hypotheses of Lemma 2.3.5, we have

[log(v/w)|—1
W (v, w,t) =W (v/elsW/w)] 4 t) 4 Z Wi(v/el v/e?t t)
=0

[log(v/w)| -1
> Wo(’l}/e\'log(v/w”,w,t)ﬂ‘ Z WO(U/Gj,U/6j+1,t).

=0
The result then follows from Lemma 2.3.4. O

Remark 2.3.8. We implement Lemma 2.3.7 by choosing L as large as possible so as
not to interfere overly with numerical integration. We have found that L = 10° works
well. The ratio e in the definition of W, is convenient, but might be tweaked for
slightly better results. The individual terms in the sum W(L,1,t) are as in (2.6),
except for the first 30 primes, where instead we forgo using the inequality in (2.7),

using instead the slightly larger expression

2(1 — cos(t logp))>.

1
— log <1 +
2 pe(l —p=@)?
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We choose w as a function w(t) in such a way that the bound in Lemma 2.3.6 is

minimized. For simplicity, we ignore the oscillating terms, i.e., we set

= w8 — 4w 2+ s (12 - )]

ow
= — P — 4w V2 (1/2 — @) 4 2(a + |s))w/E

1/24e and solving for w gives

2
+20z+2\/a2+t2> )

equal to 0. Multiplying by w

wla,t) = (a —1/2

We let
w(t) := max{L,w(a,t)}.

Our next result, based on [24, Lemma 9], gives a bound on the number of y-smooth

integers in a short interval.

Lemma 2.3.9. Let 0 < d <1, T > 1 be such that z := (27" — 1)1 > 1. We have

_ _ - 2e J:
\P(a:er 1,y) — IIf(aae_Td 1,y) < eo* /2% —aT? lxag(a,y) ?6?2
where, with W (y,w,t) as in Lemma 2.5.6,
00 t2
J2 3:A eXp{—Q—ZQ—W(y,l,t)}dt
Proof. Let € = ze=T"", so that
d—1 _d—1
U(ze' L y) = W(re " y) = V(E+E/2,y) — V(). (2.9)

For§<n§§+§,we have that

so 0 > log(£/n) > —log(1 +1/z) > —1, which implies that 0 < [zlog(&/n)]* < 1.
Thus,

Were/n) -WEn = Y 1<ve Y e sllo(e/m)).
£<1131(£5?/z £<]vjw(£g§rg/z

For o,v € R, we have the formula

1 +oo 1
—v%/2 _ a?/2—cov { . —t2 it(o — } dt
¢ NS /_oo P~ 5t Hitlo —v)
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Letting 0 = a/z, v = —zlog(§/n), we obtain

V(€ +E/2y)—
> 1
,/ ‘ e’ % "”/ exp{—§t2+it(a—v)}dt
27
P(n)<y
E<n<E+E/ 2
+oo a+itz
N {_l 24 } <§>
e o /oo exp 2t +ita/z Z " dt.
P(n)<y
E<n<E+E/z

Since aw < 1 < z, changing variables t — ¢/z and taking the modulus gives

V(E+&/2,y) —

—1ga2/222 \/;/+Oo _ _2 + ita /2 } Z (%)CH“ dt

P(n)<y
E<n<é+E/2

ga a? /222 € e —t2/222 .

e [€ [T (o it ) e
z 21 J_ o
a 9 )

:é_ea2/222 _6/ 6_t2/2z2\§°(a+it,y)\ dt.
2 V.r /o

This last integral may be estimated by the method of Lemma 2.3.4, giving
2

o _2/952 . o t
/0 e /2 ]C(oz—l—zt,y)]dtﬁ((&,y)/o exp(—ﬁ—W(y,l,t»dt:C(&,y)JQ.

We have

B+ E/zy) — V(E,y) < E°C(an )l [ 202

and the lemma now follows from (2.9) and the definition of &.

)
mw oz

Remark 2.3.10. For t large, say t > 2zlogz, we can ignore the term W(y,1,¢) in

Jo, getting a suitably tiny numerical estimate for the tail of this rapidly converging

integral. The part for ¢ small may be integrated numerically with w(t), L as in Remark

2.3.8.

With these lemmas, we now have our principal result.

