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Abstract

This paper aims to serve as an introductory guide to ultraprod-
ucts and ultrapowers as they relate to the Honors Mathematical Logic
Course at Dartmouth. Key preliminaries topics covered include, fil-
ters, ultrafilters, generalized cartesian products, and a suite of spe-
cific ultrafilter properties. Key theorems, built up from this base,
include Lo$’s Theorem, subsequently the compactness theorems for
countable and uncountable languages, and the Lowenheim-Skolem-
Theorem. Further topics include, applications of ultraproducts to
non-standard analysis and basic applications to Ramsey Theory.

1 Introduction

Ultraproducts are an important model theoretic tool, initially developed in
the 1950’s by Jerzy Los’s following up on work in the 1930’s by Skolem in
non-standard arithmetic. Ultraproducts use the generalized cartesian prod-
uct with a reduction over an ultrafilter to piece together, a typically infinite
number of structures or sets. To quote Jerome Keisler, "It is attractive be-
cause it is algebraic in nature, but preserves all properties expressible in first
order logic” [6]. This preservation of first order properties between the con-
stituent and resultant structure, is expressed mathematically through Los’s
Theorem, a landmark results which shows that first order properties of Ul-
trafilter almost constituent structures and the ultraproduct are the same.
Functionally, this means that proving first order statements about the ultra-
product is equivalent to proving them for the constituent structures. This
transfer principle, makes ultraproducts a powerful tool for many areas of
math concerned with structure.

In logic, ultraproducts have famously been used to prove the compactness
theorem using algebraic and semantic methods rather than non-syntactic
methods. They have been used in the fields of analysis via construction
of the hyper-reals, structural Ramsey theory, topology [1], algebra, graph
theory, and even social choice theory. They are also entirely interesting in
their own right. For example, the internal structure created by taking the
ultraproducts and the methods by which their cardinality can be controlled
are their own topics of papers [5].



2 Key types of Filters

A filter F on a set X is a subset of P(X) such that:
1) X e Fand 0 ¢ F
2)If Ae¢ Fand AC BC X, then Be F
3)If Ac Fand BeF, then ANB e F

An ultrafilter on X is a filter U such that forall A C X, A€ U or X\A € U,
but not both.

A principal filter generated by an element s € X is given by Fy = {A C
X : s € A}. A non-principal filter is a filter which is not principal.

A free filter is a filter F such that (), A = 0.

A maximal filter is a filter F such that if 7 C F’ and F’ is a filter, then
F=F.

3 Ultrafilter Theorems and Key Axioms

In this section, we cover and provide proofs for some of the basic results about
ultrafilters that will be needed later. These results explain both how ultra-
filters behave as a notion of largeness on a set and why they are available for
use in ultraproduct constructions. In particular, the ultrafilter theorem will
let us extend ordinary filters to ultrafilters, and this will give non-principal
ultrafilters on infinite sets.

Proposition 3.1. For a nonempty set X, all principal filters on X are ul-
trafilters.

Proof. Let F be a principal filter on X generated by some element s € X.
For any set A C X, either s € A or s € X \ A, but not both. Thus for any
such A, either A or X \ A is in F, but not both, so F is an ultrafilter. [

Proposition 3.2. An ultrafilter U is free if and only if it is non-principal.

Proof. Suppose an ultrafilter F is non-principal. Then it does not contain
any singleton, so it contains the complement of each singleton. The intersec-
tion of all these complements is @), so F is free. Conversely, if an ultrafilter
F is free, then (. A = 0, so there is no element contained in every set of
F. Hence there is no s € X such that F = {A C X : s € A}, and thus F is
non-principal. 0



Now that some basic filter properties have been discussed, we turn at-
tention to filter construction. This will prove useful later when constructing
non-principal ultrafilters over infinite sets, and will eventually be used in
constructing ultraproducts specific properties and specifically will show up
in the proof of Compactness. Similar to topological spaces, a filter can be
constructed and characterized by a subset called a “filter basis” and can even
be constructed from a subset of a filter basis, called a “filter subbasis”.

Definition 3.3 (Filter basis). A filter basis B on a set X is a collection of
non-empty subsets of X which is closed under finite intersection. That is, if
A, B € B, then there exists C' € B such that C C AN B.

One can construct a filter on X from a filter basis B by taking all supersets
of elements of B. That is, B generates a filter F where

F={AeP(X):3C € B,CC A}
We now show that the set generated by B is indeed a filter.
Proposition 3.4. The set G generated by a filter basis B is a filter on X.

Proof. Let B be a filter basis, and let G = {A € P(X) : 3B € B,B C A}.
First, X € G, since every B € B satisfies B C X. Also, @ ¢ G, since every
member of B is nonempty. G is closed under upwards containment; Consider
some A € G and some element A’ such that A € A’. We have BC A C A’ so
by our construction A’ is in G. G is closed under finite intersection; Consider
Ay, Ay € G. By our construction there is By, By € B such that B; C A
and By C Ay Moreover, B; N By C A; N Ay and since there is a C' € B such
that C C B; N By we have C C A; N Ay and therefore Ay N Ay € G by our
construction. G is a filter. O

Definition 3.5 (Filter basis). A filter subbasis S on a set X is a non-empty
collection of subsets of X such that finite intersections are non-empty. That
is, for every finite B C S, (| B # @ The collection of all finite intersections
of elements of S forms a basis, so a subbasis generates a filter.

Lemma 3.6. Let S C P(X) satisfy the finite intersection property. Then
the collection

B={)A:ACS, A finite}

s a filter basis on X.



Proof. Let S C P(X) satisfy the finite intersection property. Define B =
{NA: ACS, Afinite}. We show that B is a filter basis. Let By, By € B.
Then there exist finite sets Ay, Ay C S such that By =[] A; and By = () As.
Since A; U As is a finite subset of S, we have ((A4; U Ay) € B. Moreover,

(AU A) = (A1) N ([)A2) = BiN B,

Thus there exists C' € B such that C' C B; N By, and hence B is closed
under finite intersection. Therefore, B is a filter basis. n

Two bases are said to be equivalent if they generate the same filter, and
two subbases are said to be equivalent if they generate the same filter.

Proposition 3.7. Suppose that F is a filter on X. Then F is an ultrafilter
if and only if it is a maximal filter.

Proof. Suppose F is not maximal. Then there is a filter 7’ such that F C F’
and F # F'. Then there exists A C X such that A € F' and A ¢ F. Also
X\ A ¢ F, since otherwise (X \ A) N A = () would be in F, a contradiction.
Therefore F is not an ultrafilter.

