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Abstract

Inverse problems are prevalent in many fields of science and engineering, such as signal
processing and medical imaging. In such problems, indirect data are used to recover
information regarding some unknown parameters of interest. When these problems
fail to be well-posed, the original problems must be modified to include additional
constraints or optimization terms, giving rise to so-called regularization techniques.
(Classical methods for solving inverse problems are often deterministic and focus on
finding point estimates for the unknowns. Some newer methods approach the solving
of inverse problems by instead casting them in a statistical framework, allowing for
novel point estimate approaches and for the recovery of uncertainty information. In
this dissertation, we first use a deterministic approach in the context of a medical
imaging application to reconstruct volumetric images of blood vessels while enforc-
ing sparsity in the edge domain. We then propose and investigate methods for the
statistical inference of complex-valued signals as well as techniques for volumetric

reconstruction using complex-valued synthetic aperture radar data.

This work is partially supported by NSF DMS grant #1912685, AFOSR grant #F9550-22-1-
0411, DOE ASCR grant #DE-ACO05-000R22725, DoD ONR MURI grant #N00014-20-1-2595, and
through Autonomy Technology Research Center by AFRL contract #FA 8650-18-2-1645.
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Chapter 1

Introduction

This dissertation is primarily concerned with deriving meaningful information from
so-calledinverse problems An inverse problem provides data regarding an unknown
guantity; the goal is then to solve for the unknown. In this work we are interested in
solutions to discrete computational and statistical inverse problems and their appli-
cations in science and engineering.

Let F be the eld of either the real or complex numbers. In its most general form,

an inverse problem can be described as nding given

y=f(x;"); (1.1)

wherey 2 F™ is the known data,x 2 F" is the unknown of interest,” 2 F¥ en-
compasses any unknown nuisance parameters, andF" K1 F™ is the relationship
between the data and the unknown.

We will be considering problems where the forward operatdr is a known linear

operatorA 2 F" ™. Hence we reformulate (1.1) as

y=Ax+"; (1.2)



1.1 Contributions Introduction

We will also assume thatx has some known structure, e.gx may have relatively
few large elements or edges. For additional background regarding discrete inverse

problems, see [60].

Section 1.1

Contributions

This dissertation details a new optical system for photoacoustic imaging and methods
for solving the resulting linear inverse problem. The work then expands on exist-
ing real-valued Bayesian inference techniques by adapting them to complex-valued
unknowns where sparsity is assumed in some transform domain of the magnitude.

Additionally, a new Bayesian method for 3D SAR imaging is implemented.

Section 1.2

Outline of Dissertation

In Chapter 2 we cover several preliminary ideas utilized in our work, including regu-
larization techniques, synthetic aperture radar (SAR) image formation, and Bayesian
inference. Chapter 3 details an optical system for capturing photoacoustic data and
a compressed sensing approach to reconstructing an initial 3D pressure distribution.
Chapter 4 and Chapter 5 present two approaches for generating samples of a complex-
valued posterior distribution given various prior information regarding sparsity. In
Chapter 4 we discuss an approach for dealing with one measurement vector, while
Chapter 5 considers multiple observations of the same scene of interest. Chapter 6
explores a technique for reconstructing 3D SAR images using a Bayesmaximum

a posteriori estimate that enforces two kinds of sparsity. We conclude in Chapter 7

by discussing the work accomplished as well as future work.



Chapter 2

Preliminaries

The research in this dissertation is motivated by solving inverse problems for synthetic
aperture radar (SAR). This chapter discusses the necessary preliminary information
needed to provide context for our contributions. We begin by discussing several
classical regularization techniques in Section 2.1, followed by an overview of statistical
inversion theory in Section 2.2. We conclude this chapter with an examination of SAR
image formation in Section 2.3. For our discussion of discrete inverse problems and
SAR, we follow the conventions of [60] and [66], respectively. For statistical inversion,

we draw primarily from [73].

Section 2.1
Regularization Techniques

The classic inverse problem (1.1) must meet three criteria to be considered well-posed

[60]. These conditions are:

~ A solution to the problem exists
" The solution is unique

" The problem isstable
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By stability, we mean that any perturbation in the datay leads to a comparable
change in the solutionx. When an inverse problem fails to be well-posed, it is often
useful to alter the problem in some way to make it well-posed while still providing an
adequate answer to the original problem. These alterations are calleshularization

methods.

2.1.1. Singular Value Decompaosition

Consider the forward model given in (1.2). Singular value decomposition (SVD) is a
powerful tool used to extract meaningful information from the matrixA and provides

the foundation for several inversion and regularization techniques [60, 73].

Theorem 2.1. Let A2 C™ " be of rank’. It is possible to decomposé into
A=USV;

whereU 2 C™ ™M js unitary, S 2 R™ " is rectangular diagonal with nonnegative

entries, andV 2 C" " is unitary.

Proof. By the spectral theorem [9], there exists unitaryv 2 C" " such that
V A AV = (2.1)

with
3

2
_ SD Og_

0 0

whereD 2 R is a diagonal matrix with positive entries. Clearly,”  min(m;n).
Consider the block partitionV = [V; V,], where the columns ofV; 2 C"  are the

" eigenvectors with positive eigenvalues and the columns \¢f are the eigenvectors

4



2.1 Regularization Techniques Preliminaries

with eigenvalue 0. Then we have from (2.1) that

2 3 2 3
V;AAV; V,AAV,; gD 0
- S

V,A AV, V,A AV, 0 0

Now, considerU; = AV;D 2. We have that
U,U; =D ¥V, A AV,D ¥ =D DD =

Thus, the columns ofU; are orthonormal. Hence, ifm = °, then U = U, is unitary.
Otherwise,m >, and there existsU, 2 C™ (™ ) sych that U = [U; U] is unitary.

Let S2 R™ " be such that
3
§9°" %
0O O

Therefore,

2 32 3

D2 0, V.
USV =[U; U]% £9"¢ = upy, = A
0 0 V,

]

The columns ofU are called theleft singular vectors the columns ofV are called
the right singular vectors and the diagonal elements of are the singular values
which we denote i, i =1;2;:::;min(m;n).

Several comments regarding), S, and V are in order. First, we order ; such

that j wheni j,and ;> Ofori=1;2:::;" where again" min(m;n).
We then have -;1; ; min(m:n) = 0. The columns ofU and V are the orthonormal
eigenvectors ofAA and A A, respectively. Lastly, 2,i =1;2;:::;", are the rst °

5
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eigenvalues oAA and A A.
Denote byu; and v; the ith column of U and V, respectively. Let us consider the

least squares solution to (1.2) withF = C, which is given by
X.s =argmin kAx  yki: (2.2)

Using the SVD and the fact that multiplying by unitary matrices preserves norms,

we nd that

X1s =argmin kU (USV x y)kg
X

=argminkSV x U yk3
X

2 32 3 2 3 ,
D¥ 074V U
= arg min 9 Eﬁ 1EX 9 1%y
x 0 0 V, U,
2
=argmin DV, x U,y 2 (2.3)

X

Thus we seekx such that (2.3) is minimized, which is true when

2 3 2 3
EWX% EUW: %
V. X u.y=
For eachj = 1;:::;", we then havev;x = u;y=;. Since the columns ol are

orthonormal, this implies that the least squares solution is given by

Xy

j=t

Xis = - (2.4)

The formulation in (2.4) o ers several key insights. Firstx is a linear combination
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of the vectorsv;, i = 1;:::; . We also observe that the least squares solution is not
unique whenA has a nontrivial null space. This can be seen by adding any multiple
ofvj,j = " +1;:::;n, to X s. Lastly, the weight of each vectorv; is inversely
proportional to the corresponding singular value. This means that in general the
terms of the summation in (2.4) become more sensitive to noise ynas the indexj
increase.