Theorem 2.3.11. Let d, T,z be as in Lemma 2.3.9, let J& be as in (2.5), J; as in
Lemma 2.3.4, and Jy as in Lemma 2.3.9. We have
a 2 2 J
\I/(x)y) 2 xr C(Ol,y) (JO— . Jl o T—d . 604 /22’ /27T€_2>
70 z

and

U(z,y) < —2 Y Clany) (JJ b JL AT 4 e \/%£>
m

z
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2.4 Computations

In this section we give some guidance on how, for a given pair x,y, the numbers «,
((a,y), and o, for j < 5 may be numerically approximated. Further, we discuss how
these data may be used to numerically approximate V(z,y) via Theorem 2.3.11.

2.4.1 Computing «

Given a number a € (0,1) and a large number y we may obtain upper and lower

log p
01 (CL, y) = Z

a_l'
péyp

bounds for the sum

First, we choose a moderate bound wy < y where we can compute the sum o4 (a, wy)

relatively easily, such as wy = 179,424,673, the ten-millionth prime. The sum

3 log p (2.10)

a
wo<p<y p

may be approximated easily with Proposition 2.2.1 and partial summation. Let
[~ (a,wp,y) be a lower bound for this sum and let {*(a, wp,y) be an upper bound.
Then

a
_ %

" )
wg 1 (aa Wy, y) + 01 (aa U}o>

li(aa Wo, y) + 0'1(&, wO) S 01 (CL, y) S

We choose o as a number a where logx lies between these two bounds. If a given
trial for a is too small, this is detected by our lower bound for oi(a,y) lying above
log z, and if a is too large, we see this if our upper bound for o (a, y) lies below log .
It does not take long via linear interpolation to find a reasonable choice for oo. While
narrowing in, one might use a less ambitious choice for wy.

The partial summation used to estimate (2.10) and similar sums may be summa-

rized in the following result.
Lemma 2.4.1. Suppose f(t) is positive and f'(t) is negative on [wo, wy]. Suppose too
that t — 2/t < 9(t) <t on [wo,w;]. Then

/ L= V) dt (o — Do) — 24/5) (o)

wo

< S flogp< [ ) dt+ (wo — D(wo)) flw)

wo<p<wi wo

Because of Proposition 2.2.1, the condition on 9 holds if [wg,w;] C [1427,10'].
For intervals beyond 1017, it is easy to fashion an analogue of Lemma 2.4.1 using the

other estimates of Proposition 2.2.1.
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2.4.2 Computing oy =log((a,y) and the other o;’s

Once a choice for a is computed it is straightforward to compute oy and the other
oj’s.
We have
oola,y) = —log(1—p™).
Py

We may compute this sum up to some moderate wy as with the a computation. For
the range wy < p < y we may approximate the summand by p~® and sum this over
(wp, y] using partial summation (Lemma 2.4.1) and Proposition 2.2.1, say a lower

bound is I; and an upper bound is I . Then

—log(1l —w;©
ly + oo(a, wo) < oo, y) < og(wa w5
0

Jr
ly + oo(c, wy).
The other o;’s are computed in a similar manner.

2.4.3 Data

We record our calculations of & and the numbers o; for two examples. Note that we

obtain bounds for ¢ via oy = log(.

Figure 2.2: Data.

10100 10500

T

Y 1015 1035

a 9111581 194932677

¢ | 352,180 £16 2.09222-10°+5-10°
o; 4.3-1071 5.6-1071

o9 | 5,763.47 £ 0.03 71,689.2 £ 0.02
o3 | 159,066.8 = 0.5 4,779,948.5 £ 0.5
o4 | 4,604,079 =8 330,260,722 £+ 21
o | 1.3725-108 2.3353 - 10"

Note that o} is an upper bound for |o; —log x|, and o3 is an upper bound for os.
The functions a(x,y) and o;(x,y) are of interest in their own right. A simple
observation from their definitions allows for more general bounds on « and o; using

the data in Figure 2.2, as described in the following remark.