Conversely, suppose that F is not an ultrafilter. Then there is some
AC X such that A¢ Fand X\ A¢ F. Let B={BNA:BecF} We
claim that B is a filter basis. If B € F, then BN A # &, since otherwise
B C X\ A so X\ A € F by upward closure, contradiction. Also, if
By,By € F, then (BiNA)N(ByNA)=(BiNBy)NA, and By N By € F.
Thus B is a filter basis.

Let G be the filter generated by B, i.e. G = {C C X : for some B €
F, BNACC}. Then F C G, since for each B € F, BN A C B. Also
A€ G, since X € Fand X N A= A. Since A ¢ F, we have F C G. Hence
F is not maximal. n

Before proving the ultrafilter theorem, we recall Zorn’s Lemma: if every
chain in a partially ordered set (P, <) has an upper bound, then (P, <) has
a maximal element (this is equivalent to the axiom of choice). We will apply
this to the poset of filters on X containing a given filter.

Theorem 3.8 (Ultrafilter Theorem). Given a filter F on X, there is an
ultrafilter U on X such that F CU.



Proof. Let F be a filter on X. Now consider the poset of all filters on X
containing F, ordered by inclusion:

P ={G CP(X):Gisafilter on X and F C G}

Consider some arbitrary chain C in this poset. Now define G* = | JC. We
show that G* is a filter and thus an upper bound on this arbitrary chain.

& ¢ G* and X € G* as every element in C is a filter. If A, B € G* then
there are F1,Fy € C where A € F; and B € F,. As C is a chain under
inclusion either F; C F5 or F» C F;. Call the larger subset F3. A and B
are in JF3 which is filter and hence closed under intersection so AN B € F3.
Therefore, AN B € G*. Likewise if A € G* and B such that A C B. A is
in some filter B € C. And filters are closed upwards by inclusion so B € B.
Hence B € G*. Therefore, G* is a filter, and an upper bound on the chain C

By Zorn’s Lemma, P has a maximal element /. By Proposition 3.7, U is
an ultrafilter. O]

Definition 3.9 (Fréchet filter). Let X be an infinite set. The Fréchet filter
on X is the collection

F={ACX: X\ Ais finite}.

Corollary 3.10. The ultrafilter extension of a Fréchet filter on an infinite
set X is always free (non-principal).

Proof. By Theorem 3.8, the Fréchet filter always has an ultrafilter extension.
Suppose such an extension F were principal. Then {s} € F for some s € X.
However, the Fréchet filter contains all cofinite subsets of X, in particular
X \ {s}. Hence both {s} and X \ {s} are in F, so their intersection §) is in
F, a contradiction. Therefore the ultrafilter extension must be non-principal
and hence free. O]

From Corollary 3.10, it follows that every infinite set admits a non-
principal ultrafilter, since every infinite set has a cofinite subset and thus
a Fréchet filter.

Corollary 3.11. X s finite if and only if every ultrafilter on X is principal

Proof. Direction 1: Let X be finite, then P(X) is finite. Let U/ be an ultrafil-
ter on X. For all A C X, either A € U or X\ A € U. Assume no singleton of



the form {s} is in & where s € X. Then all complements of such singletons
relative to X are in . Taking all such complements and intersecting them,
since each omits a distinct element of X, the intersection is (). Hence () € U,
a contradiction. Therefore, there must be a singleton in &. Moreover, U is
generated by this singleton, since if it contained two distinct singletons, their
intersection would be ().
Direction 2: If a set is infinite it is possible to define a free ultrafilter by
extending the Fréchet filter using theorem 3.8.
O

An ultrafilter may be viewed as a notion of largeness on a set X. The
following proposition captures an important feature of this viewpoint: if
the union of two sets is large, then at least one of the two sets is already
large. This is stronger than what holds for ordinary filters, and it reflects the
decisive nature of ultrafilters.

Proposition 3.12. If BUC € U, whereU is an ultrafilter on X, then B € U
orCel.

Proof. Suppose BUC € U and B ¢ U. Since U is an ultrafilter, X \ B € U.
Also BUC' € U, so by closure under finite intersection, (X \ B)N(BUC) € U.
But (X \ B)Nn(BUC)=C\ B C C. Since U is upward closed, it follows
that C e Y. Thus Bel or C € U. O

4 Generalized Cartesian Product and Con-
structing the Ultraproduct on sets and struc-
tures

Take an index set I and a collection of sets indexed by I, {A;}ics.

The Generalized Cartesian Product is defined as

HAi:{f:]ﬁUAi

i€l i€l

Viel, f(i) € AZ}.

Take a filter F on a set I, and a collection {A;}; € I. We denote the F ~
relation on Il;crA; by declaring a ~x b <= {i € I|a(i) = b(i)} € F. We
claim this is an equivalence relation:



Proof. Take a filter F on a set I, and a collection {A;}; € I. Let a,b,c €
ierA;

Reflexive: Vi, a(i) = a(i) thus X = {i|a(i) = a(i)} and X € F. Therefore
a~gp a

Symmetric: This follows from the symmetry of equality. If {i|a(i) =
b(i)} € F then {i|b(i) = a(i)} € F as {ia(i) = b(i)} = {i|b(i) = a(i)}

Transitive: Let a ~x b and b ~x ¢. Then, {i|la(i) = b(i)} € F and
{i|b(i) = ¢(i)} € F. F, as a filter is closed under finite intersections. So
{ila(?) = b(i)} N {i|b(i) = c(i)} € F, which is equivalent to {i|a(i) = b(i) =
c(i)} € F. Moreover, F is closed under subsection and {i|a(i) = b(i) =
c(i)} C {ila(i) = c(i)}. Therefore, {ila(i) =c(i)} € F. a ~; c. O

The collection of these F equivalence classes on {A4;};cr is called the
reduced product and is denoted I1pA;. If F is an ultrafilter, than this is
called the ultraproduct on sets.

I[, 4= {[f]f 1 fe HAZ} .
iel
As we will see, ultraproduct will only be particularly interesting if the
ultrafilter chosen for their construction is non-principal, which necessitates
by theorem 1.2 that the indexing set be infinite. If the ultrafilter is principal
than the division of functions into equivalence classes will be dominated by
one element.