This insight then leads to what are calledspectral Itering methods where (2.4)
is reformulated as

xzx 'jﬁvj: (2.5)
j=t )
Here,' ; 2 [0; 1] are called thelter factors . One such method is the truncated singular
value decomposition (TSVD). In this technique, for some user-speci ed integkr< ",
"i=1fori kand';=0 otherwise. This gives the TSVD solutionxtsyp as
XTsvDp = X UJT__ij:
=1 !

Another regularization method based o of the SVD is the selective singular value

decomposition (SSVD). Similar to TSVD, the SSVD approach discards a portion of

the terms in the summation in (2.4). In SSVD, however, a threshold is set forju/ yj

where' ; =1if julyj> and'; =0 otherwise. Hence, the solutiorx ssyp is given
as
T
_ X oy
XssvD = —Vj:
juTyp !

Additional information regarding TSVD and SSVD can be found in [60, Chapter
4].
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2.1.2. Tikhonov Regularization

The condition number of a matrix A is de ned as
cond(A) = kAk AY ;

where AY is the Moore-Penrose psuedoinverse &f. When the condition number
of A is large, the least squares solutior s in (2.2) may not be stable, i.e. small
perturbations may have an outsized impact on the solution. One method to mitigate
the e ect of noise while still making full use of all singular vectors associated with
nonzero singular values is by using Tikhonov regularization. This approach recasts

the problem in (2.2) as
x =argminkAx yki+ 2kxk’; (2.6)
X

where > 0 is called theregularization parameter

Theorem 2.2. The Tikhonov regularization problem(2.6) has a unique solutiorx

given as
x =(AA+ 2, Ay: (2.7)

Proof. This proof is adapted from the real-valued analogue in [60, Chapter 4]. Let

z 2 C", z 6 0. BecauseA A is semi-positive de nite, we see that
z(AA+ 2)z=zAAz+ %2z ?zz>0:

Thus, (A A+ 2lI,) is positive de nite and its inverse exists. Therx is well-de ned.
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Consider the functional
F (x)= kKAx  yk+ 2kxk:
Let w 2 C". Using (2.7), we have then that

F(x +w)=kAx +Aw yki+ Zkx + wk’

Fx)+w(AA+ Zl)x  Ay)

+((AA+ 2)x  Ay)w+w (AA+ 2w

F(x)+w (AA+ 2Dw

F ()

with equality being achieved if and only ifw = 0. Thus, x given by (2.7) exists and

is the unique solution to (2.6). ]

Now, using the SVD ofA in (2.7), we have

x =(VSV + 2?l,) lvSuUy

V(S?+ ?l,) 'SUy

2'—_vj: (2.8)

Comparing (2.8) with (2.5), we see the solutior given by (2.7) is a spectral ltering

method with Iter factor
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2.1.3. ";-Regularization

Lastly, we turn our attention to ";-regularization problems. Like Tikhonov regulariza-
tion, ";-regularization takes the least squares problem in (2.2) and adds an additional
term weighted by a regularization parameter . Now, however, the extra term in-
cludes an’;-norm instead of an,-norm. Thus we have the ;-regulariation problem

as
x =argmin kAx yki+ kxkg; (2.9)
X

where > 0. This use of the ;-norm encourages the solutiox to be sparse

De nition 2.1. When a signalv 2 F" contains at mosts nonzero values, we say

that v is s-sparse

To get an intuitive sense of why (2.9) promotes sparsity, let us instead consider

the so-called o-\norm," * which for arbitrary vector v 2 F" is given as
kvk,= fv;:v;60;1 | ng: (2.10)

If we were to regularize (2.2) using k,, it is clear that the resulting problem would
promote sparsity due to the number of nonzero elements in the solution being pe-
nalized. The objective function, however, would be intractable in high dimensions
due to the nonlinearity of (2.10) and is indeed an NP-hard problem. Thus we choose
to use a surrogate in the form of the ;-norm, which has been shown to promote
sparsity similarly to regularization usingk k,. Note that nding the solution of (2.9)
often requires the use of iterative optimization algorithms, and the technique is not

a spectral Itering method since its solution does not follow the form of (2.5).

lWe note that the “p-\norm" (2.10) does not meet the de nition of a norm and is commonly
referred to as apsuedenorm.

10
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Regularization with the “;-norm is used extensively in compressive sensing, an
area of study which assumesg is sparse andn  n. It has been shown that when
these assumptions hold and obeys what is called theestricted isometry property
X can be recovered with certain theoretical guarantees [24, 26, 41]. The reader is

referred to [23] for a thorough discussion of this topic.

2.1.4. Regularization in Other Domains

The objective functions given by (2.6) and (2.9) both bias the solutiom in (1.2) to
have a smallg-norm, whereq = 2; 1 respectively. There are situations where this form
of regularization may be undesirable but wher& has other structural information
that is known a priori. For example, the gradient ofx may be sparse, ox may have
few values that deviate from some known valuey. In these cases, it is often bene cial

to employ a generalized regularization approach where the objective function is
Xso = argmin kAx  yki+ ( x): (2.11)
X

In (2.11), : F"! R is called theregularizer, and it is assumed that (x) should
be small. This work deals exclusively with linear regularizers enclosed within the 1-

or 2-norm, i.e.
Xso = argmin kAx  yk + akLX kg a=1;2 (2.12)

whereL 2 F "and > 0. Such methods promote small values ibx, and the level
of regularization is determined by the user-speci ed value. When Lx is expected

to be sparse, the 1-norm is often used.

11
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As an example, consider daty 2 R" formed using

y = ApurX + "5

wherex 2 R" is piecewise-constantA,,, 2 R" " is a full-rank Gaussian blur matrix,
and " 2 R" is Gaussian white noise. Figure 2.1 (a) shows the ground truth and
resulting data associated with this process. Deblurring is a notoriously ill-posed
inverse problem, so the least squares objective function (2.2) causes high frequency
terms to blow up in the solution. Taking L to be the rst order nite di erence
operator (also known as discrete total variation, or TV), we can use the objective

function (2.12) with either "; or “, norms to solve a well-posed version of the problem.

(a) (b)

Figure 2.1: Example of regularization using both the 1- and 2-norms. (a) details the
ground truth and blurred noisy data. (b) shows solutions obtained using (2.12) with
L as the TV operator.

Figure 2.1 (b) shows that sensible solutions can be recovered using (2.12) vgth
1lorq=2. The ", form of (2.12) recovers a smoother solution, whilg regularization
nds a solution that is truly sparse in the gradient domain. These phenomena are
commonly observed when using these two kinds of regularization, and the choice
of which regularization to use is heavily problem-dependent and relies anpriori
information of the unknown signal.

It is important to note that the choice of in (2.12) has a signi cant impact

12
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on the delity of the resulting reconstruction. We see in Figure 2.2 that changing
the choice of by an order of magnitude can have a drastic e ect on the recovered
signal. There are several methods for choosing such as using the L-curve criterion
and generalized cross-validation [60, Ch. 5]. Such methods are still prone to over- or

under-regularizing the solution, which is in part what motivates our research.

() (b)

Figure 2.2: Example of regularization using both the 1- and 2-norms using the data
in Figure 2.1. Di erent values of are tested in the objective function given by (2.12)
for (@) g=2 and (b) q=1.

Section 2.2
Statistical Inversion Theory

The following discussions on probability and Bayesian inference are adapted from

[21, 45, 73].

