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Abstract

Community detection partitions a network’s nodes into tightly connected clusters,
achieving many real-world applications. While these methods are well studied in
pairwise graphs, many real-world systems involve higher-order interactions among
multiple entities at once. Hypergraphs, which allow edges to connect more than
two nodes, can capture such interactions. One approach to detecting communities
in hypergraphs is the all-or-nothing (AON) model, which assumes an interaction is
meaningful only if all of its nodes share a community. This thesis builds on the AON
modularity framework of Chodrow et al. [1], extending it with partition-mapping
techniques from the dyadic graph case. First, we address numerical instabilities in
the parameter-estimation phase of that framework. Second, we introduce a partition-
tracking mechanism and a method for re-checking previously discovered partitions
to escape globally-suboptimal local optima. This in turn lets us define convergence
criteria for the algorithm that previously relied on a fixed iteration count. Finally,
we use the stored partitions to create a finite deterministic map to characterize the
structure of the partition space. On the Enron email and Contact Primary School
hypergraphs, the algorithms achieve diminishing discovery rates and the finite maps
reveal consistent fixed points, even across runs that find non-overlapping partitions

in th space. These results uncover a far richer partition space than a fixed iteration
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budget can explore.
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Chapter 1

Introduction

Networks are fundamental tools used to describe complex systems and their inter-
network relationships. Comprised of nodes and their edges that connect them, these
graphs describe complex dynamics with real-world applications. Networks can cap-
ture many types of systems and have been applied to problems such as neural net-
works [2], disease tracking [3], supply chain management [4], and social networks [5].
Understanding the underlying organizational structure is a common and important
application of networks. Identifying groups of tightly connected nodes within these
networks, referred to as communities, can provide important insights into the nature
of a system. Community detection in networks is therefore a central component of
network analysis.

The majority of community detection research has been developed for dyadic,
or pairwise, networks. In this setting, a broad range of well-studied methods exist,
including modularity maximization [6], spectral clustering 7], and generative proba-
bilistic models such as the stochastic block model [§].

Many real-world applications, however, involve relationships that are not strictly



Introduction

pairwise. That is, interactions within systems can involve more than two entities
at the same time. For example, academic collaborations, group messaging threads,
face-to-face contact patterns, and cellular signaling pathways all exhibit higher-order
interactions that cannot necessarily be captured by pairwise edges alone. Represent-
ing these systems as ordinary graphs with only pairwise connections discards struc-
tural information that could be critical for identifying community structure within
the networks.

One way to capture the nature of this relationship is through bipartite graphs,
where one set of nodes represents a given relationship and the other set are the entities
themselves. Consider, for example, a co-authorship network where one set of nodes
represents the authors and the other denotes published papers. In this network,
edges connect authors and the papers they collaborate on. Community detection
in bipartite networks has been well studied, as shown in [9]. As Chodrow et al.
[1] points out, however, bipartite representations of these interactions may fail to
fully capture the nature of some higher-order relationships. The bipartite model uses
the assumption that the membership of any two nodes in an edge are independent
of one another. This may make sense in some networks; however, there are some
cases where this assumption of independence undermines the underlying dynamics
of the system. Consider a gossip network, which tracks the spread of confidential
information [1]. Interactions in these networks require trust; the addition of one
outlier in an interaction could completely halt the spread of information, making
edge membership between nodes a dependent event.

Hypergraphs are an emerging framework in which hyperedges connect subsets

of nodes rather than strictly pairwise interactions. They provide a structure for
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representing higher-order interactions in a way that can honor complex, dependent
relationships. Clustering in hypergraphs has applications in online social networks
[10], circuit design [11], classifying psychiatric disorders [12]|, and semi-supervised
learning [13].

One dynamic that hypergraphs are able to capture is the all-or-nothing (AON)
system. This type of network, like the gossip network, assumes that an interaction can
only occur if all nodes are nodes are present. In the context of community detection,
it only considers edges in which all of its nodes belong to the same community. This
thesis assumes AON dynamics in all of the graphs and preceding equations.

One avenue of research in hypergraph clustering has been through a combination
of modularity maximization and generative clustering through the Stochastic Block
Model [1]. This approach alternates between estimating possible community parti-
tions and affinity parameters for the statistical model, following work in the dyadic
graph case [14]. The work in [15] builds off of this method in the dyadic case, providing
a natural starting place and theoretical grounding for extensions in the hypergraph

case as well.

1.1 Contributions

This thesis offers an extension of the All-or-Nothing (AON) hypergraph modular-
ity algorithm of Chodrow et al. [1], which uses alternating modularity maximization
techniques. The core contributions of this work address (1) numerical correctness
and stability of the modularity affinity parameters, (2) partition tracking and course-
correction to escape local optima, and (3) finite deterministic partition mapping.

These contributions build off of developed methods in regular graphs and apply them
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to the hypergraph space.

The remainder of this thesis is organized as follows. Chapter 2 provides the
necessary background on hypergraphs, graph-based community detection, and the
landscape of hypergraph community detection methods. Chapter 3 describes the
alternating modularity maximization approach in detail and grounds it within the
current dyadic graph landscape. Chapter 4 presents the proposed modifications to
the maximization algorithm and describes the partition tracking and check method.
Chapter 5 discusses convergence and the added finite partition tracking phase. Chap-
ter 6 reports the experimental results from the process and Chapter 7 concludes with

a discussion of limitations and directions for future work.

1.2 Datasets

The work in this thesis uses two datasets: The Enron Email dataset, containing
148 nodes and 1,514 unique hyperedges [16] [17] and the Contact Primary School
dataset, containing 242 nodes and 12,704 unique hyperedges [18] [19] [20]. The Enron
set is derived from the emails of key employees at the Enron Corporation. It was
selected for this work due to its potential for trust-based network dynamics and size
of its edge and node sets. The Contact Primary School set tracks contact between

primary school students and teachers. It was selected to mirror the work in [1].



Chapter 2

Background

This chapter provides the necessary mathematical background for the remainder
of the thesis. We begin by introducing hypergraphs, provide a brief overview of com-
munity detection, and ground it in the modularity-based framework that motivates
Chapter 3. Finally, we survey the broader, current landscape of community detection

and situate the AON approach of Chodrow et al. [1] within the field.

2.1 Hypergraphs

Regular, or dyadic graphs, model pairwise relationships. In the simple graph case,
this means each edge connects exactly two nodes. In the hypergraph case, edges can
connect any number of nodes. Formally, a hypergraph H = (V, E) consists of a set of
nodes V ={1,...,n} and hyperedges E € Z(V), where each hyperedge e € E is a subset
of V with |e| =2. We denote a k-edge as an edge of size exactly k. Note that a
standard graph is just the case in which every hyperedge is a 2-edge. Throughout

this thesis the minimum hyperedge size is 2. A hyperedge of size 1 would be a self-
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loop, which are also commonly restricted for community detection in regular graphs
as they do not provide information on inter-node relationships. Figure 2.1 illustrates
a small hypergraph alongside its bipartite representation.

The incidence matrix H € {0,1}’"*™ has H,, = 1 if node v € e and 0 otherwise.
The degree of node v is deg(v) = ZHW, interpreted as the number of hyperedges
containing v. i

Two alternative representations of a hypergraph frequently used in the community
detection literature are bipartite [9] and clique expansion [21] representations. In a
bipartite graph, a node v and a hyperedge-node e are connected by a graph edge
if vee. The bipartite representation captures the full hyperedge structure but, as
mentioned in Chapter 1 it assumes independence between nodes over membership in
any given hyperedge. At the same time, bipartite graph algorithms are well studied
for the hypergraph landscape [9].

The clique expansion method replaces each k-hyperedge with a k-clique of pairwise
edges. This method captures the total edge weight between two nodes in a graph, but
the edges (and their sizes) that the relationships come from become indistinguishable.
At the same time, however, this abstraction allows any dyadic community detection

algorithm to be applied immediately.

2.2 Community Detection

Community detection is the method of unsupervised clustering, which looks at
ways to partition a network into groups of nodes that are more densely connected
compared to the rest of the network. Formally, a partition z: V — {1,..., g} assigns

each node to one of g communities. The goal of community detection is to find a
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(a) Region representation H = (V, E) (b) Bipartite incidence graph B(H)
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Figure 2.1: A small hypergraph (left) and its bipartite factor-graph representation (right).
Each hyperedge node in the bipartite graph connects to each of the nodes it contains.
Source: Claude Sonnet 4.6

partition that is optimal according to the specified model or function. In general, this
problem is NP-hard [22|, and algorithms often rely on heuristics, statistical inference,
and spectral relaxations.