Remark 2.4.2. For pairs z,y and 2’,y/, if x > 2/ and y < ¢/ then a(z,y) < a(2’,y').
Similarly, if a(z,y) > a(2’,y’) and y < ¢’ then oj(x,y) < o;(2,y).
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2.4.4 A word on numerical integration

The numerical integration needed to estimate .Ji, Jy is difficult, especially when we
choose a large value of L, like L = 10°. We performed these integrals independently on
both Mathematica and Sage platforms. It helps to segment the range of integration,
but even so, the software can report an error bound in addition to the main estimate.
In such cases we have always added on this error bound and then rounded up, since
we seek upper bounds for these integrals. In a case where one wants to be assured
of a rigorous estimate, there are several options, each carrying some costs. One can
use a Simpson or midpoint quadrature with a mesh say of 0.1 together with a careful
estimation of the higher derivatives needed to estimate the error. An alternative is
to do a Riemann sum with mesh 0.1, where on each interval and for each separate
cosine term appearing, the maximum contribution is calculated. If this is done with
T = 4-10% and L = 10°%, there would be magnitude 10! of these calculations. The
extreme value of the cosine contribution would either be at an endpoint of an interval
or —1 if the argument straddles a number that is 7 mod 2w. We have done a mild
form of this method in our estimation of the integrals J;", see the discussion leading

up to Lemma 2.3.3.

2.4.5 Example estimates

We list some example values of z,y and the corresponding estimates in the figure

below.
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Figure 2.3: Results.

T 10100 10500

y 1015 1035

15 .00642708 .00114940
15 .00644109 .00115038
z 0385260 0124202
zZt .0403125 0127461
Ty 0478624 .0155272
T 0514483 0161799
T 4-10° 10°

d 0.57 0.58

Jy |1.78554-1072 4.90043 - 1073
Joo 11.80312-1072 4.92738 - 103
Jy | 7.236-107*  1.717-1076
Jo | 1.758-107%2  4.745-1073

U~ | 2.3302-10%  1.4989 - 10182
Ut | 2.9227-10%  1.5118 - 1082

2.5 Appendix: Rankin revisited
We prove the following theorem.

Theorem 2.5.1 (Granville and Soundararajan). If 3 <y < x and 1/logy <o <1,
then

l—0o

y
0 < 1. o .
(z,y) < 39 —a C(o,y)

Proof. By the identity logn =}, A(d), we have

Z logn = Z Z A(d Z Z logleog(x/m)J

. log p
n<z m<z d<z/m m<z p<min{y,z/m}
P(n)<y P(m )<yP(d) P(m)<y
< Z 7(min{y, z/m}) log(z/m).
m<x
P(m)<y

Thus,

U(z,y)logx = Z (logn + log(x/n)) < Z (1 + 7(min{y, z/n})) log(z/n).
P?(lng)éy P?”S)éy
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Using the estimates in [42] we see that the maximum of (1+(t))/(t/logt) occurs at
t =17, so that
1+7(t) < 1.39t/logt

for all ¢ > 1. The above estimate then gives

U(z,y)logr < 1.39 Z x/n+1.39 Z ylog(z/n)/logy.

z/y<n<z n<z/y
P(n)<y P(n)<y

We now note that if 1/logy < o < 1, then

x/n, ifx/y <n<u,
ylog(xz/n)/logy, ifn<z/y.

y' 7 (/n)” > {

Indeed, in the first case, since t'7% is non-decreasing in ¢, we have (x/n)'=7 <
y'7?. And in the second case, since t~“logt is decreasing in t for ¢ > y, we have
(z/n)~ log(z/n) <y~ logy.

We thus have

U(z,y)logx < 1.39 Z y' =7 (2 /n)” < 1.39y 7x7C(0, y).

n<zx

P(n)<y

This completes the proof. O
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Chapter 3

The reciprocal sum of primitive
nondeficient numbers

3.1 Introduction

The ancients were enamored by numbers that were equal to the sum of their own
proper divisors, and hailed such numbers as perfect. In modern notation, o(n) denotes
the sum of divisors of n, so n is perfect if o(n) = 2n. Then n is called abundant if
o(n) > 2n, and deficient if o(n) < 2n. One can show that if n is nondeficient, that
is, either perfect or abundant, then multiples of n are also nondeficient. Thus, we
are led to define a primitive nondeficient number (pnd) to be a nondeficient number
all of whose proper divisors are deficient. Often in the literature the alternate term
primitive abundant number (pan) is used, justified by redefining the term abundant
to signify numbers n with o(n) > 2n.

With the goal of understanding the distribution of o(n)/n, much effort has been
put toward studying the set of pnds. For example, Erdds [16] found an elementary
proof that the set of abundant has a natural density which hinges on showing that
the reciprocal sum of pnds converges. The convergence was shown by determining
a sufficiently small upper bound on the counting function for pnds. Denoting the

number of pnds < z by N(x), the paper showed that

which is enough to prove that the sum of reciprocals of the pnds converges. A more

detailed study by Erdés in [17] found that, for sufficiently large x,

zrexp(—ciy/logzloglogx) < N(x) < xexp(—cey/logzloglogx),
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where ¢; = 8 and ¢ = 1/25. Subsequent improvements to the constants c¢;, co were
made by Ivi¢ [26] and Avidon [3] so that we now know that we may take ¢; = v/2 +¢,
co = 1—¢ for any fixed € > 0 which can be made arbitrarily small by taking sufficiently
large x.