2.2.1. Probability

De ne the probability spaceas the triplet ( ; E; P). The abstract set is referred to
as thesample spaceThe -algebraE, called theevent spaceis a collection of subsets

of with properties

(@ 2E,

13
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(b) If A2 E,then A2 E,
(c) If A, A,, 2 E,then[L,;A 2E.
Lastly, P is a probability measuresatisfying
@ 0 PA) 1forA2E,
(b) P() =1,
. 1 P,
(c) If A;, Ay, 2 E aredisjoint, thenP ([ ., A)) = ., P(A):

We say that two eventsA;B 2 E are independentif p(A\ B) = p(A)p(B); that
is, the probability of A and B is the product of the probabilities of A and B. The
conditional probability of A givenB is p(AjB) = p(A\ B)=p(B). In what follows, we
assume thatE is the Borel algebra onR", n 2 N.

A random variableis a functionX : ! R" such that for every open seA R",
X 1(A) 2 E. This condition is expressed by saying thaX is a measurable function
A realization of X is x = X(!) for some! 2 . Note that although we de ne
random variables to be real-valued, complex-valued random variables can be de ned

such that the real and imaginary components are both real-valued random variables.

Consider the function x : R" ! [0;1] given as
x (A) = P(X *(A)):

Every random variable induces such a function, which is called th@obability distri-

bution of X. The distribution function F of a random variableX is

F(X)= P(X1  Xp;X2 X205 Xn Xp); X =(Xq;X250005Xn):

14
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With every probability distribution  x, there existsprobability density such that?

Z

x (A) = x(x)dx; A R"
A

Given two random variablesX 2 R" and Y 2 R™, the joint probability density x.y
is
Z Z
xy (A B)= xy (xX;y)dxdy; A R"B R™;
A B
and the marginal density of X is the probability of X whenY may have any value,
i.e.
Z
x (x) = xy (X;y)dy:

RmM

Similarly to how conditional probability was de ned for sets inE, the conditional

probability of X givenY =y is

XY (x;y):

) (2.13)

xjy (Xjy) =

This leads us then to the statement of Bayes' Theorem, which is the foundation for

our approach to statistical inverse problems.

Theorem 2.3 (Bayes' Theorem) Let X 2 R" andY 2 R™ be random variables with

respective realizationsx andy. Then, the following statement is true:

vix (YIX) x (X)
v(Y) .

xjv (Xjy) = (2.14)

Note that Theorem 2.3 follows directly from the de nition of conditional proba-

2Throughout this text, both  and f will be used interchangeably to refer to probability density
functions.

15
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bility (2.13). In (2.14), xjv is the posterior, yjx is the likelihood x is the prior,
and v is the evidence In practice, the evidence term y is commonly ignored, as
it acts as a normalizing constant and is presumed to be nonzero. Thus, we have the

proportional form of Bayes' Theorem

xiy (XIY) 1 vix (YiX) x (X); (2.15)

which states that the probability of x giveny is proportional to the probability of y

given x times the probability of x.

2.2.2. Bayesian Inference for Complex-Valued Variables

Consider the statistical linear forward problem given by

Y=AZ+E (2.16)

with random variablesY, E 2 C™ andZ 2 C", linear operatorA 2 C™ ", and where
Y, E, and Z have respective realizationy, ", and z. In (2.16), Y is the observable
data, Z is the unknown of interest,A de nes the relationship betweerZ and Y, and
E is noise. We will assume thaZ and E are mutually independent.

We are interested in nding the probability density of the random variable of
interest Z given the dataY. Using the proportional form of Bayes' Theorem (2.15),

we have

ziv(Zjy) I viz(yjz) z(2): (2.17)

Thus to nd the posterior density zjv, we must rst discuss the likelihood yj; and
the prior 7.

Given the relation in (2.16), we have that v;ze (yjz;")= (y Az "), where

16
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the Dirac delta function is de ned such that for any test functiong: C"! R,

Z
~ (g(x)dx = g(0):

C

The Dirac delta function can be considered as a probability density that equals zero
everywhere other than at the origin. In other words, ifZ = z and E = ", then
Y =y = Az + " with probability 1.

Suppose that the probability density function g for E is known. Then using the

law of total probability, we can rewrite the likelihood function vz (yjz) as

Z
viz(Yjz) = vize (Yiz;") gjz("jz)d"

ZR"

=y Az ") ()
Rm

= g(Az y):

From (2.17), we then have
ziv(ziy) I e(Az y) z(2): (2.18)

All that we need now is the prior density ;. This probability distribution encodes
a priori information regarding the unknownZ, which may take many forms. In some
cases, we may wish to promote sparsity in the unknowz or in some transform of
the unknown (Z). The use of a Laplace prior or a spike-and-slab prior would then
be bene cial [65]. We may also have prior knowledge of the structure @f, in which

case we may wish to utilize a Gaussian smoothness prior.

17
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2.2.3. Markov Chain Monte Carlo Methods

When zjy in (2.18) is not a distribution with a known sampling scheme, such as a

Gaussian or Gamma distribution, the question becomes how to explore the posterior
density to obtain useful information, such as point estimates and uncertainty quan-

ti cation. Markov Chain Monte Carlo (MCMC) methods are a well-known class of

methods for accomplishing this task.

Monte Carlo Integration. Let P denote a probability measure oveR", and let f
be a vector-valued measurable function ové®" with respecttoP, i.e.f 2 L1(P(dx)).
Now suppose that the objective is to calculate the integral df with respect to the

measureP. Using numerical quadrature methods, we de ne a set of support points

z X
f (x)P(dx) f(Xj)w;:
Rn j=1
In Monte Carlo integration, the support points x; are determined by drawing from
some probability density, and then the weightsy; are calculated using that same

distribution.

Supposex; are drawn from the distribution determined by the measuré itself.

approximate the integral off by the ergodic average

Z 1 A
f(OP@X) = EIF ()]
RN i=1

f(xj): (2.19)

An MCMC method generates a set of samples such that (2.19) holds.

18
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Probability Transition Kernels. Let B be the Borel sets oveR". Recall that
these are any sets ifR" that can be formed using the operations of countable union,
countable intersection, and complement. A mappin@ : R" B! [0;1] is called a

probability transition kernel if
" for eachB 2 B, the mappingx 7! P(x;B) is a measurable function, and
" for eachx 2 R", the mappingB 7! P(x;B) is a probability distribution.

An ordered setf X;g'.; of random variablesX; 2 R" is adiscrete time stochastic

process A stochastic process X gjlz1 with the properties

X (Bj+1jX1;::i5%5) = X1 (Bj+1jXj) = P(Xj;Bj+1) (2.20)

probability that Xj.; 2 Bj.; is the same as if we conditioned only on the immediate
previous stateX; = X;. A common way of stating this property is that \the future
depends on the past only through the present,” [73]. The second equality in (2.20) is
regarding time homogeneity in the sense that the probability distribution of the next
state based on the current state does not vary in time. To this end, notice tha&®
does not have a dependence g¢nt 1.

The transition kernel that propagatesk steps forward in time is de ned inductively

fork 2 as

Z

POMX;;Bj+i) = x,.,(BjskiXj) = P(Xj+k 1;Bjri)P® D(xjr0xjx 1)
Rn

Introducing the operator x, P, where x, denote the probability distribution of X,

19
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the probability distribution of X;.; is given as

Z

xja (Bj+1) = x;P(Bj+1) = RHP(XJ';BJ'H) x; (dx;):

A measure is aninvariant measure of P(X;; Bj.1) if

A transition kernel P is irreducible if for eachx 2 R" and B 2 B with (B) > 0,
there existsk 2 Z, such that P®(x;B) > 0. In other words, a transition kernelP
is irreducible if every set of positive measurB is visited with positive probability by
the Markov chain generated byP, regardless of starting pointx.