The field of community detection has been well studied in dyadic graphs. Girvan
and Newman [23] introduced an algorithm based on inter-cluster connectedness of
nodes and Newman [6] used the modularity function Q to motivate a spectral clus-
tering algorithm, improving runtimes and clustering quality. The Stochastic Block
Model (SBM) [8] uses statistical inference to generate graphs based on community
structure and Newman [14] establishes a connection between modularity maximiza-
tion and the SBM. The Louvain algorithm [24] provides a scalable greedy procedure

for this modularity optimization that remains widely used. The stochasticity of the
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Louvain algorithm leads to known degeneracies in modularity maximization [25] and
other methods, leading to other improvements such as the Leiden algorithm [26];

however, the problem remains difficult.

2.3 Hypergraph Community Detection Landscape

The higher-order structure of hyperedges offers richer information about the sys-
tem, but also introduces new computational challenges. Different-sized hyperedges
can parse out the relative importance of the set of k-edges, or relationships of a
given size, compared to the rest of the network. At the same time, the added edge
sizes increases the complexity of the computations. Added parameter dimensionality
rapidly increases computational complexity and removes flexibility within clustering
algorithms. The extension of community detection to hypergraphs has grown signifi-
cantly in recent years.

The simplest approach to hypergraph community detection is to project the hy-
pergraph to a dyadic graph weighted by edge sizes and apply standard clustering
algorithms [27]. While this method is able to leverage a more sophisticated toolbox
of clustering methods, it discards information about hyperedge sizes, potentially los-
ing important information about the network’s dynamics [28]. Other approaches have
looked at generative methods such as the planted partition model [29] and modularity-
based methods [30]. This paper builds off of Chodrow et al. [1], which applies a max-
imization algorithm that combines parameter estimation from a modularity objective

function and stochastic block model.



Chapter 3

AON Alternating Modularity

Maximization

This chapter focuses on the All-or-Nothing alternating optimization pipeline for
modularity in the Stochastic Block Model in [1], which is the foundation of the present
work. This chapter starts by grounding the work in modularity maximization tech-
niques in the dyadic graph case and demonstrates the Chodrow et al. [1] extension to
hypergraphs. This extension uses the idea that pairwise dyadic graphs can be repre-
sented as a restricted case of hypergraphs where the maximum edge size is restricted
to 2. An edge size of 1 would be a self-loop, which does not reveal anything about
community structure in a graph. As such, modularity in hypergraphs applies the
same principle to modularity equations from pairwise relations individually to each
edge size in the graph.

The algorithm [1] uses an alternating maximization algorithm to find the best
partition, z for the hypergraph. To do so, the All-or-Nothing optimization pipeline

alternates between estimating two parameters: the Q parameter, which is found using
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maximum likelihood estimation and z, the partition. Hypergraph-adapted Louvain
algorithms estimate the optimal partition z. The process alternates between these

two estimations until the algorithm converges and the best partition is found.

3.1 Modularity Maximization and the Stochastic Block Model
in Simple Graphs

Before developing the algorithm in hypergraphs, it is useful to ground its theory
in the well-known dyadic graph case. The AON hypergraph pipeline generalizes the

same alternating algorithm for graphs.

3.1.1 The Modularity Objective Function

Modularity is a quality function that measures how well a proposed partition of a
network separates nodes into into connected communities. The intuition behind mod-
ularity is that partitions that place more edges within communities than what would
be expected if placed at random over the same nodes are better or "more modular."
The modularity function, referred to as Q, measures the excess within-group edges
of a given partition relative to a null or random model. This is instead of simply
counting the number of within-group edges, which would trivially be maximized by
assigning all nodes to one community in a partition.

To define the function Q on an undirected, unweighted graph with n nodes and m
edges, we first define the adjacency matrix as A: A has entries A;; =1 if nodes i and j
are connected and 0 otherwise. Given a partition explained by the group assignment

vector g, where g; denotes the community label of node i, the modularity function is

10



3.1 Modularity Maximization and the Stochastic Block Model in Simple Graphs

given by:

kik;
2

- )6(g,-,gj) 3.1)

1
Q:ﬁ;j(“‘”‘

where k; = Z Ajj is the degree of node i and (-, ) is the Kronecker delta function. The
Kronecker d]elta ensures that only nodes placed in the same group are being counted.
The null model term k;k;j/2m represents the expected number of edges between nodes
i and j under a random graph with the same expected degree sequence. Maximizing
Q means finding the partition with the strongest within-cluster relationships compared
to the random baseline. Under the modularity framework, this partition is considered
the one with the best community structure.

This modularity equation, however, does not have any way to control for the
number of clusters the function produces. Oftentimes networks can have multiple
ways to cluster its nodes, depending on the preferred community size. In a friendship
network, for example, community assignments to detect tight-knit friendships would
require more, smaller communities compared to if we were interested in examining
the large, broader divisions of a population. Both may have "correct" solutions, but
require additional care in the modularity function.

The resolution parameter y modifies the relative weight of the random-graph term.
It controls the penalty for the number of clusters. A low y value reduces the penalty,
allowing larger communities to emerge; a higher y value penalizes the null model more
heavily, encouraging more small communities in the partition. The updated equation

is as follows:

1 kik‘]’
Qy) = %%(Aij_Y%)(s(gi;gj) (3.2)

11



3.1 Modularity Maximization and the Stochastic Block Model in Simple Graphs

At y =1, Equation 3.2 is the standard modularity function [14].

3.1.2 The Louvain Algorithm

The Louvain algorithm [24] is one of the most commonly used modularity parti-
tioning algorithms. In a broad sense, it takes the modularity function Q(y) and the
partition g and searches for a partition to produce the largest modularity score. It is
a greedy heuristic, meaning it takes the most locally-optimal point at each step. It
provides an efficient way to cluster a network, but can also get stuck in local optima
easily.

The algorithm alternates between two distinct phases: the local moving phase and
the contraction phase. In the first phase, the algorithm visits each node and com-
putes the change in modularity resulting in a move from each one of its neighboring
communities. The node is them moved (or stays in the same place) to the commu-
nity with the highest change in modularity. In the second phase, every community
collapses into one "supernode" and the process repeats iteratively. This is possible
in regular graphs because edges can be turned into self-loops, but poses more of a
challenge in hypergraphs, where there could be nodes within a hyperedge that span
multiple communities. The Hypergraph Louvain algorithm in [1] addresses this issue

and will be covered in a later section.

3.1.3 The Stochastic Block Model

Another popular used method used in graph clustering uses statistical inference
and the Stochastic Block Model (SBM). Instead of maximizing a modularity function,

this approach uses a generative model. It assumes the network was generated by a

12



3.1 Modularity Maximization and the Stochastic Block Model in Simple Graphs

probabilistic model with a community structure and then fits the model to the data.
That is, the parameters driving the behavior of the model, including the partition
itself, are fit to the model. Thus, the inferred parameters reveal the partition or
community structure of the network.

In the SBM, n nodes are assigned to g groups, with g; denoting the group mem-
bership of node i. The generative model "places" edges at random based on node
group memberships. The affinity matrix Q is then built, where w,s gives the expected
number of edges between a node in group r and a node in group s. We then consider
the following: given a partition g and affinity matrix Q, the log-likelihood that the

observed network (with adjacency matrix A) was generated by the model is [14]

1
log PAI2,8) =5 T (Aijl0gwg,g, ~wgg 3.3)
i

Therefore, we find the best-fitting partition by maximizing Equation 3.3 over g and
Q.