Once a series is found to converge, it is natural to wonder what its value may be.
For example, by Brun’s Theorem, it is known that the reciprocal sum of twin primes
converges. This sum, called Brun’s constant, is approximately 1.902160583104, which
is found by extrapolating via the Hardy—Littlewood heuristics. However, the best
proven upper bound is 2.347. (See [13,28].) Similarly, Pomerance [39] proved that
the reciprocal sum of numbers in amicable pairs converges, and work has also been
done to determine bounds on this value, the Pomerance constant, the current bounds
being 0.0119841556 and 222. (See [5,34,35]) In light of such results, it is somewhat
surprising that there do not appear to be any serious attempts to determine the value
of the reciprocal sum of pnds. The purpose of this paper is to initiate such an attempt.
Given such precedent, we define the value of the reciprocal sum of pnds the Erdds
constant. The principal result of this paper is to provide the first known upper bound

for the Erdds constant as 18.6, proved in Theorem 3.3.2.

Notation

!/
Let Z o= > pnd n- Let logy n denote the k-fold logarithm loglog - - -logn. Let ((s)
be the Riemann zeta function. Let P(n),w(n) denote the largest prime factor of n,
and number of distinct prime factors of n, respectively. We say a positive integer n

is y-smooth if P(n) <y. We say n is square-full if p? | n for all primes p | n.

3.2 Setting up the bound

To bound the reciprocal sum of pnds,
1] 11 11
doo=D o) - (3.1)
n n n
n n<xo n>xo
we may first compute the sum directly up to some convienient xy € Z. For example,

Mits Kobayashi computed that for zy = 10'°

1
S S = 0.34816486577357275, (3.2)

n<1010
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as well as that the number of pnds up to 10'° is 1123430. For the remaining part of the
series, we shall split up by y-smoothness, for y to be determined. Before proceeding,

we first study the related sum

ry)= Y 1,

n<x
P(n)>y

which will prove useful for handling the non-y-smooth contribution.

3.2.1 An upper bound for M(z,y)
We first prove a preliminary lemma for square-full numbers.

Lemma 3.2.1. For A = ((3/2)/¢(3), we have

B(x,y) : Z 1 < Ay Y2 + 3ay~ 23
n<x
s(n)>y

Proof. Denoting K (y) as the number of square-full integers up to y, by (8) in [20] we

have

SBYSEG AT A= (3.3)

For each square-full number s € [y, x|, there are at most x/s such pnds n up to z

with s = s(n). Then by partial summation we have

K )\yl/2 3y1/3 It
Si< Z / dt <a(- ; +)\/y 5)

n<lx
s(n)>y s Dol
= x( — Ay V2 4 3y 4 >\|: = 225’1/2] ) = Aoy Y2 4 3zy~%3
y
which completes the proof. O]

Now to bound M(z,y), we roughly follow the developments in [17,26], and split
up into two cases. Every integer n may be decomposed uniquely into n = ¢s, where
s = s(n) is square-full, ¢ = ¢(n) is square-free, and (s, q) = 1.

In the first case, suppose s(n) > y* for some parameter a € (0, 3) to be determined

later. Then by Lemma 3.2.1, we have

D71 Y 1= Blay) < Xay 4 3ay (3.4)
n<x n<x

P(n)>y s(n)>y°

s(n)>y®

In the second case, we have s(n) < y*. We prove a lemma, adapted from [17,26].
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Lemma 3.2.2. Assume x >y > 8. Let {nq,...,ny,} be the set of pnds n; < x with
P(n;) >y and square-full part s(n;) < y®*. Let b =3a/2 and suppose that b satisfies

2logz/ log(y/2)
be (0.), 2> (2-y7)(1+ vy ) . (3.5)
Then for each n; there exists a square-free divisor d; | q(n;) with d; € [y*/3, %ylﬂ].
Moreover, {ni/dy,...,nm/dy} is a set of m distinct numbers at most xy~*/3, and
therefore
/
Z 1=m <azy 3 (3.6)
n<x
P(n)>y
s(n)<y®