An irreducible kernel P is periodic if there is a set of disjoint nonempty sets

P(X;E(j+1) mod m)=1:

This means that a periodic irreducible kernel is one that generates a Markov chain
that will remain in an in nitely repeating loop. An aperiodic kernel is one that is not
periodic.

The following theorem is directly stated from [73]:

Theorem 2.4. Let be a probability measure irR" and f X;g a time-homogenous
Markov chain with a transition kernelP. Assume further that is an invariant
measure of the transition kerneP, and that P is irreducible and aperiodic. Then for

all x 2 R",

lim PM)(x;B)= (B) forall B 2B;

N1

20



2.2 Statistical Inversion Theory Preliminaries

and for all f 2 LY( (dx),

X £
NIl!gn N f(X;)= Rnf(x) (dx)
j=1

almost certainly.

Thus to explore a given probability distribution, we need to (1) construct an
aperiodic, invariant, and irreducible transition kernelP, and (2) draw a sequence of
sample pointsx 1;Xo;::: usingP.

In other words, we must derive a realization of the Markov chain. Two common
MCMC methods are the Metropolis-Hastings algorithm and the Gibbs sampler. As
Gibbs sampling is used in this dissertation, we brie y review it below. The reader
is referred to [21, 45, 73] for more information regarding the Metropolis-Hastings

algorithm.

The Gibbs Sampler. Let denote the target probability distribution in R", and
assume is absolutely continuous with respect to the Lebesgue measure such that

(dx) = (x)dx. As a consequence of Theorem 2.4, we require a transition kernel
P(x;B) such that is its invariant measure and that the resulting Gibbs Markov
chain is irreducible and aperiodic.

Let P denote a transition kernel given by

Z

P(x;B)= BK(X;)/)dyi (2.21)

We can think of K (x;y)dy as the probability of the move fromx to the in nitesimal
set dy at y. The condition P(x;R") =1 provides
Z
K(x;y)dy =1;

R
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which then implies
z
K(y;x) (y)dx = (y): (2.22)

R

In order for (x)dx to be an invariant measure o, we must have

Z

P(B)= (B)= ) (y)dy:

Since
Z Z Z Z
P (B)= K(x;y)dy  (x)dx = K(x;y) (x)dx dy
R" B B R"

for all B, it must be that

Z

i Kx;y) (x)dx = (y): (2.23)

R

Combining (2.22) with (2.23), we have the su cient condition

Z Z

nK(x;y) (x)dx = nK(y;X) (y)dx:

R R

This condition is called thebalance equationand it is de ned as follows:

De nition 2.2.  Given densitiesK (x;y) and (x), the balance equations the con-

dition that

Z Z

CKOGy) Ogax = K(y:x) (y)dx: (2.24)

R R

We now introduce some notation needed for our discussion of the Gibbs sampler.
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of the index set into disjoint nonempty subsets withk; = jI ;j such that[ L, 1; = 1.

We then partition R" as
R" = R Rém:

For any vectorx 2 R", we then rearrange the elements of such that

2 3

X

m

We use the negative subindex to indicate that the corresponding elements are

deleted from the vector, i.e.

= T T T T

m

With this notation in place, suppose we have some partitioning of the index set

| of R", and letx,y 2 R". We de ne a kernelK such that

yn
K(x;y)= Vi Yo in Yy oXija i Xy): (2.25)
j=1

This leads us to the following theorem:

Theorem 2.5. Consider the probability distribution in R" with probability density
function (x). If P is the transition kernel in (2.21), where K is given by (2.25),

then P satis es the balance equatior{2.24).
The reader is referred to [73, Chapter 3] for a proof of Theorem 2.5. Sinke
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satis es the balance equation, the transition kerneP(x; B) is an invariant measure
of

To satisfy Theorem 2.4, we still must show that the resulting Gibbs Markov chain
is both irreducible and aperiodic. For the chain to be irreducible, it is su cient for

the associated probability density to satisfy the positivity condition.

(X1;:::;%n), and let () denote the marginal density ofX;. If ()(x;) > 0 for every
i = 1;:::;n implies that (Xy;:::;%,) > 0, then is said to satisfy the positivity
condition.

In other words, the positivity condition implies that the support of is the same
as the Cartesian product of the support of each®, i = 1;:::;n. If (x) satis es
the positivity condition, then the resulting Gibbs Markov chain is irreducible [106,
Chapters 9 and 10].

To see how the Gibbs Markov chain is aperiodic, consider the staxe? of the
Markov chain. Since x® > 0, each xl(tj) xf?;:::;xftj) 1;xf?ﬂ;:::;xf2 > 0
state x (' with positive probability, implying that the chain is aperiodic.

A summary of how to perform the Gibbs sampler is given in Algorithm 1.

Algorithm 1 The Gibbs Sampler

K , and initial value x©.
Output Markov chain fx®gK_, .
for k=1:K do

Setx = x®,

for j =1: mdo

end for
Setx ) =y,
end for
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Section 2.3
Synthetic Aperture Radar Signal Processing

Synthetic aperture radar is a day and night, all-weather imaging modality capable
of providing high resolution images over large areas of interest. This dissertation
is concerned withspotlight-modesynthetic aperture radar, henceforth referred to as
SAR. The following description of the SAR signal processing problem is adapted from
[34, 66, 91, 109].

In SAR imaging, a platform takes a full or partial circular path around a scene of
interest, transmitting and receiving electromagnetic pulses as it does so. Denote by
and' the respective azimuth and depression viewing angles of the imaging platform.
Let the volumetric scene be described with view-independerty; z coordinates. De-
ne the view-dependent coordinate systenu;v;w to be such that the u-axis contains
the imaging platform and the scene center, the-axis is orthogonal to theu-axis and
is contained in thexy-plane, and thew-axis is normal to theuv-plane. A graphical
depiction of this setup can be seen in Figure 2.3.

Suppose that the radar attached to the imaging platform launches a linear FM

chirp waveform described by Re{(t)) [66], where

8
Sexpl((lot+ t2) jtj =2

s(t) = ; (2.26)
-80 else

¢ is the pulse duration, 2 is the FM chirp rate, and ! o is the center frequency.
Figure 2.4 demonstrates an example of a linear FM chirp.
Let g(x) = g(x;y;z) be the scene re ectivity function. Consider the interval
[ uj;uy] along theu-axis, whereu; 2 R, is the maximum slant range of any target

illuminated in the scene. Let ; be the patch propagation time which is the dier-
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Figure 2.3. The geometry of 3D SAR data collection.

Figure 2.4: Linear FM chirp.

ence in two-way propagation delay between a target closest to and farthest from the
imaging platform in the illuminated scene.
We approximate the signal propagation using a planar wavefront. At any given

time, what is transduced by a single received pulse is an integration of the scene
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re ectivity function g over the plane given by slant rangel. Thus we denep. as

the view-dependent projection function given as

zZ
p: (u)= g (x(u; v; w); y(u; v; w); z(u; v; w)) dvdw:

The chirp return echor . can be seen as a superposition of multiple delayed versions
of the chirp waveform, where the scaling of each version is proportional to the view-

dependent projection functionp. , i.e.

r. (t)= ARe p. (u)s t

ui

Z
" 2R+ du - (2.27)
c ’ '

where R is the distance from the origin to the imaging platform,c is the speed of

light, and A is a scaling factor. Note that (2.27) is only valid when

=+ 2> + = 2.2
o 5t5 t o > (2.28)
The inequalities in (2.28) indicate the time segment during which chirp returns from
all targets in the illumination patch exist simultaneously.