An extension of the SBM is the degree-corrected stochastic block model (DCSBM).
This model takes into account that node degrees do not always follow the same degree
distribution, and it takes this into account. Newman [14] describes this change in
detail and the final log-likelihood equation is given as

kik;

1
logP(A|Q,g8) = Eizj Aijlogwgg; = — - wgig (3.4)

3.1.4 Alternating Modularity Maximization

The central discovery of Newman [14] is that the modularity equation is equivalent

to the DCBM under certain restrictions. Specifically, this equivalence requires that

13



3.2 Alternating Modularity in Hypergraphs

the affinity matrix Q only take two values: w;, for edges within a community and and
Woyr for between-community edges. As Newman [14] describes, making this substi-
tution allows the log-likelihood equation to simplify to an equation that is equivalent

to the modularity function Q(y) up to a constant:

Winp —Wout (3.5)

r= 10gwin - logwout

Since we are interested in the parameters that maximize the two expressions, the
constant is admissible. That is, maximizing modularity with the y given by Equa-
tion 3.5 is equivalent to finding the maximum likelihood partition with the DCBM’s
special case. Additionally, this equivalence can tell us the correct value for y. In
practice, however, the values of w;, and wy,; are unknown and must me estimated
from the graph and existing partition g. With two parameters to be estimated, y and
g, this motivates using an alternating operation to estimate both. Given a current
partition g, we can use maximum likelihood estimation to compute w;, and w,,; and
the implied y value. From there, the y can be applied to the modularity function to
re-estimate the partition g under the new parameters Newman [14]. This alternating
optimization pipeline in regular graphs is the direct motivation for the hypergraph

procedure in this work, which will be described in detail in the following section.

3.2 Alternating Modularity in Hypergraphs

In this section we demonstrate the extension of the regular case Chodrow et al.
[1] implements in hypergraphs. Specifically, the methods use a degree-corrected hy-

pergraph stochastic block model (DCHSBM) to derive a modularity function. Its

14



3.2 Alternating Modularity in Hypergraphs

structure is a direct extension of the dyadic case, accounting for hyperedges of vari-

ous sizes.

3.2.1 Modularity

Inserting the parameters under the restriction of the AON affinity function (see
Chapter 1) into the general hypergraph modularity objective yields an the AON
hypergraph modularity function [1]:

i /
QzBy) = Bi|cute(2) +yi Y vol %] + J() (3.6)
k=2 ¢=1

where the cut term cuty(z) counts the number of hyperedges of size k that span at least
two different clusters. The volume term represents the null-model in a hypergraph
and is explained in detail in [1].

The parameters B and yj are calculated from the AON affinity parameters wgy

(within-cluster) and wgo (cross-cluster) as

Br =logwy —logwio, Yk = ﬁ;l(wkl —Wko) (3.7)

These parameters have direct applications to the parameter y in the dyadic case. In
Equation 3.6 B controls the weight assigned or relative importance of hyperedges of
size k in the equation. For a given edge size k, yy is similar to y in the regular case;
it controls the cluster penalty for edges of that size. Excitingly, when a hypergraph
is restricted to only edges of size k =2, Equation 3.6 is exactly the standard dyadic

modularity shown in Equation 3.2.

15



3.2 Alternating Modularity in Hypergraphs

3.2.2 All-or-Nothing Louvain

The Louvain step for hypergraphs adds additional complexities compared to the
dyadic case. Since edges can span more than two clusters, contracting to a supernode
is not as easily computed in the hypergraph case. The hypergraph Louvain’s second
step still condenses clusters to supernodes, but it still must maintain the original
hyperedge structure of all of the nodes in case one of them moves to another cluster
in the next iteration. The AON simplification of the graph, however, makes this
method possible. Since only hyperedges with all nodes in one cluster contribute
positively to the objective function, the first step only has to count the number of
edges that become fully internal or external with each reassignment move. This
drastically improves the efficiency and makes the AON Louvain a feasible step in
hypergraph modularity optimization. Further references to the Louvain algorithm

refer to the AON hypergraph Louvain algorithm.

3.2.3 Hypergraph DCSBM

The Hypergraph DCSBM model (DCHSBM) assumes that the hyperedges placed
on a node tuple R is a Poisson distribution. The details are outlined in Chodrow
et al. [1]. Under the AON assumption, the affinity matrix Q takes only two values

per hyperedge size k:

wy1 if all nodes in R share the same label
Q(zg) = (3.8)

wro Ootherwise

This mirrors the idea in the regular graph case from (Equation 3.5). The difference

is that each edge size k has its own affinity pair (wg1,wro). The affinity parameters

16



3.2 Alternating Modularity in Hypergraphs

Algorithm 1 AON Alternating Optimization Pipeline [1]

Require: Hypergraph H, iteration budget N
Ensure: Best partition Zpeg

1: zp < initial partition via clique expansion Louvain

2: B1,71 — B(z0),7(20)

3: fori=1,...,Ndo

4 zi—=ZLBi i) > AON Louvain step
5. qi —Q(z;,Bivi) > evaluate modularity
6: Bi+1,Yi+1 — P(zi),y(2i) > update parameters
7: end for

8: return Zpegt > best across all iterations

can be estimated from a given partition z via maximum likelihood estimation (MLE).

From here, the f and y parameters can also be updated.

3.2.4 Alternating AON Maximization

The alternating AON algorithm uses the modularity function and Louvain algo-
rithm to repeatedly re-estimate the QQ and z parameters in an alternating manner.
This method mirrors the work in Newman [14], where the affinity parameters Q are
updated from the current partition, and the derived parameters i and yy are re-
computed via Equation 3.7. These parameters are then used by the Louvain step to

recompute a new partition.

17



Chapter 4

Implementation and Extensions

The alternating All-or-Nothing maximization algorithm of Chodrow et al. [1] pro-
vides a strong foundation for hypergraph community detection, but several implemen-
tation challenges arise when applying it in practice. Because the Louvain algorithm
is a greedy heuristic, it can return locally optimal partitions that are not globally
optimal. These partitions can steer the rest of the algorithm towards suboptimal
parts of the partition space. Work in dyadic graphs has addressed similar challenges
by tracking partition histories [15]. This chapter proposes modifications to the orig-
inal algorithm that build on these ideas. Additionally, it identifies and addresses

numerical degeneracies within the current code from [31].

4.1 Tracking Partitions

In regular graphs, modularity degeneracy is a well-documented problem. The
work in [25] shows that the modularity function Q can admit an exponential num-

ber of near-optimal, yet still sub-optimal, solutions. Oftentimes, this makes finding

18



4.1 Tracking Partitions

a clear global maximum difficult to nearly impossible. Crucially, this degeneracy is
not uniform across networks; the number of near-optimal partition grows with the
strength of communities in the network. That is, networks with stronger community
structures, specifically through the inter and outer-cluster edges, tend to produce
more suboptimal, yet high-scoring partitions. Further, these high-modularity parti-
tions can exhibit significant structural differences between them, producing significant
challenges and consequences for picking a sub-optimal partition [25]. This presents a
challenge for any algorithm that relies on small numbers of Louvain runs. In regular
graphs, this exponential degeneracy occurs in only a couple of dimensions of param-
eters and one edge size. The hypergraph space occupies much higher dimensionality,
which in theory could increase the potential degeneracies of a Louvain run.

In the hypergraph AON setting, the alternating optimization algorithm in [1]| ad-
dresses this issue by running the Louvain step and parameter estimation repeatedly
and selecting the partition, parameter pair with the highest likelihood across all it-
erations. The paper sets the fixed number of iterations at 20. While this approach
pools solutions over the course of the run, it treats all iterations equally. That is,
regardless of the quality and plausibility of the ith partition, the i+ 1th parameters
and subsequent partition are estimated from it. It omits the ability for cross-iteration
feedback, which increases the potential for a sub-optimal partition to steer away from
higher-quality regions of the space. Since B =log(wy) —log(wye) and yr both de-
pend nonlinearly on the within- and cross-cluster affinity parameters wr; and wgg, a
partition that misallocates even a small fraction of nodes can shift the estimated pa-
rameters and alter the partition found in the next iteration. Additionally, restricting

the number of iterations too tightly could end the algorithm before it has been able

19



4.1 Tracking Partitions

to thoroughly explore the partition space.

This section proposes three modifications to the original alternating optimization
algorithm: (1) canonically relabeling each discovered partition to enable consistent
cross-iteration comparison; (2) maintaining a set X of all unique partitions encoun-
tered; and (3) introducing a re-evaluation "check" step that, at each iteration, eval-
uates all unique partitions encountered against the current parameter estimates and
starts the next step from the best scoring partition in £ under the current parameters.
Together, these modifications develop the algorithm from a single-path approach, to
a spatial exploration that utilizes the storage of past partitions. This approach fol-
lows the framework of Gibson and Mucha [15|, which shows that, in the dyadic graph
case, maintaining a history of discovered partitions and re-evaluating each under the

updated parameters can stabilize the iterative modularity maximization procedure.