Proof. To prove existence, we proceed by contradiction. Take any n = n;, and suppose
there is no divisor d | q(n) with d € [y*/3, \%yl/?]. Since s(n) < y* = y?/3, this is
equivalent to having no prime divisors p | n in the interval [1//3 %yl/ 2]. Then we

b/3 yl/2

may decompose n as n = uv where r < y”/° and p > f for all primes r | v and

p | v, respectively. We have that

logp
=2 1= Zlog(y/m/ log y/2 log [ [

plv plv

~ 2logw < 2log x
log(y/2) ~ log(y/2)’

Suppose u < y°, where we recall that b satisfies (3.5). Also recall y < P(n) < n so

u < n is a proper divisor of the pnd n. Thus wu is deficient so o(u) < 2u — 1, and

since the function h(n) = o(n)/n is multiplicative,

2 < h(m) = h(uphe) < (2 ) T (1+ i)

plv

w(v)
< (2-y7) (14+v2y )

2logx/log(y/2)
< (2o t) (1o vaR)

This contradicts the assumption (3.5) for b. Hence we deduce u > y°.
Write the square-free part of u as q(u) = q1¢2 - - - ¢; in ascending order of primes.
Since s(n) < y* < \%yl/z

s(n) | v and so s(n) = s(u). Additionally, we have u > y° so that

, all the primes of s(n) are less than \/Liyl/ 2. Therefore



Since each ¢; | u we have each ¢; < y*/3, so there must exist [ € [1,#] such that

Ga <Y <qq <y

Since b < 1/2 and y > 8, we have y*/? < \%yl/z. Thus d = ¢, -- - q is a divisor of
n in the interval [y%/3, \/Liyl/ ?]. However, this contradicts assumption, and thus each
q(n;) has a divisor d; in the interval.

The proof of distinctness is unchanged from [17,26], but we provide it for com-
pleteness. For all n = n;, since the square-full part s(n) is less than y* < y < P(n)
we have that P(n)? does not divide n so

2 < hn) = h(P(n)h( 5 )
n) = n —
- P(n)

_ <1+ P(ln)>h<P?n)) < 2+% <2+2/y.

Thus for all n;,n; we have

h(ni)  2+42/y
hiny) ~ 2

=1+1/y. (3.7)

Suppose n;/d; = n;/d; for some i # j. Since n; # n; we have d; # d;. Then by

multiplicativity,

i =) =) =5

J

Since d; and d; are square-free, we have that h(d;) # h(d;) so we may assume h(d;) >
h(d;). Thus

h(di) _ o(di)d;

h(d;) — o(d;)d;

so that o(d;)d; > o(d;)d;+1. Since d; divides the pnd n;, d; is deficient so o(d;) < 2d;.

And since d; < \/iﬁyl/ 2 we deduce

1<

h(n;) — h(d;)  old;)d; — o(d;)d;
1 1+1/y.
> 1+ 20id, >1+1/y
contradicting (3.7). Hence each n;/d; must be distinct. O

Combining (3.4) and Lemma (3.2.2) gives our desired bound on M (z,y).
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Theorem 3.2.3. Assume x >y > 8. Let b= b(z,y) be defined by

—2logz/ log(y/2)
y =2 2(1 4 \/2/y> . (3.8)

1

Then so long as 0 < b < 3,

we have the upper bound

/
M(z,y) = Y 1< (A+ Day "% 4 3ay= 7", (3.9)
n<xz

P(n)>y

Proof. The definition of b is constructed to satisfy (3.5). By (3.4) and Lemma 3.2.2

we have

M(x,y) = Z/ 1+ Z/ 1

n<lx n<x
P(n)>y P(n)>y
s(n)>y® s(n)<y®

< Awy Y2 4 3py 23 oy b5
The result then follows from a = 2b/3. O]

The utility of Theorem 3.2.3 to us comes as the following Corollary.

Corollary 3.2.3.1. With b as in Theorem 3.2.3, for y > 8 we have that

S L < (14 toglaa/m )+ Dy + 357

1 <n<zg
P(n)>y

Proof. Since C = (X + 1)y=%/3 4 3y=%/? is constant with respect to z, by partial

summation and Theorem 3.2.3,

Z/ 1 M(zs,y) M(zy,y) Jr/x2 M(z y)d_x
Y x2
1

T2 T

1 <n<zg
P(n)>y

<C+ C’/ 0;_33 = (1 +log(za/z1))C.