Example 1: Let I = {1,2,3} and for each i € I let A; = {0,1}. The
cartesian product, II;c;A; is equal to set of the 8 binary sequences of length
3. Now consider the principal filter on I, generated by 1 and denote said
filter as F. To be F equivalent, a ~x b <= {ila(i) = b(i)} € F. As
an example, consider the sequences {1,1,1} and {0, 1,1} and denote them f
and g respectively. 1 = f(1) #¢g(1) =0so 1 ¢ {ila(i) =b(i)} &€ F. f #xg.
In particular the F ~ equivalence relation partitions the set of sequences
into classes, dependent on whether the sequence maps 1 to 1 or 1 to 0.

An ultraproduct is called an ultrapower if for alli € I, A;, = A. We
denote said ultrapower as [ A.

The ultraproduct in this case is an ultraproduct on a set. However,
for our extended purposes in logic, we want to make an ultraproduct on
structures in first order logic.



5 First Order Logic and the Ultraproduct on
Structures

The idea behind taking an ultraproduct of structures is that we can cre-
ate a new (larger) structure from existing structures while preserving the
characteristics of the component structures that hold in almost all of them.

To create an ultraproduct on structures take a language £ and a
family of structures M; indexed by a set I. The definition of an ultraproduct
is the same as the previous definition, except now we consider structure’s as
our component sets. The ultraproduct

HfMi:{ feHM}

will be the universe for our new structure. Now that we have a universe
for our structure we still need to interpret it by defining functions, constants,
and relations on it, and show that all of these are well defined. Relations will
be defined as an extension of our definition of F ~ relation, and a relation
will be preserved between equivalence classes if it holds almost everywhere.

([a1], [ag)...a[n]) € RIFMi = [i € I|a1(i), as(i)...an(i), € RMi] € F
where R; is the relation on M;. Written in another way:

HF'MZ' = RIFMi([q)], [ag)...[an])) <= [i € IIM; = RMi(a1(i), ag(i), ...an(i)] € F

Now we show that relations are well defined.

Proof. Suppose that a; ~x b1, a1 ~x by and a1,b; € R. To prove well R
is well defined with respect to our U equivalence classes. We must show
that ag,by € R. Let A = [i € I|ay1(i) = as(i)], B = [i € Ib1(i) = be(i)], and
C =i € Ila(i),b1(i) € R;]. A, B and C are all elements of the ultrafilter
F. Therefore, ( ANBNC) € F.

Rewritten, {i € I|a1(i) = aa(i) and by (7) = be(i) and ay(7), be(i) € R;}
F. ANBNC C[i € I|as(i),ba(i) € R;]. Therefore, {i € I|as(i),b2(7)
R;} € F and as, by € R.

Cm m



This argument easily extends to n-ary relations where n € N, as the finite
intersection of elements in an ultrafilter is still in the ultrafilter.

A function on our new structure, f: ([[ M;)" = (][ M;) will be defined
as such:

M (] as], - lan]) = 3] = {3 € 1 (@100), . 0a(0)) = i} € F

Alternatively, one could define a function point wise on individual se-
quences of equivalence classes and then take the equivalence class of the
output to be the output of the function with respect to equivalence classes .

yi = fMi(ay(),. .., an(i))

for all 7 € I and then set

] = I ([ad], . [an])
Now we show that functions are well defined:

Proof. Let a, ~p b, foralln € N. We must show that fll=M:([a;], [as], ...[a,]) =
SfH=Mi([b1], [by], ...[b,]) which requires showing that their outputs belong to
the same equivalence class.

Let a, ~p b, for all n € N. We must show that f(ay,as,...a,) =
f(by,bg,...b,) which requires showing that their outputs belong to the same
equivalence class.

Let A= {i € I|fMi(a1(4), ..a,(i) = y(i)} and let B = {i € I|fMi(a1(3),..a,(i) =
y(i)}. A Be F=ANB e F = f(ay,as,...an) ~r f(b1,ba,...b,). O

Proof that our definitions this is indeed a function:

Proof. Let fllr Mi([ay], [as], ...[ay]) = [y1] and fH=Mi([ay], [az], ...[an]) = [ya].
Then fMi(ay(i),...f(an(i)) = y1(i) = y2(i) for all i € I. Therefore {i €
Iyi(i) = y2(i)} = I € F, therefore y1(i) ~7 yo(i) and [y1] = [ya]. O

Theorem 5.1 (Los’s Theorem). A first-order formula o is true in the ultra-
product if and only if the set of indices v € I such that the formula is true in
M; is a member of F:

HFM#@ — {iel|M;|=¢}eF

10



We prove Los Theorem by induction on formulas:

Proof. .

Base step: Atomic formula ¢ is of the form RI=M:i([a,]...[a,)] or [a;] =
[as] where [a,] € [[zM,. ¢ is of the form RII=*i([q;]...[a,)] hold automati-
cally by their definition:

[1, Mi E B[], faa]. fan]) <= [ € IIM; = BM(01(), as(i), an(i)] € F

Moreover [[ M; |= [a1] = [ao] iff ay ~f ay. Therefore, {i € I|ai(i) =
az(i)} € F, which is equivalent to {i € I|M; = a; = az} € F.
Inductive step: Assume Los Theorem holds for ¢ and 7

Negation: Let 1) = —¢ :

— fie M=o} ¢ F

— {ie M, -9} eF

— {icIM; =y} eF

Disjunction: Let v = ¢V 7:
[[rMiE¢or [[pMiET
{ZE[’Mz)ZQﬁ}EFOI“ {ZEI’Mz):T}E.F
{ielM;EotUliellM;=1}eF
{i e IIM; E ¢ or M; =7} € F by corollary 1.4

For clarification on the backwards direction of the third equivalence: Let
AUB € F. Assume A and B ¢ F then A° and B¢ € F. Then A°N B¢ € F.
But AN B¢ = (AU B)° € F by Demorgan’s law and (AU B)*N(AUB) =
@ ¢ F which is a contradiction as filters are closed under finite intersection.

Conjunction: Let v = AT :
[[M;=¢and [[o M, =7
{ielMiE¢te Fand {ic IIM; =1} €F
{zelle):gzﬁand./\/lz):T}E]:
{ielM;=oNnT}EF

rrreey

reree

11



For clarification on the backwards direction of the third equivalence: Let
A= BNC € Fthen Band C € F. Let B ¢ F then by definition of
ultrafilter C¢ € F. Vx € A, x € B and = € C therefore x ¢ C°. But C° € F
and A € F however their intersection is @ which would also be in F creating
a contradiction. Therefore C must be in the ultrafilter. By symmetry B must
also be in the ultrafilter.