4.1.1 Finding Unique Partitions

In order to understand convergence behavior of the maximization algorithm, it
is important to understand how many unique partitions the Louvain step finds at
each iteration. Accordingly, the first modification is to maintain a set £ of unique
partitions z such that, up to permutations of community labels, no z; = z; for all
I#].

Comparing partitions from separate Louvain steps requires additional care beyond
direct label comparisons. The Louvain algorithm assigns labels arbitrarily: two runs
that produce structurally identical communities may assign them different integer
labels, so a naive element-wise comparison would incorrectly classify them as distinct.

To address this, we apply a canonical relabeling procedure to each newly discovered
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4.1 Tracking Partitions

partition before adding it to £. The procedure iterates through nodes in a fixed
order, assigning community labels in the order they are first encountered. That is,
the first node always receives label 1. Each subsequent nodes received the same
labels as a previously seen node if it belongs to the same community, or the next
unused label otherwise. This labeling is unique up to the node ordering, ensuring
that structurally identical partitions can be identified in distinct iterations of the
optimization procedure.

Following the relabeling step, the algorithm checks whether the newly returned
partition Z; is already a member of . If not, Z; is added to X regardless of if it is
an optimal partition at the current parameters. A suboptimal partition at a given
parameter pair could, potentially, be more optimal at a different set of parameters at
a later iteration.

The rate of growth of |Z| over iterations can also be informative about the con-
vergence of the algorithm. At the start of the runs, the growth rate, defined as |Z|/i
where i is the number of iterations, is close to 1, as nearly all partitions discovered in
the Louvain step are unique. As the iterations increase, the discovery rate slows as
the algorithm discovers more repeat partitions. More observations about discovery

rate are discussed in Chapter 6.

4.1.2 The "Check" Step

Tracking the unique partitions enables an important enhancement of the alternat-
ing loop. Rather than using the partition Z; returned by the current Louvain step
to compute (Bi+1,Yi+1), the algorithm re-evaluates all partitions in the set X. Using

the current (B;,y;) parameters allows a direct comparison of Z; with the rest of the
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4.1 Tracking Partitions

Algorithm 2 ReorderZ — Canonical Partition Relabeling

Require: Partition vector z of length n
Ensure: Canonically relabeled partition zpew

—

— = =
N = O

. partition_map — O3 > maps old label to new label
new_map < 03
next_label — 1
for each node v € zdo
0 — z[v] > get community label of node v
if partition_map[¢] = 0 then > first time seeing label ¢
partition_mapl|¥] — next_label
next_label — next_label+ 1
end if
new_mapl|v] — partition_mapl¢] > assign canonical label
: end for
: return new_map

already-found partitions. If there is a partition that yields a higher modularity score

than Z; with the current parameters, then Z; can not be the optimal partition at this

point. Continuing to explore the path extending from this partition does not make

se

nse if it is not optimal at its current parameters. Instead, the algorithm selects the

globally optimal partition within the current partition space, adjusting the path of

exploration back to the current optimal solution.

Concretely, after the Louvain step returns Z; and the corresponding parameters

(Bi,vi) are computed, the check step evaluates Q(B;,7i,zp) for every z, € X and selects

the globally optimal partition for the current parameters:

Let Z; be the estimated partition returned by the Louvain algorithm under
parameters B; and y;. Then let z; € £ be the partition such that

zi = argmax Q(B;, Y, zp). 4.1

Zp€X

The parameters for the next iteration, (B8i+1,7i+1), are estimated using z; rather

than Z;. Note that 2; is still added to X before the check step executes.
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4.2 Beta and Gamma Parameter Behavior

The motivation for this adjustment is based on literature in the dyadic graph
setting. Because the Louvain algorithm is a greedy heuristic, getting stuck in local
optima that are not global optima is common [25]. If a suboptimal partition is used
to re-estimate the parameters, they may push the next Loouvain step further from
the globally optimal partition. At the same time, if a prior partition has a higher
modularity score under the current parameters, it is better to use that partition
for the next parameter update. In the dyadic graph setting, Gibson and Mucha
[15] demonstrate a similar method, keeping only the "admissible" or "somewhere-
optimal" partitions. The other ones are not considered. Even on small graphs, such
as the Zachary Karate Club example with only a handful of nodes, Gibson and Mucha
[15] found that less than 2% of all found partitions were anywhere admissible. In the
hypergraphs, with higher-dimension parameter spaces, it is likely that the percentage

of admissible partitions could be even lower.

4.2 Beta and Gamma Parameter Behavior

A key observation during implementation concerns the calculation of the yi pa-

rameters in learn_omega_aon. The original code in [31] computes yj as

Yk =logwii —logwyy, (4.2)

which does not normalize each yy term by By as described in the y formula in
Chodrow et al. [1]. This calculation can be found on line 698 in the learnOmegaAON

function in [31]. The correct equation is
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4.2 Beta and Gamma Parameter Behavior

_logwy —logwio

B

Yk (4.3)

for each edge size k.

Without this normalization, the estimated yj values at each iteration are effec-
tively meaningless with respect to the current partition. They still reflect the raw
log-ratio of the affinity parameters, but their magnitude varies without any normal-
ization from the Bi terms. As a result, each partition maps to a y vector that is
mismatched from the partition it came from. The next Louvain step then optimizes
a partition from mismatched, or effectively random, parameters. This creates a feed-
back loop where neither the parameters nor partitions make directed progress in the
estimation space, as they are bouncing around without normalization.

It is worth noting that the trajectories shown in Figure 4.1 are produced in the
original alternating AON algorithm without the check step. That is, each parameter
estimation follows from the most recent partition rather than the most optimal one
in X. This reflects the baseline behavior of the algorithm as closely as possible and

the raw trajectories of the parameters without the redirection in the check step.

4.2.1 Effect of the Uncorrected Parameters

Figure 4.1 shows the fx and yj trajectories over 500 alternating iterations under
the incorrect calculation of . Both exhibit high-frequency noise across all edge
sizes with no clear convergence or drift. While all of the trajectories stay within
some mean range, their values do not settle and oscillate consistently and without
any diminishing magnitude throughout all 500 iterations. This behavior is consistent

with the feedback loop described above. Each y; value does not properly represent
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4.3 Edge and Cut Degeneracies

the resolution penalty in the modularity function, so the Louvain algorithm at the
next step is optimizing a completely mismatched set of parameters. This leads to
a new parameter update from the Louvain’s partition that has been driven into a

completely disconnected space.

4.2.2 Effect of the Corrected Parameters

Adding the division by B at each estimation step restores the intended formula
and re-establishes the connection between the partition and resolution parameters.
Figure 4.2 shows the corresponding trajectories, still without the check step, so that
the fix can be seen in isolation of the path-correction adjustments. There is a clear
difference from Figure 4.1, where the noise in the parameters dampens and they start
to follow clear, connected paths through the space. Some noise still occurs, but this
is expected, given the Louvain’s potential for finding suboptimal partitions. This also

serves as further motivation for the "check" step proposed in Section 4.1.

4.3 Edge and Cut Degeneracies

A second implementation issue in the learn_omega_aon function concerns the
numerical stability of the objective function Q around edge cases when the algorithm
starts finding partitions with small numbers of clusters. During experimentation,
there were two specific edge cases that cause the objective function to reach undefined
values: (1) when the current partition places all edges of a given size k are either
entirely within or entirely across clusters and (2) the Louvain selects a partition with

one community, forcing the cross-cluster term to 0.
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4.3 Edge and Cut Degeneracies

4.3.1 Loss of Cut or Uncut Edges

The algorithm estimats the affinity parameters wy; and wy from the weighted
counts of edges and cut edges of each size k. In the code from [31], these counts
are accumulated in the matrix EdgesAndCuts, where the first row tracks total edge
weight and the second row tracks the weight of cut edges.

If the weight of the cut edges for a given size k goes to 0, which means there are
no edges of size k that are cut across clusters in a given partition, then wyg =0. This
would them push Bj =log(wg;) —log(wie) to co. The same issue happens if all of the
edges of size k are cut, but wg; =0 instead. In both cases, yx becomes undefined and
so does the modularity score. The conditions of the Louvain algorithm deny any node
movement when the modularity score is undefined, which means the Louvain would
repeatedly output a partition where all nodes are in their own community.

The original code in [31] already applies a small positive floor to EdgesAndCuts|1,:],
which eliminates the degeneracy in wyy. In this thesis we also propose the change for

EdgesAndCuts|2,:|.