1

3.2.2 Bounding the tail

Recall the contribution of pnds less than 10'° was computed directly. On the other
end, we may bound the tail of the reciprocal sum of pnds greater than ¢!, In this
range, we bifurcate based on the relative size of w(n) compared to 4log,(n). Note
that if w(n) < 4logy(n), then there exists a prime power ¢* | n such that

> =:y(n).

logn

qa > n1/4log2(n) — exp (
- 4log,n

o1



If a = 1, then P(n) is large, and if a > 2 then s(n) is large. Thus it suffices to

consider the following cases:
(i) w(n) > dlogy(n),
(i) P(n) > y(n).

(i) s(n) > y(n).

In case (i), by Proposition 3.2 in [35],

1 1 (k+5)* 1 [> (t+5)*
>, < 2 2 e S ﬂ/mg g A< 000138 (3.10)

n>61600 21600

w(n)>4logg n

In case (ii), let y, = y(e*) = exp ( lfgk) and define by, = b(e**1, y) from Theorem

1
3.2.3. A calculation shows that b, € (O, %) for £ > 191. Then by Corollary 3.2.3.1

1 1 —b/3 —4by, /9
E s E E ESQ E (A + )y 72 4 3y, 0,
11> 1600 E>1600 ok <n<eh+1 k>1600
P(n)>y(n) P(n)>yp

We may compute this sum directly up to, say, 10*, which contributes at most 0.4471.

We bound the remaining series by the integral,

& —bt
A+ 1)y 3 37109 < / ( ) dt
Z ( * >yk * 3yk - 6 104 P 12 logt

k>104

Note that the definition of b = b, in (3.8) using x = e**! and y = y;, ensures b > 0.4
for k > 10%. Then since b > 0.4 and k > 10%, we have .7logk > log(12/b) + log, k

which implies

—t
L — 3.11
~ (12/b)logt (3:11)
Hence we have
1 o
> = <2(0.4471) + 12/ exp(—1"?%) dt
n>el600 n 104
P(n)>y(n)

= 2(0.4471) + 12(0.00191572) < .918. (3.12)
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In case (iii), by partial summation and Lemma 3.2.1,

Y oas X ae X (Pt [ sewg)

n ek
n>e1600 k>1600 ek <n<ek+1 k>1600

s(n)>y(n) s(n)>yy
T at
~1/2 —-2/3
< Z()‘yk/+3yk/)<1+/k 7)

IA

k>1600
- o —t
<2 O 2 + 3y 2/3) §6/ exp (—) dt
k>12600 g 1599 8logt
< 6/ exp(—3t?) dt <1.5-107° (3.13)
1599

by a bound analogous to (3.11).

3.2.3 Intermediate Range

We are left to deal with the contribution of pnds lying in the intermediate range
1019 < n < €199 We further split up the range at €3, and first deal with the upper
subrange €0 < n < €% in which the bounds for M(z,y) still have potency.

For smooths in the upper range, we appeal to Lemma 2.10 in [35], which we state

below.

Lemma 3.2.4 (Nguyen-Pomerance). Let © > y > 2 and u = logx/logy. Foru >3
and log(ulogu)/logy < 1/3, we have

Z 1 256(”5 (ulogu)™

— 9log(ulogu)/logy _ ]

n>x
P(n)<y

where ¢ = 2.3 x 1078,
We apply this bound to the interval k € [300, 1600] in segments of length 5, where

in each we find a reasonable value of u = wy, which then determines y; = k/uy. Note

yx here is different from the previous section. Thus by Corollary 3.2.3.1,

o1
Yot Y (X X 0)
300 < <1600 300<5k‘;1600 PTZ>)E< k1<3<n<)e>k+5
n y n y
251+ (14 Tog uy ) "k b
—br/3 —4by /9
< Z ( 2log(uy logug)/logyr — ] + 6[()\ + 1)y + By ])

300<k<1600
5|k
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We find computationally that the optimal choice at £ = 300 is u = 6.3, and u = 15

at k = 1600, between which a linear fit was used. With such choices of u, we obtain

|
Y = < 1634184 4 0.809179 < 2.444. (3.14)
n

€300 <p.< 1600

3.3 Abundant density estimates

The remaining range 101 < n < €3% is too small for the pnd methods to be effective,
so we use a different method related to abundant density estimates. We first illustrate
the approach with a simple example from [34,35] before proceeding to the general
case.