Existential Quantifier: Let ¢ = dz¢

HF M, ’: (0

> [[ M = ¢([a]) for some [a] € [[ M,

<~ {i € IIM; = ¢(a(i))} € F by inductive hypothesis

— {ieIIM; ETxp} e F

— {iclM;=v}eF O

Now that we have proved the powerful Los theorem we can prove on of
the most central theorems of FOL, the compactness theorem. First however,
we will show an important corollary.

A structure S is said to be elementarily equivalent to another structure
G if they satisfy the same first order sentences. This is written as S = G.

Corollary 5.2. Let [[ M denote the ultrapower of a structure M con-
structed using a non-principal ultrafilter F. Then [[-M is elementarily
equivalent to M.

Proof. Every component structure of the ultraproduct is M thus for any
sentence ¢ for all i € I either M = ¢ or M [~ ¢ (in the exclusive sense
of or). f M = ¢ then {i € IIM; = ¢} = I € F and if M [~ ¢ then
{i e IIM; = ¢} = @ € F. Therefore by Lo§ Theorem, [] - M is elementarily
equivalent to M. |

Theorem 5.3 (Compactness Theorem (for countable languages)). A set of
first-order sentences has a model if and only if every finite subset of it has a
model.

Proof. Let X be a set of first order sentences in a countable language £.
Assume that every finite subset W C X has a first order model, that is there
is a M | W. Given that a countable FOL language only has a countably
infinite amount of possible sentences, it is possible to index the sentences of

Zby N. E:{¢1,¢2 ..... }

12



Now we can specify a collection A of subsets of 3, where A = {¥y, Vs, ...}
and WUy = {¢1}, Vo = {d1, 2}, .oy Yo = {@1, P2, ... On}.

Given the assumption, that every finite subset of ¥ has a model, every
¥, has a corresponding model M,,. Take this collection B of models and
take the ultraproduct using some non-principal ultrafilter F on the indexing
set N. Said ultraproduct models X as for any sentence ¢,,, ¢, is not modeled
by at most n structures. That is the number of component models of ¢,, is
cofinite, so the set of indices of those models is a member of the ultrafilter,

and the sentence is true in the ultraproduct.
m

Theorem 5.4 (Compactness Theorem (for uncountable languages)). A set
of first-order sentences has a model if and only if every finite subset of it has

a model. [3]

Proof. Assume every ¢ C ¥ where i is finite has a model M;. Let I denote
the collection of all finite subsets. Let [[ M; be the direct product of the
structures. For each i € I, let A; = {5 € I]i C j}. The collection A of
A;’s generates a filter basis, which by theorem 3.8, the ultrafilter theorem,
is contained within an ultrafilter F. For any ¢ € X, Ay € F. Likewise,
whenever j € Ay, ¢ € j, therefore M; |= ¢. The set of all j with the
property that ¢ holds in M is a super-set of Ay, hence it is also in F.
Therefore if ¢ € ¥ then [[- M, = ¢.

The collection A of A;’s is a filter basis. Let A;, A, € A theni,g € I and
i,g are finite and the union of two finite sets is finite so ¢ U ¢ is finite and in
I. Ajug={jelljCiandjC g} Therefore, A,y C A;N A, Additionally
A does contain the empty set as any ¢ € I can be extended by adding some
sentence ¢ € ¥./i, so for alli € I, A; # @. O

6 Ultraproduct and Ultrapower Cardinality

Proposition 6.1. If M is a structure with |M| = n for some n € N, then
| T1 M| =n.

Proof. From Los theorem, it follows that the cardinality of a finite structure
will be the same as its ultrapower, generated by a non-principal ultrafilter
because having a finite cardinality n, is a first order property. O

13



This simple conclusion naturally encourages us to investigate the cardi-
nality of ultrapowers of infinite structure and the cardinality ultraproducts.
The methods of investigation require new resources to answer. As a start to
our investigation of ultrapower cardinality I'd like to first show two intuitive
bounds.

Proposition 6.2. An ultraproduct [[- M has cardinality greater than or
equal to M. That is, | [ M| > |M].

This follows from the fact that one can make an injunction of M into
[ [ M with the function f(x) = [g,], where g,(i) = x for all i. If x # y then
f(z) = f(y) as g, and g, differ at all i hence they are not F equivalent.

Proposition 6.3. Let M be an L-structure, let I be an index set, and let U
be an ultrafilter on I. Then the diagonal map

d:M—][M,  da)= |,

where c,(1) = a for all i € I, is an elementary embedding. Consequently,
| B
U

What Proposition 6.3 tells us is that an upper bound on the ultrapower
may rely on the indexing set of choice, and by choosing a larger indexing
set, we may be able to increase the upper bound. More sophisticated bounds
on ultrapowers can also be determined through specific ultrafilters on those
indexing sets, which quotient out the direct product in particular ways.

In the remainder of this section, we will survey some of the classical prop-
erties of ultrafilters that can be used to control ultraproduct and ultrapower
cardinality. With that and Lo$’s Theorem, this provides a natural way to
create elementary extensions, and from there a version of the Lowenheim—
Skolem.

|M]| < <M.

Definition 6.4 (k-completeness). An ultrafilter U is called k-complete if
whenever S C U with |S| < k, then (S € U.

14



Definition 6.5 (k-regular ultrafilter I and k-regularizing set). An ultrafilter
is said to be k-regular if there is E C U, |E| = k such that each element
of I belongs to only finitely many elements of E. Such a set E is called a
k-regularizing set for U.

Definition 6.6 (Regular ultrafilter). An ultrafilter & on an index set [ is
called regular if it is |/| regular.

Proposition 6.7. Let U be an ultrafilter on an index set I with |I| = k.
Then U is kT -complete if and only if it is principal. Hence, an ultrafilter
on a countably infinite set is countably incomplete if and only if it is non-
principal. See []] for more details.

Proof. Let U be an principal ultrafilter on I with |/| = k. As U is principal
every element in U contains some element o and indeed for every set A C [
such that o € A we have A € U. Therefore for any subset S C U where
|S| < kT, we have VX € S, a € X. Therefore, « € () S. Moreover, (S C I,
so(Sel.

Conversely, suppose that U/ is kT-complete. Now assume that I/ is non-
principal. Then for every a € I, we have {a} ¢ U. Since U is an ultrafilter,
it follows that I\ {a} € U for every a € I. But the family {I \ {a}: a € I}
has cardinality k < k™, so by k*-completeness,

N\ fah eu.

acl

However, (,c;(I \ {a}) = 0, contradicting the fact that () ¢ . Therefore U
must be principal. O

Lemma 6.8 (Keisler). Let F be a countably incomplete ultrafilter, and let
{A;}ier be a collection of infinite structures. Then |[]rAil™ = |1z 4il.
See [5] for more details.