4.3.2 Collapse to One Cluster

Once the fix allows the algorithm to reliably handle partitions with two clusters,
the alternating optimization can spend more time exploring a two-cluster region of
the space. In some cases, this can lead to a second degeneracy, where all nodes are
placed in one cluster. In this case, since there are no other clusters in which the
edges can form cuts which makes the f and y vectors undefined. To address this
issue, the proposed algorithm includes a step to check if a given partition has exactly

one cluster. If so, it skips the parameter estimation for that iteration, automatically
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4.4 Random Node Evaluation

making B;4+1 = B; and y;11 =7;. This methodology is consistent with 32|, which skips
the parameter re-estimation step when the number of clusters reduces to 1 in the

code application of the CHAMP algorithm.

4.4 Random Node Evaluation

The Louvain step from Chodrow et al. [1] offers the option to evaluate nodes in
the same order every time or randomize the order in which the algorithm sees the
nodes. Sine the Louvain is a greedy heuristic, the order in which it reads the nodes
can impact the outcome. In the dyadic graph case, Motschnig et al. [33] found that
some fixed node orderings led to worse modularity outcomes in the Louvain algorithm,
suggesting a fixed ordering could encourage similar Louvain results across runs. One
way to mitigate this outcome is to change the ordering at each step. The original
code from Chodrow et al. [1] fixes the node order for all iterations; the alternating
iterations often stop finding new partitions in the first handful of runs. In this paper,
the proposed algorithm feeds the Louvain a randomized node order at each step to

avoid the possibility of convergence caused by node orderings.
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4.4 Random Node Evaluation

B_k trajectories over AON alternating iterations
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(a) Bx trajectories over 500 AON alternating
iterations under the uncorrected yj calcula-
tion. All four edge sizes exhibit persistent,
noisy oscillation with no convergence.
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(b) Yk trajectories over the same run. The
similar noise pattern confirms that the mis-
calculated yj propagates instability back into
subsequent parameter estimates at each iter-
ation.

Figure 4.1: Enron dataset: Parameter trajectories under the uncorrected y values run
without the check step. Neither i nor y; converge over 500 iterations, consistent with
the algorithm cycling through mismatched partition-parameter pairs rather than pro-

gressing toward a fixed point.
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B_k trajectories over AON alternating iterations
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(b) vy trajectories under the corrected for-
mulation. Residual oscillation reflects the
stochasticity of the Louvain step in the ab-
sence of the check step.

Figure 4.2: Enron dataset: Parameter trajectories under the corrected yj formulation,
again run without the check step. Parameters now track the partition space coherently.
Remaining oscillation is attributable to the stochasticity of the Louvain heuristic rather

than to parameter miscalculation.
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Chapter 5

Convergence and Partition Tracking

5.1 Partition Discovery Rate and Convergence

In Chodrow et al. [1], convergence does not have a concrete definition. They
write, "We alternate between these two stages [parameter and partition estimation]
until convergence," but do not explicitly define what convergence entails. There are
multiple possibilities for what a converging alternating algorithm could mean. Since
there are two distinct values to estimate - the f and y arrays and the partitions
themselves - either could serve as the basis for a stopping criterion.

One natural measure of convergence is the production of new partitions. If the
Louvain step stops producing new partitions, it could indicate the current partition
space has been fully explored. This would not necessarily mean all viable partitions
have been found, but that the fixed point(s) may have reached a stable state where
all of the near-optimal partitions reachable from them have been identified. A sec-
ond possibility is the stability of the f and y parameters. If these parameters stop

moving, it could mean the algorithm has settled on an optimal f and y space and
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5.1 Partition Discovery Rate and Convergence

it has converged. Under the "check-step" algorithm, this condition corresponds to a
prolonged time where the algorithm is picking a single partition in . We call this
phenomena "dwell length."

Both criteria share a fundamental limitation, however. Because the Louvain step is
a greedy heuristic, we cannot guarantee that it will not find a new, higher-modularity
partition in a later iteration. Parameter and partition stability at a given iteration
are not enough to rule out future improvement. Additionally, reaching a state in
which no new partitions are found may be highly unlikely. As discussed in Section
4.1 networks with more modular structures tend to produce exponentially more near-
optimal solutions, many of which are similar and close to dominant partitions Good
[25]. As a consequence, the Louvain step may continue to discover partitions with
just slight differences from the dominant ones beyond when the algorithm has "con-
verged" or found the optimal partitions. Additionally, in the dyadic graph case, [15]
finds that the majority of admissible partitions are found early on in the Louvain
iterations. From the Zachary Karate Club dataset, Gibson and Mucha [15] finds "the
number of partitions in CHAMP’s admissible subset and the main features of the
corresponding domains of optimality typically stabilize rapidly in practice, with only
slow or modest improvement upon adding further candidate partitions." They found
that after around 100 iterations of the Louvain on the graph, the partition domains
were all qualitatively similar. Note that the Karate Club dataset is a relatively small
graph, so the number of iterations to find meaningful partitions can not necessarily
compare. Rather, it indicates that, in the context of a graph’s size, more meaningful
partitions may be found earlier on in the iterations.

A third measure of convergence is the discovery rate of new partitions over time.
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5.2 Finite Deterministic Partition Mapping

The running or cumulative discovery rate tracks the rate at which new unique parti-
tions are found over time, aiming to capture the time at which the algorithm slows
its learning rate to partitions that are, presumably, insignificant. If the algorithm has
largely exhausted the accessible portion of the partition space, the discovery rate will
fall towards zero and, for the reasons mentioned above, the Louvain calls are unlikely
to materially produce candidates that change the finite map on X. The example in
Gibson and Mucha [15], uses a graph that is considerably smaller than any graphs
in this paper - with only 34 nodes - and the Louvain algorithm only considers pair-
wise relationships between nodes. In larger, higher-order graphs we can expect the
algorithm to take significantly longer than 100 iterations to settle on the meaningful
partitions, but this cutoff decision still follows the logic and intuition developed in
Gibson and Mucha [15].

Once the cutoff is reached, the "exploration" part of the clustering methods are
done. The intention of finding a convincing point of convergence is to obtain a finite
deterministic set of partitions to describe the modularity space of the hypergraph.
Once this discrete map has been found, we can analyze its behavior and stability of
the partitions it contains.

Algorithm 3 demonstrates the whole exploration phase algorithm, including par-

tition and discovery rate tracking.

5.2 Finite Deterministic Partition Mapping

The second phase of the proposed algorithm is the finite deterministic mapping

or restriction phase. At this point, the alternating maximization algorithm in the
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5.2 Finite Deterministic Partition Mapping

Algorithm 3 AON “Check-Step” Exploration Algorithm

Require: Hypergraph H, discovery rate threshold t
Ensure: Set of unique discovered partitions

1: X —{zp}, i1 > X; ={z1,..., 25} is the set of unique partitions

2: zg — ESTIMATEINITIALPARTITION (H)

3: 71, B1 — B(z0), yY(20) > initialize parameters from starting partition

4: while discovery rate > 7 do

5: z; — LOUVAIN(B;, ¥i) > run Louvain-style search under current parameters

6: Y—Zuizlifz;¢Z > add Z; only if it is a new unique partition

7: z; —argmax Q(B;, v, zp) > select best partition across all discovered so far
Zp€X

8: Bis1, y,-il — B(z), y(z;) > update parameters via MLE from winning partition

9: discovery rate — |Z|/i

10: i—1i+1
11: end while
12: return X

"exploration" phase has outputted a finite set, X, which has converged to a complete
set of unique partitions. Because X is finite, it is possible to evaluate the optimal
B and y parameters for each partition and its corresponding modularity score. This
transforms the stochastic nature of the alternating problem into a deterministic, or
non-random, finite map o : X — X, as shown in Algorithm 4. For any partition z, € Z,
we define the map o(zp) = argrBEaZxQ(z,ﬁ(zp),y(zp)). Every partition in X follows a
trajectory under o, mapping to another state — that is, another partition — in the
set which maps to another one and so on. Note that a trajectory mapping a state to
itself is still a viable event in the map.