Rewriting (2.27) using (2.26) along with the relations

_ 2R _
0= and (U= — (2.29)
yields
Z,,
r. (t)= ARe p; (Wexpi ot o (U)+ (t o (u)® du
(2.30)

Deramp processing is used to deconvolve the chirp signg{t) from the chirp
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return echor . (t). This process begins withquadrature demodulation The rst step
in quadrature demodulation is to mix (multiply) r . (t) with delayed in-phase (real)
and quadrature (imaginary) versions ofs(t). Multiplying r . (t) with the in-phase

version ofs(t o), that is
Re(s(t o) =Re expi(lolt o)+ (t 0% =coslolt o+ (t 0)°;

produces thein-phaseterm of the mixer output as

A o
oy = ERe p. (u)exp i o2t (u) 2y)

ui
!

+ ((t P+t (u) 0¥ du

A £
+5Re  po(wexp i (W (W('o*2 (t o) du

ui

(2.31)

Observe that the rst term in (2.31) is centered on the frequency!2. This leads to
the second step of quadrature demodulation, which is to apply a low-pass lter to

r, to remove terms with large frequencies. The output of this Iter is then

7 !

ui

o = 5Re  po@exp i (W (@(o+2 (t o) du

u

(2.32)

We similarly obtain the quadrature termr .o by mixing r - with the quadrature

28



2.3 SAR Signal Processing Preliminaries

component ofs(t o) and ltering with a low-pass lIter:

7 !

uz

o M=5m  poew i (W @(e*2 ¢ o) du

(2.33)

Adding together the right-hand-sides of (2.32) and (2.33) yields the resulting signal

Zul
C: =5 pWew i (W @2 ¢ o) du (234

Uz

If we ignore the second-order term (u)? in (2.34) and apply the de nition of (u)

(2.29), we obtain

Z
% p. (uexp iu 2Aor2 o) g, (2.35)

C ;' =
Ui C

Notice the presence of the Fourier transform kernel expfuU) in the integrand in

(2.35), where

20 o+2 (t o).
. :

U=

Therefore, C . is the Fourier transform of the view-dependent projection function

p. evaluated over the limited range of spatial frequencies

y 2ot (o o)
C c

according to (2.28). We will make extensive use of this equivalence when we discuss

3D SAR imaging techniques in Chapter 6.
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Chapter 3

Sparsity-Based Reconstruction of

3D Photoacoustic Images

This chapter describes work that was published in [55] in th@ournal of Imaging

Section 3.1

Introduction

Photoacoustic (PA) imaging provides a method of in vivo non-invasive and high-
resolution molecular imaging at centimeter depth scales [84, 126, 129, 133]. In PA
imaging, biological tissue is irradiated by a pulsed laser. The absorption of the laser
by endogenous or exogenous chromophores induces a local increase in temperature,
which in turn causes a pressure rise through thermoelastic expansion of the tissue.
Ultrasound receivers placed at the surface of the tissue detect the resulting acoustic
waves. Images of the optical absorption can be reconstructed by solving acoustic
and optical inverse problems [37]. While high-speed data acquisition is possible with
PA imaging, the multichannel data acquisition systems that are available to record

this data are expensive [127]. The detection of PA signals is most commonly accom-
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plished using digital-to-analog converters recording the voltage connected to piezo-
electric transducers, which drastically increase the complexity of the imaging system
[71]. A well-established alternative to this is a method for optical interferometric de-
tection which utilizes a Fabry{Rerot etalon (FPE) [12, 63, 137]. The FPE exploits the
resonant interference of an interrogating continuous wave laser between two re ecting
surfaces to provide both sensitive detection and large acoustic bandwidth.

A major limitation to using a FPE for PA signal detection, however, is that
detection is performed only at a single point on the etalon. In practice, the detection
laser must be raster scanned along the surface of the etalon to acquire a volumetric
image of the tissue. Thus, the PA signal generating laser must be shot for each position
in the raster scan to produce the photoacoustic signal, making the temporal resolution
highly dependent on the pulse repetition rate of the laser. This dependence makes
the imaging system prone to motion artifacts and unable to capture fast dynamic
processes.

In order to improve the temporal resolution of the imaging system, recent work
has been done in which a FPE was imaged onto a scrambled Hadamard pattern over
multiple sequential measurements [62, 77]. Though the main features of imaging
phantoms used were successfully recovered at compression rates as low as 10%, mul-
tiple acquisitions of data were necessary, and thus the total data acquisition time was
still much longer than pulse repetition rate of the laser.

Here, FPE-based PA image detection is combined with compressed ultrafast pho-
tography to further improve the temporal resolution. Compressed ultrafast photog-
raphy applies core compressed sensing principles to acquire a sequence of images at
a high rate using a single exposure of a camera [103]. In the original work, a random
binary mask is applied to the image, and a streak camera is then used to scan the

image quickly across a sensor [46]. The mask in conjunction with the streak camera
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provide enough structure such that the original time-resolved image sequence can be
reconstructed. This has enabled reconstruction of 980-frame videos with framerates
achieving 7 10* frames per second [128]. In applications that do not require such
extreme framerates, the streak camera can be replaced with a low-cost galvanometer
to achieve the spatial shifting of the image [78].

In this work, we design and simulate an optical system that is capable of acquiring
the interference pattern of the entire FPE with a sampling rate of greater than 12
MHz. This optical system utilizes a digital micromirror device to apply a binary mask
to the interference pattern of the FPE. The resulting masked image is then rapidly
swept across an imaging sensor with a galvanometer, thus encoding time information
in the spatial domain. Finally, the PA image is reconstructed using a compressive
sensing approach that iteratively solves a convex optimization problem speci cally
designed for problems where data are under-sampled and the true solution has sparse
representation in some related domain (e.g., the gradient domain).

The rest of this chapter is organized as follows: In Section 3.2, we describe the
problem and provide the background in compressed sensing needed in our new ap-
proach. The results of the simulations are presented in Section 3.3, with a discussion

of these ndings and some concluding remarks in Section 3.4.

Section 3.2
Methods

3.2.1. Optical Setup

The proposed optical system is depicted in Figure 3.1. A pulsed laser is applied to
the tissue of interest. Optical absorbers in the tissue then convert the optical energy
to heat, inducing a thermoelastic expansion of the surrounding tissue. The expansion

generates broadband ultrasound waves, which are detected at the surface of the tissue
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with a FPE. This interaction of the PA waves with the surface of the FPE results in
modulation of the re ected interrogating continuous-wave (CW) laser beam on the
opposite side of the FPE. The linear polarizer and quarter wave plates allow for the
directed ow of the light through the polarized beam splitters.

The modulated CW laser beam is then imaged onto a digital micromirror device
(DMD) via a 4-f optical system, which consists of two lenses spaced by twice their
focal length. The DMD consists of a two-dimensional array of mirrors that will either
re ect the light along the optical path or de ect it away from it, resulting in a binary
mask on the FPE. A second 4-f optical system then images the DMD directly onto
an imaging sensor array. A galvanometer is placed in the Fourier plane of the second
4-f system, which rapidly sweeps the image of the masked FPE across the camera

during a single exposure.

Figure 3.1:. The proposed optical system. SMF = single-mode ber, Ol = optical
isolator, COL = collimator, PBS = polarized beam splitter, /4 = quarter wave
plate, L = lens, CAM = camera, DMD = digital micromirror device, LP = linear
polarizer, FPE = Fabry{Rerot etalon.