Corollary 6.9. Assuming the Continuum Hypothesis, if M is a structure
with |[M| = Ry and F is a non-principal ultrafilter on N, then | [[» M| = 8.

Proof Method 1. From Proposition 6.7 a non-principal ultrafilter over a count-
able infinite set is incomplete, so a non-principal ultrafilter over N is in-
complete. Moreover, as |[M| = N for every i, |M;| = Ny. Therefore
by Lemma 6.8, ([T M;)™ = ([IM;). |I]-M;| is bounded below by
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|M;| thus | [T M;| > Ro. Suppose |[[-M;| = No. Then by, Lemma 6.8
| 1 M "o = X° = R which is false. Therefore | [T M| # Rgso | [] M| >
No, which with CH implies, |[[-M;| > ¥N;. Likewise |[[-M;| < 8y as
| T1 M| < TIM; = R° = 2% =X, . Therefore, | [ M;| = 8.

[

Proof Method 2. Assume that it was possible to put every element in [ [ M,
into a 1 to 1 correspondence with N. Then we could enumerate them as
S = {54, 52,53,...}. Then we could enumerate a representative of each equiv-
alence class as Sx = {sy, 89, $3, ...} where s; is a representation of S;.

Take ¢(i7) = 1+maz;<1{s;};. g(7) only matches any s; for a finite number
of times hence it is not equivalent to any of them. Hence, the equivalence
class G # S, for any S; € S. This shows that | []» M;| > X,. Now given that
ITIM,| = |1]M] = R§o = 2% Tt follows that | [] M, < Ry as |[[- M| <
IIM,; as it is a reduction of the latter. Hence, Ry < |[[M;] < ®;. By
application of the continuum hypothesis, | [ M;| = N;. O]

Proposition 6.10. For every infinite cardinal k, there exists a reqular ul-
trafilter on an index set of cardinality k. See [/, Proposition 8.5.8]

Proposition 6.11. Let U be a regular ultrafilter on an index set I with
|I| = k, and let M be an infinite structure. Then |[[,, M| = |M]". See [4,
Theorem 8.3.9].

Proof. First, by proposition 6.3 we have
[[Mm
u

We must show the reverse inequality. Since U is regular, there is a k-
regularizing family F C U with |E| = k such that every i € I belongs to only
finitely many members of E. By the well-ordering theorem, which is equiva-
lent to the axiom of choice, we can fix a well-ordering of E. Let M<“ denote
the set of all finite tuples of M. Since M is infinite, |M <¥| = |M|. Hence there
is a bijection b : M<¥ — M, which induces a bijection [[,, M<¥ = [],, M.
Therefore it is enough to define an injection

< MM = | M.

MP < T M=
u
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to prove the reverse inequality, as from |F| = k we have
[[r=| = ][ M | .
u u

Now we must define the injection. For each function g : £ — M, define
g I — M= as follows. For each i € I, let

M = | M]F <

E,={ae€E:ic€a}l.

By regularity, for all ¢ € I, E; is finite. List its elements in the fixed order as
ai,...,q., and set
9'(i) = (g(an), ..., glaw)).

Now define p : M¥ < [[,, M= by p(g) := [¢'lu. We claim that p is injective.
Suppose go, g1 : ' — M are distinct. Then there is some o € E such that
go(a) # g1(ar). For every i € a, the finite list E; contains «, and because
we use the same fixed ordering of E, the entries corresponding to o occur in
the same position in both ¢{ (i) and ¢/ (7). Thus g(7) # g1(i) for every i € a.
Since o € U, we have

{i € 1:gy(i) #g1())} €U

Therefore [gylu # [¢}]u. Hence p is injective. Thus, [M|* < |[[,, M|, and by
combination with the upper bound we have |[[,, M| = |M]".
[

Proposition 6.12 (Elementary Chain Theorem). If (My)a<x 1S an increas-
ing elementary chain of L-structures and My := ., My, then M) is natu-
rally an L-structure and M, =< M) for every ae < X See [4, Theorem A.3.11].

Theorem 6.13 (Lowenheim—Skolem under GCH for countable languages).
Assume GCH. Let M be an infinite structure in a countable language L, and
suppose |[M| = No. Then for every infinite cardinal K > N, there is an
elementary extension N of M such that |N| = k.

Proof. We construct by transfinite induction on a family (M, )acoraq such that
My=M, M, < Mg for o < 3, and |M,| = R, for every ordinal a.

Base Case: Set My := M. Since |My| = Xy, Corollary 5.4 gives a non-
principal ultrapower M; := [[, M, with [M;| = ®;. By Proposition 6.3,
My < M;.
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Successor Case: Now suppose Mg has been constructed with |[Mg| = Nga.
If 841 1is a successor stage, let k := |Mpg| = Nz. By Proposition 6.10,
there is a regular ultrafilter Ug on an index set of cardinality x. Define
Mgy = ]Iy, M. By Proposition 6.3, Mg < Mg1. By Proposition 6.11,
|Mpi1| = |Mg|" = k". Since k is infinite, kK = 2%, and by GCH, 2" = ™.
Therefore |Mgi1| = kT = Ngyq.

Limit Case: If X is a limit ordinal, define M) := U5</\ Myg. By Proposition
6.12, each Mg < M. Also, |[My| = supg_, [Mp| = sups\ Vg = Rj.

Thus by transfinite induction, for every ordinal « there is an elementary
extension M, of M with |M,| = R,. Since every infinite cardinal is of the
form N, the result follows. O

7 Linear Orders and the Ultrapower of w

In searching for applications of ultraproducts, one natural place to begin
is with ordered structures. In particular, the ultrapower of w gives a first
example of a nonstandard model: it preserves the first-order theory of (N, <)
while at the same time containing genuinely new elements and new order-
theoretic behavior. This will serve as a bridge to the hypernaturals and
hyperreals in the next section.

7.1 Linear orders, w, and order types

Definition 7.1 (Linear order). A linear order is a set equipped with a
relation < satisfying the following first-order properties:

Irreflexivity: Vo —(z < z)

Transitivity: VaVyVz ((z <y Ay < z2) =z < 2)

Trichotomy: VaVy (z <yVy <z Vz=y)

We write w for the order type of (N, <). Thus w is not the set N itself, but
rather the ordering pattern carried by N: 0 <1 <2 <3< ---.