The restriction phase operates in a similar manner to the estimation phase, except
that the Louvain partition discovery step is removed. With it, all stochasticity is
eliminated from the process. The parameter estimation and check phases are both
deterministic. That is, for any partition z, € Z, the parameters f(z,) and y(zp,) have
a single possible solution determined by the maximum likelihood equation for the

problem. Additionally, the check phase o(z)) is evaluated by a simple check over the
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5.2 Finite Deterministic Partition Mapping

whole set. Clearly, the domain of ¢ is finite because X is a finite set. The image of o
is also contained by this discrete set, so it is also finite. As such, every trajectory or
path under o must eventually revisit a state. This guarantees three possible types of
trajectories in the map: fixed points, cycles, and transient paths leading into them.
A fixed point is any partition z, where o(z,) = zp; cycle is a partition that does not
satisfy the prior condition, but its trajectory eventually maps to itself; and a fixed
point.

Each classification provides insights into the quality of the partition in the map.
A transient partition with no in-degree is a partition that is nowhere optimal in the
set of parameter values obtained from the other partitions. Even with its maximized
parameters, there is at least one other partition with a higher modularity score under
the same parameters. Transient partitions with an in-degree of at least one may be
optimal compared to another partition, but they still lead to a point in the space
that is more optimal. We call any point with in-degree at least one a "notable" point.
Cycles in the map indicate more interesting behavior. In this case, every partition
maps to another more-optimal partition, but the trajectory eventually returns to each
partition. A fixed point describes a partition for which there is no other element in
the set that has a more-optimal modularity score. It is also a "stable" point because

its trajectory does not go off to any other state.

5.2.1 Partition Mapping in Pairwise Graphs

Evaluating the finite deterministic map has been well-studied in the pairwise graph
setting. Since the modularity function Q(z,y) is linear (see Chapter 3), the mod-

ularity of each partition can be drawn as a straight line in the one-dimensional y
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5.2 Finite Deterministic Partition Mapping

parameter space. Therefore, the partition achieving the highest modularity at any
given vy is determined by the upper envelope of the collection of lines.

The Convex Hull of Admissible Partitions (CHAMP) algorithm developed by Gib-
son and Mucha [15] exploits this geometry directly. Given an input set X of partitions,
CHAMP computes the upper envelope of the corresponding linear modularity func-
tions. Each partition z is "admissible" or "somewhere optimal" if and only if its line
lies on the upper envelope of graph. Partitions whose lines fall below the envelope
everywhere are nowhere-optimal and are discarded. This pruning step helps define
the important parts of the partition space. In many applications, the majority of
partitions in X are nowhere optimal and eliminated by CHAMP. This leaves a small

subset of partitions that highlights the important partitions and potential solutions.

5.2.2 Hypergraph Partition Mapping

The higher dimensionality in the hypergraph space compared to the dyadic case
poses significant computational challenges. Even when we restrict the modularity
equation to edges of maximum size 5, there are 8 dimensions of the parameter space
to optimize over — coming from the two vectors of length 4. In this high-dimension
space, the curse of dimensionality quickly poses significant computational restrains
on the optimization problem. Instead, we construct the finite deterministic map by
exhaustive evaluation over . The map is still able to identify fixed points, cycles,
and transient points, which all provide meaningful insights into the quality of each
partition. Understanding the domain of optimality requires more investigation, as
these nonlinear high-dimensional parameter spaces pose more complex computational

problems. In the case where we restrict to 2 < k <5, we still have an 8-dimensional
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5.2 Finite Deterministic Partition Mapping

Algorithm 4 Deterministic Discrete Partition Mapping — “Restriction Phase”

Require: Set of discovered partitions
Ensure: Fixed points, cycles, and never-returned-to points of the map o
1: Let o be the discrete, well-defined map o : X — X

2: for each partition z, €  do > repeat for all discovered partitions

3: Bp+1,Yp+1 — B(zp), v(zp) > compute best parameters from z,, via E-step

4: Zpil — argzgengax Q(z, Bp+1,Yp+1) > find maximum-modularity partition under these
parameters

5 0(zp) = zp1 > define the mapping from z, to its image
6: end for

7: Classify each z; € Z:

8 Fixed point: z; is a fixed point if o (z;) = z;

9 Cycle: z; belongs to a cycle if o (z;) = z; for some k> 1

10: Transient: no z; € X satisfies 0(z;) = z;

parameter space.
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Chapter 6

Results

6.1 Parameter Behavior in the Exploration Phase

Following the check-step implementation, the f and y behavior evens out signif-
icantly. Figure 6.1 shows the first 500 iterations of the algorithm. Here, they jump
between multiple different values, but they stay at the same values for prolonged
amounts of time. This is because the algorithm is spending time returning to the
same partition over and over, which keeps the parameter trajectories stable. This im-
age demonstrates significantly more stability compared to the parameter trajectories
prior to implementing this course-correcting check step.

The cluster counts and normalized mutual information (NMI) over time (Figures
6.2 and 6.3) provide a picture of the Louvain algorithm’s behavior. While both
datasets are shown on different timescales, they provide insights into the path at
which the algorithm takes through the space; the Louvain algorithm is not often
finding the same partition, or even number of communities, over and over. Both of

these datasets have two clear cluster counts they consistently return to: 4 and 5 for
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Enron Email Dataset
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Figure 6.1: Trajectories of the learned parameters 8 (log-odds of within- vs. cross-cluster
affinity) and y (scaled cluster penalty) across alternating optimization iterations, shown
per hyperedge size k. Both parameter sets move between stable states on intervals that
increase overtime.
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the Enron dataset and 3 and 4 for Primary School. Notably, in both of these cases the
algorithm oscillates between the two options rather than staying at one number for
a while and moving back. This also provides a strong argument for the value of the
course-correcting methods behind the check step. Since the Louvain’s algorithm is
finding so many new partitions, even under optimal affinity parameters, the algorithm
could easily direct itself into a suboptimal space.

The mutual information graphs provide an idea of how consistent the Louvain
algorithm is when finding partitions. in the Enron dataset, there are very few in-
stances where the NMI score is 1, which would indicate the Louvain found an iden-
tical partition to the one before. This indicates that the Louvain is finding many
close-to-optimal points without actually re-finding the optimal one. Consistent with
the the Primary School graph shows this as a much more consistent phenomena, but
still shows a wide array of values. These graphs provide evidence for the importance
of tracking all partitions over many runs. That is, since the Louvain algorithm is re-
turning so many diverse partitions, even under the same affinity parameters, it needs
time to find as many potential partitions as possible and an eventual mapping stage

to make sense of them.

6.2 Convergence Measures

Figure 6.4 demonstrates the diminishing discovery rates towards zero. This means
that as the iterations increase, the Louvain is more often returning back to partitions
that it has already seen before. They do not show which of the partitions are being
found more often, which could be a future area to look like. The rapidly decreasing

rate does, however, suggest that the number of potentially-optimal partitions that
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Figure 6.2: Partition exploration behavior of AON_Louvain across iterations on the Enron
email dataset. (a) The number of clusters in each proposed partition oscillates among a
small set of values, with occasional excursions to lower counts before returning. (b) Nor-
malized mutual information between each proposed partition and the one immediately
preceding it. Values below 1 indicate structurally distinct consecutive partitions found
by the Louvain algortithm; the algorithm rarely produces identical partitions back-to-
back, reflecting broad exploration of the partition space. Note that these partitions are
those proposed by the Louvain step, not the partitions selected by the full alternating op-
timization pipeline.
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Figure 6.3: Partition exploration behavior of AON_Louvain across iterations on the Con-
tact Primary School dataset. (a) The number of clusters mainly oscillates between 3 and
4 clusters. (b) Normalized mutual information between each proposed partition and
the one immediately preceding it. The graph shows strong variation across Louvain it-
erations, from 1 to less than 0.4.
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6.2 Convergence Measures

the Louvain discovers is decreasing overtime. If it was continuing to find new, opti-
mal partitions, we would expect to see a new, large upticks in the discovery rate as
algorithm starts exploring the new space. In this paper we use a 15% learning rate
cutoff for the Enron dataset, chosen partly due to runtime considerations, but this
parameter can be adjusted and more sensitive clustering in the future could reduce
this rate to a much lower number. Future work on convergence could also look at a
mixture of learning rate and the duration at one partition to capture the combination
between the probability of discovering a new admissible partition and how much the
algorithm is currently moving between partitions. Seeing low rates in both of these
categories would provide a convincing argument that the algorithm is done finding
new, potentially-optimal partitions.