The function h(n) = o(n)/n is multiplicative, so

h(ny = f;(d)

dln
for f;(n) multiplicative with f;(p®) = h(p®)? — h(p®~')? on prime powers, by Mobius
inversion.
3.3.1 Case2 {n

We have

Y oacr X NEer ¥ vAn

1010§n<eK 1010§n<eK 1010§n<EK d|n
n odd, abundant n odd n odd
— 9 2: fj(d) } : l
d m
d<el 1010 /d<m< ek
d odd m odd

By Corollary 2.2 in [35] with u = 2,

1 K log2 2
3 S BTS2 koy 64
m 2 ek

m<eK
n odd

for K > 20. Thus

1 , (d
> ~ < 277N(K +1.28) > fﬂé ),
1010§n<eK d<eK

n odd, abundant d odd

o4



Now expanding the Euler product we have

S SIS P =TT (o M)

d odd p>2 a>0 p>2 a>1
_ H ( ) Z h(p®)’
-
p>2 a>0 p

We may compute this product for primes up to B directly, where B is some convenient

number, after which

[0-)S <[ (-1) (14 (25) o)

p>B a>0 p>B a>1
1 1 J
“110-0)0+=65))
B D p—1\p—
J
Py (%) -
_ 1_p! 1( ) ) <
[T(-pt4p(-2 : exp Y AT
p> p>B
2j J
< exp < exp
WZBp(p 1) 2%(%— 1)
< ej/B
using
a+1
a p -1
R 1 —_
o(p*)=1+p+---+p PR
)= TP PP P s,

Thus we have

IR (R

d odd p>2 a>0
A . 00 .
1 —a (PPN —af P\
<o T (1= ) (1 T (520) + 2 o (52))
2<p<B p a=1 p—1 a=A+1 p—1
A . .
1 _ 1 —p=*\J 1 po\J
o 1 -)( T (F R ( )).
_ Ay — _
V2B p — p—1 prp—1)\p—1

(3.15)
By computing with A = 500, B = 10° we find that this is optimized at j = 18 to give
the bound

1
Y = < 0.0118865K + 0.015.
1010<n<eK "
2%||n

This is in the proof of Proposition 3.5 from [35].
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3.3.2 Scheme A

Consider the pnds n € [10'%, eX] for which 2{|[n. We shall require 2%+ < 100, i.e.
i < 16. Since n’ = 2'p is a pnd for all primes p < 2/ and n’ < n, this forces n’ { n
so p{n. Thus letting u = [[,<pis1 p and n = 2'1, we deduce ged(l, u) = 1.

Writing n = 2% for [ with ged(l,u) = 1, we have

P 1~ h(n)Y_h(2i) h(l)
PR P
1010<_n<eK n<eK l<eK/21

2t||n 2t||n ged(lu)=1

() By

1<eK /2t dn

ged(l,u)=1
: N\J (d 1
S 91 (1 . 2—Z—l> E f]( ) § g
d -m
d<ek m<eK /21
ged(d,u)=1 ged(m,u)

By Corollary 2.2 in [35],

1 1 ,
Z — < (p(u) (K . ZlOgQ +'7) _ Z :U’(d> Ogd + 2w(u)+z€—K
u d

. m
m<ekK /21 d|u

ged(m,u)=1
1 d)logd i ,
= (K —ilog2+7) [T (1--) - “()Tog 4@+ K,
p

p<2it+l dlu
Then, analogously to (3.15), we have

;(d
> e

d<el /21
ged(d,u)=1

A ‘ .
, 1 1—p=*\J 1 J
< 11 (1__><1+Zp_a<1+ p1) oA 1( p1>)’

2i+1<p<B p a=1 p— pAp—1)\p—
with j to be optimized.

In summary, we have

v oL 27 (1271 P LK, ), (3.16)

n
1010<n<eK
2t||n

o6



where

u = H D, (3.17)

p<2itl
. . 1 p(d)log d (24 i —K
L(K.i) = (K —ilog2+7) [] (1_5>_ZT+2 K (3.18)
p<L2itl dlu
A . ,
‘ . 1 _ 1—p=*\J 1 P \J
o= 1 (=) (2 (4520 - G2))
aticpep P o p-1 pip—1)\p—1
(3.19)
We use scheme A for ¢+ = 4. That is, we have
o1
Z — <b+mK,
1010<n<ekK "
2t||n
where
i j|A BJ| b m
4 95[30 500 ]0.0021484 0.002272899
For i > 5, we use Corollary 2.2 in [35]. That is, for i =5
1] . 1
<9 -
2o nSr )
n<_eK l<eK/21
2t | n ged(l,u/2)=1
» , 1 » w(d)logd ity 1
< 27i(K — ilog? (1-2) -2 Y- BELEE ygmtteon
<27(K —ilog2+7) [] ; D e

2<p<L2itl dlu/2

< 0.008224209K.