We write w* for the reverse order type --- < 3 <2 <1< 0, and w* 4+ w for
the order type obtained by placing a copy of w to the right of a copy of w*.
More generally, if A and B are linearly ordered sets with order types o and
[, then o+ 3 denotes the order type obtained by placing a copy of B after a
copy of A. Likewise, - 3 denotes the order type obtained by taking S many
consecutive copies of a.
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The basic examples relevant here are:

w = order type of (N, <)

w* + w = order type of (Z, <)

(Q, <) is a countable dense linear order with no endpoints

(R, <) is a dense linear order with no endpoints, but unlike (Q, <) it is
complete in the sense that every nonempty set bounded above has a least
upper bound

Thus (N, <) is discrete and has a least element, (Z, <) is discrete with neither
least nor greatest element, while (Q, <) and (R, <) are both dense, with
(R, <) satisfying an additional completeness property that (Q, <) does not.
Thus (N, <) is discrete and has a least element, (Z, <) is discrete with neither
least nor greatest element, while (Q, <) and (R, <) are both dense, with
(R, <) carrying strictly more order-theoretic structure than (Q, <).

7.2 The ultrapower of w

Let U be a non-principal ultrafilter on N and consider the ultrapower [[,, w.
By Lo$’s Theorem, [],,w satisfies all first-order properties of w. Therefore
[ [, w has a least element 0, a successor operation, and is not dense. At the
same time, because U is non-principal, [[,,w contains nonstandard elements
represented by non-constant sequences, so it is strictly larger than w.

Claim 7.2. There is a substructure of (Q, <) of order type w* + w inside
[T

Proof. Consider the generalized function sequence (f*) where t € Q and
f(z) = [tz]. About each element in f* we can generate a (w * +w) by
taking (f!) where n € N and

by @) —n i fr)—n >0
fn($)—{0 ifft(aj)—n<()

|tx]| > |ra] if tx — 1 > ra therefore if t > r then Vn,m € N fL > f as
fHx) > fr(x) whentx —n—1>qgr—m <= tr —qr>n+1—-m <
x> (n+1-—m)/(t—q). Therefore f: < fr for finite indices so f! > fr [

The intuition behind the construction is illustrated by the figure below.
The key point is that if £ > r, then the growth of {x eventually dominates
the growth of rz. Finite shifts of a given growth function then generate the
two-sided pattern w* 4+ w about the corresponding class.
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Figure 1: A visualization of eventual domination: larger growth rates eventu-
ally dominate smaller ones. In particular, if ¢ > r, then tx eventually exceeds
rx for all sufficiently large x.

Claim 7.3. There is a substructure of (R, <) of order type w* + w inside

[Ty w-

Proof. The proof is the same as above, except that we let ¢ range over R
rather than Q. The same eventual domination argument shows that if ¢ > r,
then for every fixed n,m € N we have f! > f7. [

As an immediate consequence, [],,w already contains a large ordered
substructure. In particular, since there is such a suborder indexed by R, we
obtain |[[,w| > 2%. On the other hand, |[[,w| < |[[w| = Ry° = 2%,
Hence | [, w| = 2%.

Proposition 7.4. The suborder of [ [,,w of type w* +w is dense in the sense
that between any two such copies there is another copy of w* + w.
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Proof. Consider A = (w* +w); and B = (w* 4+ w)z in [ [, w where for every
f e Aand g € B, f > g. Let their respective base elements be 04 and
0P. All other elements in A and B are U-equivalent to offsets of 01 and 02,
where 02 = max{0%(z) + n,0} for n € Z.

Define 0¢ = [ (04 4 05)/2]. We claim that 0° lies strictly between A and
B. For arbitrary n € Z, the elements 02 remain below 0%, while the elements
04 remain above 0%, by the same eventual domination argument used above.
Thus 0¢ determines an element strictly between the two copies.

Now generate a copy of w* + w about 0% by taking the finite offsets 0.
This gives a new copy of w* + w lying strictly between A and B. O]

The point of this section is that [, w is already a nonstandard enlargement
of w: it preserves the first-order theory of (N, <), but it contains new infinite
elements and richer order-theoretic behavior. This is the prototype for the
construction used in nonstandard analysis. In the next section, we apply the
same ultrapower construction to R in order to build the hyperreals *R.

8 Nonstandard Analysis

Now, that we have developed some intuition about the size and substructure
of the hypernaturals, *N, we move onto construct the hyperreals *R, with
ultrapowers. This leads us into the beginning of the development of non-
standard analysis tools. Lo$ theorem, as specialized to *R, is often called the
transfer principle, which has historical roots with Leibniz’s law of continuity.

8.1 Building the Hyperreals, "R

We construct the hyperreals by taking an ultrapower of R, using a fixed
nonprincipal ultrafilter &4/ on N. Define the ultrapower

R = Hu R.

Write [z,,]y for the U-equivalence class of a real sequence (x,,). By propo-
sition 6.3 R embeds into *R via the diagonal map. As N C R we also have
that *N C *R and that N embeds into *N.
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8.2 Infinitesimals, the Relation ~, Monads, Standard
Parts

Definition 8.1 (infinitesimal). A hyperreal = € *R is infinitesimal if for
every € > 0 € R we have |z| < e.

The set of infinitesimals is denoted M; and is a ring in *R [7].
We write z ~ y if x — y is infinitesimal.

Definition 8.2 (Finite). A hyperreal z is finite if |z| < N for some real
N > 0, and infinite otherwise.

The set of finite numbers is denoted M, and is also a ring [7].

Definition 8.3 (Monad). For x € *R, the monad of x is

p(z) ={y € "R:y~uz}
That is, u(x) is the set of all hyperreals infinitesimally close to x.

In particular, p(0) is precisely Mj, the set of all infinitesimals. More generally,
for any real r € R, the monad p(r) consists of all hyperreals of the form r+e¢,
where ¢ is infinitesimal. Thus, the monads partition the finite hyperreals into
equivalence classes under =.

Definition 8.4 (Standard part for finite hyperreals). If x € *R is finite, then
there exists a unique real number r € R such that x ~ r. We write r = st(x).

Proof. Omitted O

8.3 Internal and External Sets

Within *R, an important distinction is that between internal and external
sets. Internal sets are those that arise directly from the ultrapower construc-
tion. In the ultrapower model, every sequence of subsets (A4;);c; determines
an internal subset [],, A; of the ultraproduct. More generally, internal sets
are precisely those objects obtained from standard sets through repeated
applications of the nonstandard extension and first-order constructions.
Internal sets play a central role because they are exactly the sets to which
the Transfer Principle applies. As a result, internal subsets of R inherit many
of the structural properties enjoyed by ordinary subsets of R. For example,
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every nonempty internal subset of N has a least element, by transfer of the
well-ordering principle for N.