3.2.2. Continuous Model

We now seek to build a forward model that transforms a given initial pressure distri-

bution (IPD) to a camera image based on the proposed optical system. last 2 R*.
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The function P(x;y;z;t)isdened on [0;d] [0;d] [0;d] [O; ]to be the pressure
distribution at ( x;y;z) at time t. The IPD is then Py := P(X;y; z;0). Acoustic waves

then propagate outwards in a manner determined by the governing equations

@y 1

@t = —OI‘ P
%t = of H
P = &:

Heret is the acoustic particle velocity, is the density, o is the density in the absence
of acoustic waves, and is the isentropic sound speed [101].

The FPE is placed on thexy-plane and encodes the pressure daf(x;y; 0O;t).
We next de ne the binary maskM  R2. The interaction of the light from the FPE

with the DMD can be characterized as

8
EF’(x;y; Ot) if(x;y)2M
Pum (X y;t) = 5 (3.1)
-0 else.

The data then undergoes a shearing operation from the motion of the galvanometer,

leading to

Ps(x;y;t) = Pu(x  ty;t); (3.2)

where it is assumed that the galvanometer sweeps with a constant speed 0, where
is determined by the physical limitations of the galvanometer and the focal length
of the lenses in the second 4-f system.
Lastly, Ps undergoes a temporal integration operation as it is swept across the

camera sensor for an exposure time equal to the acoustic wave propagation time
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yielding the camera image

Z Y4

E(x;y) = ) Ps(x;y;t)dt = i Pu(x  ty;t)dt (3.3)

where Py, (X;y;t) is given in (3.1). This describes the full continuous forward model.

3.2.3. Discrete Model

We now move to discretize (3.3) to enable solving the inverse problem. First, the IPD
is discretized into a uniform three-dimensional computational grid of siz¢ N N
for a given choice oN 2 Z. The dimension of each voxel istheh h hwhereh = Ni
The grid elements are then rearranged to form a single vectarof length N 3. Next,
we model the propagation of the acoustic waves through body tissue over time using
the k-Wave simulation toolbox in MATLAB [122]. The propagation is also temporally
discretized with time steps t determined by the Courant{Friedrichs{Lewy condition,
which is dependent onc, and h. The total number of time stepsT 2 Z is then
calculated asT = b—c. The acoustic waves are observed by the FPE located at the
base of the computational grid at each time step. This transformation from the IPD
to the sequence off images of size&N N detected by the FPE can be modeled by
the N2T N3 matrix K, which is constructed by simulating the FPE output for each
of the standard basis vectors iRN’.

The binary maskM used in (3.1) is now discretized to fornM © and is de ned as

8
21 if (ih:jh)2 M
MO = cobj =1;0t0N: (3.4)
1) S
~ 0 else,

The diagonal matrixM 2 RN*T N*T js subsequently formed by reshapiniy %into an

N2 1vectorandinserting itintoM such thatM.iyzj«inz= MY forj =1;:::;N?
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andi=1;:::;(T 1).

The shearing operation is then applied, which we write as matri$, where the
sequence of images is shifted (spatially) along theaxis as a function of time. Since
the shearing speed has, in practice, a signi cantly greater magnitude thant, down-
sampling is also performed during this step. This is accomplished by calculating the
downsize factors = — . For every s entries, all but one entry is discarded so that
Sisamatrixofsize T +N 1N I N2T.

Lastly, the light intensity incident to each pixel is summed over time using a left
Riemannsumbythe - +N 1 N = +N 1 N I matrix I, resulting in
the camera imagev. Sincel, S, M, and K are matrices, the full forward model can

thus be represented as

w=Av+e (3.5)

where A = ISMK , w is a vector of lengthNL, and e is a vector of additive white
Gaussian noise with mean zero and covariance matiix, 2. Although the matrices
I, S, and K are not analytically constructed, one can explicitly formA, as will be
described in Section 3.2.5. The parametdr is determined by the angular velocity
of the galvanometer, and with a constant angular velocity, we have from above that

L= % + N 1. Figure 3.2 indicates how each component éf a ects the image.
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Figure 3.2: A pictorial representation of the imaging process as individual forward
operations.

3.2.4. Image Reconstruction Via Compressed Sensing

To reconstruct the IPD, we utilize ideas and algorithms from compressed sensing,
which is based on the key notion that a sparse signal can be reconstructed with
relatively few measurements. Following the seminal work in [24, 41], many investi-
gations have centered around compressed sensing algorithms { sometimes with the
goal of generally improving the methodology, e.g., its e ciency, robustness, and ac-
curacy, and in other cases to use the method for a particular application of interest.
For example, compressed sensing has been extensively used in the area of PA image
reconstruction [7, 14, 58, 59].

Compressed sensing requires that the image satisfy certain sparsity and incoher-
ence constraints [75]. They are (i) the image should contain only a few nonzero values
in some domain, known as the sparse domain, and (ii) the image acquisition domain
should not be coherent with the sparse domain, i.e. the rows of the measurement

matrix are not correlated with the columns of the sparsifying matrix. The origi-
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nal image can then be accurately reconstructed from under-sampled data using an
iterative method that utilizes a data delity term and includes a sparsity constraint.

As we are attempting to reconstruct a vector of lengtiN® with one of length
NL, whereL < N 2, this inverse problem is under-determined. Note that in prac-
tice, L N2, so the compression ratio is quite high. In this work, we arrive at
the L=N? ratio of 1634096 25. We will address this issue using a compressive
sensing approach, which, as noted above, requires that the IPD is sparse in some
domain. Since it is anticipated that real-world applications will consider IPDs that
are approximately piecewise-constant, the sparsity-enforcing regularization term is
chosen as the isotropic discrete total variation (TV) operator. This leads us to the

convex optimization problem

Vv = arg min Ly wks +  (~v); (3.6)

v 0 2

where A is described in (3.5), is the regularization parameter, and the problem is
augmented by the physical constrain 0.

Many algorithms have been developed to numerically solve (3.6), and there have
also been numerous investigations into parameter selection [42]. For the simulations
we employ the Two-Step Iterative Shrinkage/Thresholding (TwIST) algorithm to
recoverv in (3.6) [15]. This method brings together the high denoising capabilities
of iterative shrinkage/thresholding (IST) and the e ciency for dealing with ill-posed
problems of iterative reweighted shrinkage (IRS) algorithms. IST has good denoising
properties, while IRS is good at handling ill-posed problems, and TwIST aims at
keeping both these advantages. Since the IPD is expected to be nonnegative, we have
modi ed TwIST such that after each iteration, all negative values are set to zero.
This modi cation is not trivial, and further investigation is needed to quantify the

stability and accuracy of this revised method. The unmodi ed TwIST algorithm is
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commonly used in related applications [77, 114].

To compensate for the nite resolution e ects and aliasing arising from discretiza-
tion of the k-Wave simulation, reconstructed IPD is normalized prior to quantitative
comparison. We acknowledge that this is not necessarily the best way to treat the er-
ror, but the approach is e ective in our experiments. More extensive study is required
to identify a better mitigating technique. The two main criteria used to quantify the
success of the reconstruction are mean square error (MSE) and multi-scale structural
similarity (MS-SSIM) index. The MS-SSIM index incorporates image details at dif-
ferent resolutions to provide an image quality assessment based on the human visual
system [130]. For MSE, a smaller number indicates less error, while MS-SSIM is

between 1 and 1, with 1 indicating a perfect reconstruction.

3.2.5. Simulation Setup and Analysis

In addition to the parameters de ned previously, there are several other important
parameters to discuss for the simulations. The size of the computational grid for the
k-Wave simulation isN. > N , where we apply a perfectly matched layer absorbing
boundary condition to the edges of the computational grid. The layer occupies a strip
of sizeN_ grid points around the outer perimeter of the computational domain. The
speed of sound in the medium containing the IPD is;, the length of each voxel id,
and the center frequency i .