Enron Dataset
Partition discovery rate across runs

—

S
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Individual runs
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.“31 5
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Iteration (log scale)

Figure 6.4: Cumulative discovery rates of 9 runs of 50,000 iterations each on log-scaled
x and y axis. The rates rapidly diminish overtime, indicating a more-explored partition
space than in earlier iterations.
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6.2 Convergence Measures

The discovery rate in Figure 6.5 provides an even more promising picture of con-
vergence. In this graph for the Contact Primary School dataset, the rates decline at
almost a slope of —1 on the log-log scale. Since a slope of exactly —1 would mean
that no new partitions are being found, anything with a similar slope indicates a very
small number of new partitions being found. Clearly, the Primary School dataset has
a community structure that converges to a low discovery rate much quicker than the
Enron dataset; however, it also could provide foresight into what the Enron discovery

rate behavior may eventually look like under enough iterations.
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Figure 6.5: Cumulative discovery rates of 9 runs of 30,000 iterations each on log-scaled
x and y axis. The rates rapidly diminish overtime, indicating a more-explored partition
space than in earlier iterations.

At the same time, Figure 6.6 shows the amount of time throughout the algorithm

that one point is consistently being mapped to during the check step. Each time a
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6.3 Cross-Run Similarity

new partition is mapped to, the line returns to zero. These spots are marked with
a vertical line on the graph. Here, we can see there are multiple windows where
the algorithm "dwells" on one partition before finding a new, more optimal one.
It demonstrates that, despite dwelling on one spot for a long period of time, new
ones consistently appear. This is further indication that study of the discovery rate
of partitions is valuable, as it provides a more clear picture of the slowing pace of
discovery and subsequent likelihood that a new fixed point will be found.

Linear scale
z.00x10"
1.50x10"

1.00x10"

Dwell length

5.00x10° [

0k 1 1 1 L

0 1.0x10% 2.0x10" 3.0x10 4.0x10* 5.0x10°
Iteration

Figure 6.6: Dwell length at each parameter fixed point across alternating optimization
iterations (linear scale) for the Enron dataset. The sawtooth pattern reflects periodic
escapes to higher-modularity partitions, with dwell length resetting each time the opti-
mizer discovers a new best solution in the partition space.

6.3 Cross-Run Similarity

In the Enron set, the full partition spaces explored across independent runs show
substantial diversity. Among these runs, the highest pairwise similarity is only 55%
(Figure 6.7a). That is, at most 55% of partitions in a run can be found from any
other given run. The subset of "notable" partitions, which we define as any partition

in the finite deterministic partition mapping that is mapped to by at least one other
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6.3 Cross-Run Similarity

partition, shows striking cross-run consistency. Formally, we define a notable partition
z* € 2 if and only if there exists z € X such that o(z) =z*. As shown in Figure 6.7b,
the majority of notable partitions compare to each other with NMI scores that are
nearly 1. This indicates that, although the overall partitions may not be identical,
the ones with structural meaning are consistent. Despite the stochasticity of the
alternating optimization step, the algorithm is able to identify the same partitions as
consistent attractors across runs.

This contrast between the two NMI comparisons is meaningful. The low pairwise
overlap in Figure 6.7a supports the idea that the Louvain-based search explores a
large and diverse region of the partition space. It also shows the randomness of the
exploration phase and supports and the work in [25]. At the same time, a small
number of structurally distinct outliers (notably R2-2 and R1-4, which are the teal
blocks in Figure 6.7b) suggest there are other competing solutions, which could also
be consistent with the known modularity degeneracy in [25].

In contrast, the primary school dataset showed much higher overlap between runs.
Notably, the primary school’s discovery rate was set at 1.5% rather than 15 for the
Enron set. This higher overlap could indicate that the primary school’s partition
space was more completely explored compared to the Enron runs, which would make
sense given the lower discovery rate. It could also be indicative of a simpler, easier-
to-find community structure, yielding fewer near-optimal partitions findable by the
Louvain algorithm. At the same time, the comparisons of the "notable" partitions
yielded similar results. The primary school comparison also had the majority of
its squares near 1.0, with some runs displaying distinct differences from the rest.

This indicates that, even despite a lower cross-run similarity in the Enron set, the
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6.3 Cross-Run Similarity

consistency of admissible points across runs remains similar.

This could provide

meaningful insights into the importance of the discovery rate threshold and how

many iterations are necessary for finding the same results. If the similarity of notable

partitions is consistent across these two datasets, even if their cross-run overlap differs

drastically poses additional questions as to when a viable stopping point may be.
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(a) Pairwise partition overlap |in j|/|i| across 9
independent runs (5,861-7,132 unique parti-
tions per run). Off-diagonal values range from
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non-overlapping partitions in the space.
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(b) Pairwise NMI among notable partitions
(in-degree = 1 in the discrete map). Red
lines delineate run boundaries. Despite the
low run-level partition overlap shown in (a),
notable partitions achieve high NMI across
runs in the majority of cases, indicating con-
vergence to the same community structures.
A small number of structurally distinct par-
titions (e.g., R2-2, R1-4) represent candidate
competing solutions.

Figure 6.7: Partition diversity versus attractor consistency. (a) The full partition spaces
explored across runs are broadly non-overlapping, confirming stochasticity in the
search. (b) Among notable partitions, NMI is high across runs, demonstrating that the
mapping phase finds a consistent subset of community structures over different runs.
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6.3 Cross-Run Similarity

Contact Primary School Dataset
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Figure 6.8: Partition diversity and notable partition consistency for the Contact Primary
School hypergraph. (a) Pairwise overlap |i N j|/|i| across all partitions discovered per
run. (b) Pairwise NMI among notable partitions (in-degree = 1 in the discrete map). In
contrast to Enron, runs show substantially higher partition overlap (0.60-0.74).
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6.4 Finite Deterministic Maps of the AON Exploration

6.4 Finite Deterministic Maps of the AON Exploration

Enron Dataset

Partition map — squares = fixed points, color = K
-

(a) Partition map for the first run of the explo-  (b) Partition map for the fourth run of the ex-
ration phase. Four distinct components are  ploration phase. Three fixed points are identi-
visible, with a single fixed point (black square,  fied (black squares, all K =5).

K = 5). The inter-component edges indi-

cate that satellite components funnel into the

main basin. Node color encodes cluster count

K € {3,4,5,6}; node size reflects in-degree.

Figure 6.9: Finite-state discrete maps of the AON alternating optimization pipeline
across two hypergraph datasets. Each node represents a unique partition z discov-
ered during iterative optimization; a directed edge z; — z; indicates that re-estimating
(B> Y k» Wko, Wk1) under z; and re-running AON-LOUVAIN yields z;. Fixed points (z" =
f(z"), squares) are self-consistent partitions in that they maximize AON modularity at
their own parameters. In both runs, all fixed points have K = 5 communities, suggesting
a preferred scale of community structure robust to initialization and parameter varia-
tion. The length of each edge is scaled by the relative change in modularity from the
node’s own modularity score to the improvement found by mapping to the next node.

Figure 6.9a shows the resulting finite deterministic map from the first alternating
optimization exploration. The map forms four distinct components, the largest of
which contains a single fixed point (K =5, black square) embedded near its center
with high in-degree, indicating that a large fraction of the partitions flow towards

it in the mapping phase. That is, for the majority of partitions, this fixed point
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Contact Primary School Dataset
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(a) Partition map from a run 2 of the explo- (b) Partition map from a run 5 of the explo-
ration phase. ration phase.

Figure 6.10: Finite-state discrete maps of the AON alternating optimization pipeline
across two hypergraph datasets. Each node represents a unique partition z discov-
ered during iterative optimization; a directed edge z; — z; indicates that re-estimating
(Bk> Y k» Wko, wk1) under z; and re-running AON-LOUVAIN yields z;. Fixed points (z* =
f(z"), squares) are self-consistent partitions in that they maximize AON modularity at
their own parameters. The length of each edge is scaled by the relative change in mod-
ularity from the node’s own modularity score to the improvement found by mapping to
the next node.
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6.4 Finite Deterministic Maps of the AON Exploration

achieves a higher modularity score under their optimal parameters. Three other
clusters of components are also visible, each of which gather around a singular high-
in-degree transient point and without a fixed point. This transient-hub phenomena
indicates the algorithm found a partition that, for many iterations produced near-
optimal partitions, but ultimately also mapped towards the dominant fixed point or
basin. While the partition space explored spans K € {3,4,5,6}, with K=4 and K=5
partitions co-occurring throughout all components, the sole fixed point has K =5.