In contrast, an external set is a subset of the nonstandard universe that
does not arise from the ultrapower construction. External sets need not sat-
isfy transferred properties and often exhibit behavior impossible for internal
sets. Many important objects in nonstandard analysis are external, including
the set of infinitesimals, the set of finite hyperreal numbers, and the monad of
a standard real number. The externality of these sets is what allows nonstan-
dard analysis to capture notions such as infinitesimal closeness and infinite
magnitude that have no direct counterpart in the standard universe.

Proposition 8.5 (Externality of monads). Let x € R. The monad of x is
an external subset of *R.

Proposition 8.6 (Externality of the standard reals). The set R C *R of
standard real numbers is an external subset of *R.

8.4 Sequences and Limits

Theorem 8.7. Let {s,} be a standard infinite sequence and let s be a stan-
dard real number then s is the limit of {s,} within R, lim,_, S, = s in the
classical sense if and only if s, = s for all infinite subscripts n. See [7]

Theorem 8.8. A standard sequence {s,} converges in R if and only if s, ~
Sm for all infinite n and m. See [7]

8.5 Continuity, Uniform Continuity, Differentiation, and
Compactness

Theorem 8.9 (Robinson’s continuity criterion [7, Theorem 3.4.5]). Let f :
R — R be standard and let ¢ € R be standard. Then f is continuous at c if
and only if for every x € *R with x = ¢, *f(z) = f(c)

Proof. (=) Assume f is continuous at ¢. Fix x € *R with x ~ ¢. Let ¢ > 0
be real. By continuity, choose § > 0 such that |[u—c| < § = |f(u)— f(c)| < e
for all real u. Since z ~ ¢, we have | — ¢| < 0, hence |f(z) — f(c)| < e. As
e was arbitrary, *f(z) = f(c).

(«<=) Suppose f is not continuous at ¢. Then there exists a real g > 0 such
that for every real § > 0, there exists u € R with |u—c| < d and |f(u)—f(c)| >
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0. By transfer, for every positive 0 € *R, there exists v € *R with |u—c| < 0
and |*f(u) — f(c)| > €¢. Choose a positive infinitesimal 0. Then there exists
x € *Rsuch that |z—c| < §,s0x = ¢, but |*f(z)—f(c)| > €0, 50 *f(x) % f(c).
This contradicts the hypothesis. Therefore f is continuous at c. m

Theorem 8.10 (Nonstandard uniform continuity criterion [7, Theorem 4.5.3]).
Let f: B — S be a standard mapping from a standard metric space B into a
standard metric space S. Then f is uniformly continuous on B if and only
iof for all p,q € *B,

prq = "flp)="f0).
Equivalently, infinitesimally close points in * B have infinitesimally close im-
ages in *S.

Theorem 8.11. ¢ € R is the derivative of f(x) at xo if and only if

J&) = flao)

T — Tg

~
~

for all x # xq in the monad of xg.

Theorem 8.12 (Compactness and near-standard points [7, Theorem 4.1.13]).
Let T be a topological space, and let j1(q) denote the monad of a standard point
q€T. A pointp e *T is called near-standard if there exists a standard point
q € T such that p € pu(q). Then T is compact if and only if every point of
*T s near-standard.

Corollary 8.13 (NSA compact subsets [7, Corollary 4.1.15]). Let B be a
subset of a topological space T'. Then B is compact if and only if for every
point q € *B, there exists a standard point p € B such that q € u(p), where
w(p) denotes the monad of p.
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8.6 Translation Dictionary: Standard <+ Nonstandard

Standard analysis statement NSA reformulation in xR

an, — L For every infinite H € *N, xayg ~ L.

lim, . f(x) =L If  ~ ¢ and = # ¢, then xf(z) ~ L.

f continuous at ¢ If x = ¢, then xf(x) = f(c).

f uniformly continuous on A If x,y € *A and = = y, then * f(x) ~
“f(y)-

T compact Every point of T is near-standard;

that is, for every p € T there exists
q € T such that p € u(q).

8.7 An example of an easily proved Theorem through
NSA

Theorem 8.14 (Heine-Cantor Theorem). Let B C R be compact, and let
f B — R be continuous. Then f is uniformly continuous on B.

Proof. Let xz,y € *B with x ~ y. Since B is compact, every point of *B is
near-standard, so st(z) and st(y) exist and belong to B. Because = ~ y, we
have st(z) = st(y). Since f is continuous at the standard point st(x), the
nonstandard continuity criterion gives *f(x) ~ f(st(z)). Likewise, *f(y) ~
f(st(y)). As st(x) = st(y), it follows that *f(z) ~ *f(y). Therefore, by the
nonstandard criterion for uniform continuity, f is uniformly continuous on

B. [l

9 Ramsey Theory

Another area where ultraproducts find application is, Ramsey Theory, a sub-
set of combinatorics focused on studying emergent regularity within arbitrary
structures of a known size. Recent work on Ramsey Theory with ultraprod-
ucts can be found here [2].

25



9.1 Classical Ramsey Theory Example and Formalism

As a brief primer into Ramsey Theory, we will present a real life seminal
example of a Ramsey result. Consider, walking into a dinner party of 5
people. You are the sixth. Given that there are six people, it must be
the case that a triple of the group all knows each other or that there is
another triple of the group which does not know each other. We leave it up
to the reader to verify this statement. In addition, 6 people turns out to
be the minimum number of people to ensure that a triple of acquaintances
or strangers exists. In this sense, at 6 people, a level of regularity emerges
within the subsets of people.

Importantly, this notion of knowing each other or not knowing each other,
can be translated into the notion of coloring the edges between nodes in a
binary fashion with red or blue. And this coloring need not be binary it can
include any number of colors, although we will stick with two color colorings
for simplicity for now.

All of these notions can be made formal of a complete graph a coloring,
and a Ramsey Number:

Definition 9.1 (Complete graph). Let V' be a finite set. The complete
graph on V| denoted Ky (or K,, when |V| = n), is the graph whose vertex
set is V' and in which every pair of distinct vertices is connected by an edge.

Definition 9.2 (Coloring). An n-coloring on a complete graph Ky is a
function

f V2= {1,2,...,n},

where

VI = {{u,v} 1 u,0 € V, u # v}
denotes the set of all unordered pairs of distinct vertices in V.