3.3.3 Scheme B with a prime ¢

Scheme B is based on the following result of Erdés [17], which we state below.

Proposition 3.3.1 (Erdés). For any i,k > 2, we have that m = 2'q; -+ - qx s a pnd
for any k distinct primes q1,...,q € [(k — 1)2+1, l{:2i+1] _

Consider the pnds n € [10'9 eX] for which 2¢||n for some i < 9. By Proposition
3.3.1 with k = 2, we have m = 2'qq’ is a pnd for any distinct primes ¢, ¢’ € [2771,21%2].
Then m { n since m < 2%+ < 101 < n are distinct pnds, and so ¢¢’ t n. Thus at

most one prime ¢ from the interval [2°1 2¢%2] can divide n. Writing n = 2‘] and

u =[], gi+2 p, we have ged(l, u/q) = 1.

o7



Thus

ro1 ' h(n)’ _h(2) h(l)’
Z E<2_]Z (n) <2 (21) Z (l)

1010<n<eK n<_eK l<ek /21
2t|n 24 |In ged(l,u/q)=1
— 2—7,(1 o 2—i—1>'] § E f](d)
[
l<el /21 d‘TL

ged(l,u/q)=1

§2—i(1—2—i—1>j ZK # 3 %

d<e m<el /Qi
ged(d,u/q)=1 ged(m,u/q)

Again, by Corollary 2.2 in [35],

d)log d |
3 L WD e 10g0 ) — S wd)1ogd | ouiujareip-k
m

m<eK/2i u/q d‘u/q d
ged(m,u)=1
1 d)logd i -
— (K —ilog2+7) [] (1 - —) - “()Tog 4 r@) LK
p§2¢i+2 p dlu/q
pP7Fq

Then, analogously to (3.15), we have

fi(d)
2. i<
d<ek /21

ged(d,u/q)=1

—a

A _ j J
L | (1_]19>(1+;p_a<1+1p—p1>+pA(p1—1)<Pfl>)7

2i+2<p<B
or p=q

with j to be optimized.

In summary, have

Z' % < 2*1’(1 - 2i1)j > F(i,q)L(K,i.q). (3.20)

1010<n<ek 2i+1 < g it?2
2i||n
where
U= H b, (3.21)
p<2i+2
1 d)log d 2 ,
L(K,i,q) = (K —ilog2+7) H (1 — 5) — Z ,M()Tog 4Tl K
p<2it2 dlu/q
p#q
(3.22)
1 A 1— p_a J 1 P J
F(i,q) = ¢&/? (1——><1+ p‘“(1+ ) + ( ))
0 QZJ:LB p 2 p—1 prp—1)\p—1
(3.23)

o8



We apply scheme B for 1 <7 < 3. That is, we have

where
q

J

ZI l<b—|—mK,

n

1010 cn<eK

2t||n

A

B

b

m

)
7
11
13
17
19
23
29
31

W W W WN N .

w

23
35
40
46
69
80
97
115
119

30
30
30
30
30
30
30
30
30

200
200
500
500
200
200
200
500
500

Hence we obtain the following result:

0.0190246
0.0028889
0.0061241
0.0035739
0.0034296
0.0022583
0.0010876
0.0004906
0.0004039

0.0131128
0.0018895
0.0044578
0.0025531
0.0023470
0.0015313
0.0007271
0.0003232
0.0002650

1
3 ~ < .0496K + 0.036. (3.24)

1010<n<eX

Thus for K = 300, combining with the previous results, we obtain our desired

final bound.

Theorem 3.3.2. The Erdos constant is bounded between

1
0.34816486577357275 < Z'— < 18.6.
n

Proof. The lower bound was computed directly, as in (3.2). For the upper bound,

collecting the above results gives

1] 11 /
2onm gt X

nglolo 1010§n§€300

1
—+
n

roo1
>, ot

€300 <y 1600

11
2

n>el600

< 0.34816486577357275 + (.0496 - 300 + 0.056) + (0.00138 4 .918) + 2.444

< 18.6.
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