Since the distance between points denotes the relative improvement from a node’s
own modularity score to the one it maps to, it makes sens that nodes mapping to a
given partition are clustered tightly around each other. The central discovery these
plots show that there does not exist a single "best" partition. That is, they add an
analysis of the space that goes beyond the 20-iteration methods in [1].

The map for the 4th alternating AON exploration run in the Enron set (Fig-
ure 6.9b) exhibits a similar, but slightly different structure from the run on the left.
[t contains a single dominant component containing one embedded fixed point (K =5),
plus two peripheral fixed points with near-zero in-degree. These peripheral points are
significant in that they are fixed points, but they attract significantly less partitions
than the dominant fixed point in the map. This could indicate either (a) the space
around the partitions are more stable so the Louvain does not produce as many near-
optimal partitions or (b) the point is less stable and small perturbations from these
points, even if found from the fixed partitions, maps to the larger basin. This is also
supported by the larger distance between clusters of nodes compared to the tighness
of the clusters themselves. A small satellite of predominantly K € {3,4} partitions

feeds into the main component rather than constituting an independent basin.
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6.4 Finite Deterministic Maps of the AON Exploration

Notably, across both runs in the Enron set and despite broad exploration of par-
tition space, all fixed points have K =5 communities. It is also notable that there
are multiple fixed points. This consistency is not imposed by the algorithm, but
still emerges naturally through the exploration phase. This implies parameters under
which K=5 partitions maximize AON modularity. This suggests that K =5 represents
a preferred and stable structuring of the communities in the network.

Figure 6.10 shows two examples of maps from the Contact Primary School dataset.
These maps are much more similar to each other than the ones from the Enron dataset.
This could, in part, be because the exploration phase for this dataset ended when the
discovery rate was at 1.5% instead of 15%. Or, it could indicate that the community
structure in this algorithm is much more apparent. Both maps show two distinct fixed
points, one with 3 clusters and one with 4 clusters. Additionally, the transient points
mapping to these partitions largely have the same number of clusters as the point they
map to. This is not necessarily the case in the Enron examples. The fixed point with
four communities has a tighter radius of partitions surrounding it compared to the
fixed point with three communities. The two fixed points are notable because they
show that there are clear, distinct optimal partitions that occupy different parts of the
partition space. The finite deterministic maps are evidence of the rich partition space

that cannot be captured exclusively through the original AON alternating algorithm.
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Chapter 7

Conclusion

The alternating AON algorithm provides a meaningful connection to the dyadic
graph case and develops the methods available in hypergraphs. This thesis extends
the work of Chodrow et al. [1] and finds significant improvements in the partition

mapping space. Specifically, it improves upon the current work in the following ways:

Numerical parameter stability The improved stability of the f and y parameters
throughout iteration is a clear demonstration of the increased correctness and stability
of the algorithm. In addition to correcting the calculation of the y vector, this work

addresses edge cases in stability that can cause degeneracies in the space exploration.

Partition space exploration As demonstrated by the size of X, particularly in the
Enron runs, many near-optimal partitions exist for a given network. This is consis-
tent with the known exponential growth of near-optimal partitions in highly modular
structures [25]. Tracking what the algorithm has already seen and re-evaluating each

discovered partition under the most recently estimated parameters allows the algo-
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rithm to leverage the full partition space. This gives the algorithm the opportunity
to escape local optima and re-direct its path through the partition space by back-
tracking to a more optimal spot in the trajectory. The work in Chodrow et al. [1]
sets the iteration limit at 20 and picks the best likelihood score out of the batch of
partitions. The exploration methods in this thesis expand beyond this framework,

providing a rich method for exploring the space.

Convergence Given the greedy randomness of the Louvain algorithm, guaranteeing
convergence among partitions is difficult. In this thesis we analyze potential measures
for convergence of this algorithm. Specifically, we look at the among of time the
algorithm spends at one partition (Figure 6.6) as well as the diminishing discovery
rate (Figure 6.4 and 6.5). These figures show that the discovery rate does diminish
over time. Further, Figures 6.7 and 6.8 provide more insight into the tradeoff between
discovery rate and the algorithm’s ability to find the important partitions in the space

aCross rumns.

Finite deterministic partition mapping This work builds off of Gibson and Mucha
[15], which performs finite partition mapping in one dimension or two dimensions in
the multilayer case. Here, we apply the same framework, but to 2(k—1) dimensions,
where k is the maximum edge size considered. In the original alternating algorithm,
experiments run 20 iterations and take the highest-likelihood partition from among
those found. Figures 6.9a and 6.9b demonstrate that the partition spaces are far
richer than a fixed iteration budget can reliably characterize. By treating the set
of discovered partitions X as a finite domain and constructing a deterministic map

0 :X — X, this thesis identifies fixed-point partitions and other important points.
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This deterministic restriction phase transforms an inherently stochastic alternating
procedure into a structural analysis of the partition space. As discussed in Section
3, graphs can exhibit multiple structures and community scales, making it important

to have a more complete analysis of the explored partition space.

7.0.1 Limitations and Future Work

All formulas in this hypergraph framework operate under the "all-or-nothing"
assumption, which limits the ability to describe and represent the nature of the node
interactions. In this thesis, we chose datasets based on their size and the methods
in [1], but the results may be limited by the scale of the AON interactions of the
systems. Analysis of this work was also limited by time constraints and computing
power. For example, the Enron dataset’s discovery rate was set at 15% to allow for
reasonable computing time over repeated runs. In practice, this rate may have been
too high to fully explore the partition space.

In addition to addressing these limitations, the work in this thesis also provides
many avenues for future exploration. First, this work only uses discovery rate as a
threshold for convergence. It considers other measures, like partition "dwell" time,
but determines the cutoff iterations strictly by the discovery rate in the exploration
step. Additionally, since systems do not behave the same across datasets, this work
should be repeated on more hypergraphs, potentially with stricter discovery rate
thresholds. Since alternating modularity maximization exists in the regular graph
case, comparisons to partitions found via regular graph abstraction and subsequent
modularity maximization clustering could provide insights into the value gained from

the use of the higher-order structures.
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Future work could also address runtime complexity and efficiency of the algorithm.
Assuming a constant calculation time for the Louvain and parameter estimation steps,
the exploration phase currently runs at O(n?) complexity where n is the number
of iterations. This is because the algorithm repeats n times and re-calculates the
modularity score for all unique partitions each time, which could be as large as the
current number of iterations. The runtime for this algorithm could be improved by
storing modularity for past partitions, for example.

Hypergraphs have the potential to bring significant insights to real-world problems
and extensions of this work could bring both practical and theoretical benefits to the

field.
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Appendix

The following figures display the partition maps that were not pictured in the
main body of this text.

Partition Maps for the Enron Email Dataset

Partition map — squares = fixed points, color = K
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Figure 1: Partition map for run #2 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.
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Partition map — squares = fixed points, color = K

[l
ow s w

el

SARARR

3
5
2

ient (circle)
xed point (square)

Figure 2: Partition map for run #3 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.
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Figure 3: Partition map for run #5 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.
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Partition map — squares = fixed points, color = K
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Figure 4: Partition map for run #6 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.
Partition map — squares = fixed points, color = K
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Figure 5: Partition map for run #7 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.

64



BIBLIOGRAPHY

Partition map — squares = fixed points, color = K
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Figure 6: Partition map for run #8 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.
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Figure 7: Partition map for run #9 of the Enron dataset. All methods follow directly from
the figures described in Figure 6.9.
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Partition Maps for the Contact Primary School Dataset

Partition map — squares = fixed points, color = K
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Figure 8: Partition map for run #1 of the CPS dataset. All methods follow directly from
the figures described in Figure 6.10.
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Partition map — squares = fixed points, color = K
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Figure 9: Partition map for run #3 of the CPS dataset. All methods follow directly from
the figures described in Figure 6.10.
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Figure 10: Partition map for run #4 of the CPS dataset. All methods follow directly from
the figures described in Figure 6.10.
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Partition map — squares = fixed points, color = K
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Figure 11: Partition map for run #6 of the CPS dataset. All methods follow directly from
the figures described in Figure 6.10.
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Figure 12: Partition map for run #7 of the CPS dataset. All methods follow directly from
the figures described in Figure 6.10.
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Partition map — squares = fixed points, color = K
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Figure 13: Partition map for run #8 of the CPS dataset. All methods follow directly from
the figures described in Figure 6.10.
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