Definition 9.3 (Ramsey number). Let m,n € N. The Ramsey number
R(m,n) is the least N € N such that for every coloring of the edges of the
complete graph Ky with two colors, there exists either a subset of vertices
of size m whose induced subgraph is monochromatic in the first color, or a
subset of vertices of size n whose induced subgraph is monochromatic in the
second color.

The definition and the subsequent theorems can be extended to k-color
Ramsey numbers R(zx1,..xx), but we use the two-color case for simplicity.

26



9.2 Finite Ramsey from Infinite Theorem

An application of ultraproducts to Ramsey Theory as we will show, is a
fast method to prove the Finite Ramsey Theorem from the infinite variation,
which is typically considered easier to prove. The finite Ramsey Theorem can
be derived from the infinite version using technically complex compactness
arguments, however it can also be proved quite easily using ultraproducts. In
additon the infinite version can be proved using ultrafilters which we present
below.

Theorem 9.4 (Infinite Ramsey Theorem). For every coloring of the edges
of the complete graph on N with two colors, there exists an infinite subset
H C N such that all edges between vertices in H have the same color.

Ultrafilter proof: Consider some blue/red coloring on N x N. Formally
that is a function f : [N]? — {0, 1}.

Now fix a non-principal ultrafilter &4 on N. Define a function g : N —
{0,1} as g(n) = 0 if for U almost x € N (n,z) is red and g(n) = 1 if for
U almost © € N (n,z) is blue. Given that I is non-principal; g(n) will be
defined for all n € N as each subset of N or its compliment will be in the
ultrafilter.

Define a sequence as follows. Let ag = 0, and for ag, ...a,,_1 let a, be the
least a st f(a;,a) = g(a;) for all i < n.

For each i the set of = such that f(a;,z) = g(a;) is in U. Moreover since
U is closed under finite intersection. X = {z : f(a;, ) = g(a;),Vi <n} € U.
Also as U is non-principal X is infinite hence we can always find such an a.

Proof. O

Now that we’ve established the Infinite Ramsey theorem, theorem, 9.4 we
can prove the stronger and harder Finite Ramsey Theorem from it. Typically
such a proof would require a double induction proof or a compactness argu-
ment proof, but this can be avoided and great simplified using ultraproducts.

Theorem 9.5 (Finite Ramsey Theorem). For all m,n € N, the Ramsey
number R(m,n) ezists.

Proof. Fix m,n € N. We work in the first-order language L = {C'}, where
C'is a binary relation symbol. We interpret C'(z,y) as saying that the edge
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{z,y} is colored red, and —C(x,y) as saying that the edge {z,y} is col-
ored blue. Since Ramsey theory colors unordered pairs, we require C' to be
symmetric, so we include the sentence

Sym := VaVy(C(z,y) <> C(y, z)).

For reference, the sentence saying that a two-coloring has no red triangle and
no blue triangle, i.e. the bad sentence for R(3,3), is

Bad3’3 = Vx1Vx2Vx3<(x1 7é To N\ I 7é X3 N\ Zo 7£ Ig) —
(=C(x1, ) V =C (@1, 23) V =C(x2, xg)))
A Yy VyaVys ((Z/l F Y Ny # Ys Nya # Y3) —

(Clons 1) V Clur,ps) V C02,30)) ).

The first conjunct says that among any three distinct vertices, at least one
edge is not red, so there is no red triangle. The second conjunct says that
among any three distinct vertices, at least one edge is red, so there is no blue
triangle. In general, for fixed m,n, define the first-order sentence Bad,, , by

Bad,, , ==V, - -me< ( /\ T, # xq> — ( \/ ﬂC(l’p,xq)> )
1<p<q<m 1<p<g<m

/\Vyl---Vyn<< /\ yp?’éyq)%< \/ C(ypayq>>>'
1<p<q<n 1<p<g<n

The first conjunct says that every m-element subset contains at least one
blue edge, so there is no red homogeneous subset of size m. The second
conjunct says that every n-element subset contains at least one red edge, so
there is no blue homogeneous subset of size n.

Now suppose, for contradiction, that R(m,n) does not exist. Then for
every ¢ € N, there is a two-coloring of a finite complete graph M, with
|M;| > i, no red homogeneous subset of size m, and no blue homogeneous
subset of size n. Equivalently, for every i € N, we may choose a finite L-
structure M; such that

M, = Sym ABad,, , -
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Fix a non-principal ultrafilter &/ on N, and form the ultraproduct
M =] M.
u

Since M; = Sym A Bad,, ,, for every i, Lo§’s Theorem gives
M E Sym A Bad,, , -

Also, since the finite structures M; have unbounded size, the ultraproduct
M is infinite.

Thus M is an infinite complete graph whose unordered pairs are colored
red or blue, but M has no red homogeneous subset of size m and no blue
homogeneous subset of size n. This contradicts the Infinite Ramsey Theorem.
Indeed, by the Infinite Ramsey Theorem, every infinite two-coloring of pairs
has an infinite homogeneous subset. If this homogeneous subset is red, then
it contains a red homogeneous subset of size m; if it is blue, then it contains
a blue homogeneous subset of size n. Both possibilities contradict M |=
Bad,, . Therefore our assumption was false, and R(m,n) exists. O

Conclusion

The purpose of this thesis was to provide an introduction to ultraproducts
and to illustrate some of their wide ranging applications throughout mathe-
matics. Beginning with filters and ultrafilters, we developed the machinery
necessary to construct ultraproducts and ultrapowers, culminating in Los’s
Theorem. This theorem provides the fundamental connection between logic
and ultraproducts, showing that first-order properties are preserved between
an ultraproduct and almost all of its constituent structures.

From this foundation, we explored several applications. We saw how
ultraproducts can be used to prove both the countable and uncountable
Compactness Theorems, and how these results naturally lead to elementary
extensions and the Lowenheim—Skolem Theorem. We then examined the in-
ternal structure of ultrapowers, including questions of cardinality and order
type, before using ultrapowers of R to construct the hyperreals and develop
several tools from nonstandard analysis. Finally, we considered an appli-
cation to Ramsey Theory, where ultraproduct methods provide an elegant
route from infinite combinatorial statements to finite ones.
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The results presented here are largely classical, but the application of ul-

traproducts to various mathematical disciplines remains active today. Con-
temporary research continues to apply ultraproducts to problems in model
theory, combinatorics, topology, algebra, and other fields. It is my hope that
this thesis has provided both an accessible introduction to the subject and
a glimpse of the rich mathematical landscape that ultraproducts continue to
illuminate.
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