We now describe how the resulting image is computed from the optical setup
given an IPD. An N2 computational grid is created on which to run the k-Wave
simulation. The FPE is incorporated as aN? sensor placed parallel to the xy-plane
in the extended computational grid with corner at fe-t + 1; NN+ 1; RN+ 1),
The speed of sound is de ned corresponding to the average speed of sound in human
tissue [83]. The sensor data is stored in N T array, and we proceed as

described in 3.2.4. The parameters chosen for the simulations are de ned in Table
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3.1.
Parameter Description Value
N length of IPD grid [pixels] 64
N¢ length of computational grid [pixels] 96
N width of boundary condition layer [pixels] 15
Cs speed of sound in the medium [m/s] 1540
h pixel width [ m] 122
f center frequency [MHz] 5
T total time steps 400
t time step size [ns] 24
[pixels-widths/s] 12
S downsize factor 4

Table 3.1: The parameters used in our simulations and their associated values.

To test our new method we will consider (1) the base case cylinder IPD, (2) the
base case cylinder IPD rotated so that its axis is parallel to the-axis, and (3) a vessel-
like IPD with ten total vessels. The rotated cylinder is included to analyze how the
orientation of the cylinder relative to the direction of shearing a ects reconstruction.
In our simulations, the direction of shearing is parallel to thex-axis. In this analysis,
the probability that a given pixel, m, in the mask is set to one is varied. For this

purpose we de ne

p=Prob(m=1): (3.7)

The cylinder is passed through the forward model and then added noise to the nal
image before attempting reconstruction. The regularization parameter in (3.6) was

chosenas =2:5 10 3, which was optimized heuristically for the no noise case. The
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reconstruction is performed for various levels of signal-to-noise ratio (SNR), which is

de ned as

SNR =20log,, — dB; (3.8)

where is the mean of the signal strength in its area of support and is the standard
deviation of the noise present. Note that is approximated over the inferred region

of support of the image.

Section 3.3
Numerical Results

3.3.1. Baseline Test

As a baseline test, and to demonstrate that our methods perform as expected, Figure 3.3
displays the reconstruction of an IPD of a single impulse; that is, it contains all zeros
except for a single voxel that is set to a value of one. Since the mat#xis constructed

by passing each basis vector through the forward model, this is a good test to see if
the reconstruction algorithm is working as expected. We see in Figure 3.3 that, as
predicted, the reconstruction of the single impulse is spread across neighboring pixels

with a peak at the true impulse pixel.

3.3.2. Simulated Experiments

Having established our method performs as expected in the simple impulse case,
we now consider two primary types of more realistic IPDs, namely cylindrical IPDs
and vessel-like IPDs, each of which has binary-valued voxels representing either the
presence or lack thereof of an initial acoustic impulse response.

For the base case of the cylindrical IPDs, shown in Figure 3.4a, a solid cylinder

with a radius of six voxels, including the center voxel, and with axis parallel to the y-
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axis and centered on the xz-plane is used. The vessel-like IPDs, an example of which
is displayed in Figure 3.4b, are constructed with a more random behavior meant to
simulate the structure of blood vessels in tissue, including growing and shrinking as
well as branching vessels.

In our experiments, we used Gaussian noise with mean zero and variance depen-
dent on the desired SNR parameter given by (3.8). For each value of SNR examined,
the image reconstruction was performed ve times (after adding noise as described in
Section 3.2). The average value of MS-SSIM and MSE over those ve trials was then
computed. Shown in Figure 3.5 are the MSE and MS-SSIM results for the recon-
struction of the cylinder IPD parallel to the y-axis, the cylinder IPD parallel to the
x-axis, and the vessel IPD, all for di erent values op in (3.7), as well as one using
the normalized time reversal reconstruction included with the k-Wave toolbox. The
k-Wave reconstruction is performed without compression on the data acquired from
the FPE with the appropriate noise added. For SNR greater than 0 dB, we observe
that our method performs consistently better than the k-Wave reconstruction for p
values between @ and Q9, and the accuracy of the reconstruction tends to increase

faster with our method than with the k-Wave reconstruction as the SNR increases.
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Figure 3.3: @) A cross-section of the ground truth impulse IPD and l§{d) cross-
sections orthogonal to they-, x-, and z-axes, respectively, of a no-noise reconstruction
of the impulse IPD. Here we use regularization parameter=2:5 10 “in (3.6).

Figure 3.4: @) The base case cylindrical IPD andlf) an example of a vessel-like
IPD.
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Figure 3.5: Average MS-SSIM &) and average MSE §p) of a cylinder IPD with a
radius of six perpendicular to the direction of shearing. Average MS-SSIM)(and
average MSE () of a cylinder IPD with a radius of 6 h parallel to the direction of
shearing. Average MS-SSIMg) and average MSE {) of a vessel IPD with ten vessels
present. Each point is averaged over ve trials for each SNR value considered and is
plotted against the SNR value used to calculate the additive Gaussian noise.

We now examine the e ects of varying cylinder size on the reconstruction using
the base case cylindrical IPD. We use SNR 27 dB and examine the reconstruction
using di erent values for the radius of the cylinder, including the center voxel, in the
cylindrical IPD. The results displayed in Figure 3.5 show comparable performance
for p values between @2 and Q8 in (3.7). The value ofp = 0:3 was selected for all
subsequent analyses. Figure 3.6 displays the MSE and MS-SSIM results.

We next examine the e ect of increased complexity on the reconstruction. The
amount of noise is xed so that SNR 25 dB. Using the vessel-like IPDs, the recon-
struction is attempted for an increasing number of vessels. These results are displayed
in Figure 3.7.

An important consideration in these reconstructions is the choice of regularization
parameter, in (3.6). While the optimal regularization parameter is a function of

the noise present in the system, it is desirable for the method to be robust in terms of
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choice of regularization parameter. Figure 3.8 displays results for the reconstruction
of a cylinder orthogonal to the direction of shearing and of a vessel-like IPD with ten
vessels present for a range of regularization parametersn (3.6). Observe that our
method performs consistently for the same choice of regularization parameter across
various noise levels for both the MS-SSIM and MSE metrics. Figure 3.8 (right) also
demonstrates that the method is robust with respect to the choice of regularization
parameter for the vessel-like IPD reconstruction. On the other hand, the large jump
displayed in Figure 3.8 (left) shows that the method is not as robust with respect to
the choice of the regularization parameter for the single-cylinder case. We speculate
that this might be due to the fact that most of the true underlying image has zero
value, making it di cult to tune the regularization parameter. We do not see this
lack of robustness as a practical issue, however, since real-world applications more
closely resemble the multiple vessel case. This issue will be investigated in future

work.
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Figure 3.6: Average MSE ¢) and average MS-SSIMI§) of the reconstructed cylinder
IPD with varying radius, averaged over ve trials for each radius value considered.
A cross section of the ground truth cylinder with radius of ve €), ten (d) and
fteen ( e) voxel widths and a cross section of the reconstruction of the same cylinder,
respectively, f{h). Each cylinder considered is orthogonal to the&z-plane.
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Figure 3.7: Average MSE &) and average MS-SSIMI) of the reconstructed vessel
IPDs with a varying number of vessels present, averaged over twenty IPDs for each
number of vessels considered. Ground truth projection onto the xy-plane of a four
vessel IPD €), eight vessel IPD @), and twelve vessel IPD €), and the reconstruction

of the same IPDs, respectively,f{h). In images {h), hue represents depth in the
z-dimension, with the colorbar indicating pixel lengths away from the FPE, while
intensity is proportional the value of the voxels after being thresholded at 0.15.
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Figure 3.8: Average MSE ) and average MS-SSIMI{) of the reconstructed cylinder
IPD as well as average MSEd) and average MS-SSIM () of the reconstructed
vessel-like IPD, averaged over ve trials for each value of the regularization parameter
considered. Low, medium, and high values of SNR are considered for comparison.

Section 3.4
Discussion and Conclusions

In this paper, we modeled a new method for compressed single-shot PA image re-
construction using various types of DMDs to encode temporal information, and then
demonstrated through simulated experiments that our approach is capable of accu-
rately reconstructing a variety of IPDs. Moreover, it is robust in the presence of
additive Gaussian white noise. We note that while the IPDs modeled here are piece-
wise constant, the k-Wave toolbox uses methods best-suited for smooth IPDs. We
do not anticipate this presenting issues in real-world applications, since the physical
process will not experience the aliasing that is observed with the k-Wave simulations.

Figure 3.5 demonstrates that for a range of probabilities that a given pixel in the
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binary mask is turned on, i.e., @ p 0.8, the performance of our method is
consistently better than the k-Wave reconstruction whenever SNR 0 dB. This is

a signi cant improvement given that the k-Wave reconstruction is done with the full
time-series data and that our method experiences approximately 25-fold compression.
While the random construction of the mask was e ective in the simulations, there
may be other ways to construct the mask leading to more accurate reconstructions
in some cases. This will be the subject of future work.

Figures 3.6 and 3.7 demonstrate the e ectiveness of the reconstruction as the
number of nonzero values increases in the system, and we note that we are able to
achieve accurate reconstructions in the presence of both large and complex vessel
systems.

In future investigations we will assemble the optical system and employ the meth-
ods and techniques discussed here to reconstruct phantoms using images generated by
the physical forward model. In the construction and implementation of the physical
optical system, there are several considerations regarding the continuous wave laser
for which to account. In the simulations considered here, the sample was assumed to
be under uniform illumination by the laser, while the real system will likely experience
a more Gaussian-type illumination. A correction to the forward model would then
be needed for spatially varying beam intensity. In addition, the FPE cavity must be
tuned to match the wavelength of the continuous wave laser. Nanoscopic variations in
cavity thickness could prove detrimental to the sensitivity of the system. Finally, the
imaging sensor must be selected to have adequate sensitivity to the continuous wave
laser wavelength. As the sweeping speed is increased to reach adequate sampling in
time, fewer photons are incident on each camera pixel. Thus, MHz sampling rates

may require a sensitive camera and relatively high-power laser.
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Chapter 4

Complex-Valued Bayesian LASSO

Section 4.1
Introduction

Recovering complex-valued images or signalsom noisy and/or under-sampled data
is important in coherent imaging applications such as synthetic aperture radar (SAR)
[32, 66], ultrasound [135], and digital holography [134]. The problem is often modeled

as

y=Fz+": (4.2)

Herez =g € 2 C"with indicating componentwise multiplication is the unknown
signal of interest decomposed into magnitudg 2 (R*)" and phase 2 [ ; )",
y 2 C™ represents the observable datal- 2 C™ " is the known forward linear

operator, and" 2 C™ is centered Gaussian noise with covariancél , and probability

IWe use the terms image and signal interchangeably throughout this chapter.
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density

1 1
fe(")= ———exp k'K

Many techniques seek to exclusively recover the magnitudg that is, without
considering the phase , and as such are designed to promote sparsity gnor in some
known transformation ofg (e.g., its gradient) [81, 107]. However phase information
is also useful for some applications, including coherent change detection [10, 66, 95,
125], high-resolution imaging [121], and interferometry [51, 66]. In this regard, some
methods have been developed to recover point estimates of complex-valued signals
to promote sparsity of g or of some transformation ofg to a sparse domain, see
e.g. [30, 56, 104, 110, 136].

More recent approaches have incorporated uncertainty quanti cation (UQ) into
complex-valued signal recovery methods (see e.qg. [35, 36, 43]), thereby providing useful
information for real-time decision making. These methods are generally designed to
incorporate prior sparse knowledge of the magnitude or some linear transform of the
magnitude of the signal into the recovery of the posterior. In the case where sparsity
is in some linear transform of the magnitude, however, these methods do noter
information regarding the phase. Instead the phase is approximated as part of an
optimization step, limiting the uncertainty information available.

The method developed in this investigation addresses some of these issues and
brings a more comprehensive approach to recovering complex-valued images. Speci -
cally, we build on theBayesian LASSO(least absolute shrinkage and selection opera-
tor) technique [99], which was originally designed to recover spansal-valued signals.
While other inference methods, such as generalized sparse Bayesian learning [53], re-
cover uncertainty information for the signal itself, the Bayesian LASSO method also

provides UQ for hyperparameters that describe the structure and overall sparsity of
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the image. The idea in Bayesian LASSO is to recast thg-regularized optimiza-
tion problem (commonly employed in compressed sensing applications [28, 41]) in a
Bayesian framework by treating both the data and the unknown signal as random

variables, yielding the linear system
Y=FX+E (4.2)

The forward operatorF 2 R™ " is known, andX 2 R", E;Y 2 R™ are random

variables with respective realizationsx, ", y = Fx + ". An estimate of the full
posterior density function of the real-valued signal can then be recovered using Bayes'

theorem, expressed as

Fxiy (XIY) 1 Fyix (yix)Ex; (xj)F (): (4.3)

Herefyjx (yjx) is the likelihood density function determined byF and assumptions
onE, fx; (xj ) is the prior density function that encodes a priori assumptions about
the unknown, andf ( ) is the hyperprior density function on the scale parameter of
the prior density. For example, for sparsifying transform matrix. 2 R ", fx; (xj )

may be de ned as the product of Laplace probability densities yielding

. 1 1.
fx; (xj )/ —exp —jLixj ; (4.4)

Our new method extends the Bayesian LASSO technique tmmplexvalued sig-
nals whose magnitude is sparse in some domain by treatigg z, and " in (4.1) as

realizations of respective random variable¥, Z, and E, leading to the probabilistic
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forward model

Y=FZ+E (4.5)

The corresponding estimate of the full posterior density function of the complex-

valued signal can then be recovered according to

fziv (zjy) | fyiz (yiz)fz (2] )f (); (4.6)

where similarly fvjz (yjz) is the likelihood density function determined byF and
assumptions orE, fz; (zj ) is the prior density function encoding a priori assumptions
about the unknown, andf () is the hyperprior density function on , the scale
parameter of the prior density. We call our resulting method the complex-valued
Bayesian LASSO (CVBL). As a primary bene t, the CVBL allows us to fully exploit
the sparsity of the underlying complex-valued signal in the recovery without sacri cing
the phase, all while quantifying the uncertainty regarding the entire complex-valued

signal and the hyperparameters that describe its structure and sparsity.

Our contribution

Given noisy indirect observable data, we introduce a new Bayesian model that uses
priori assumptions regarding the magnitude of the underlying complex-valued image
of interest to recover its posterior distribution as well as to quantify the uncertainty
for both the magnitude and the phase of the unknown signal. Adapting the Bayesian
LASSO approach allows us to develop e cient sampling techniques to simulate ran-

dom draws from these resulting posterior distributions.
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Chapter organization

The rest of this paper is organized as follows. Section 4.2 details the construction of
the likelihood, prior, and hyperprior densities for our method. Section 4.3 discusses
the real-valued Bayesian LASSO approach for sparse signal recovery, which we then
expand to include recovery of signals that are sparse in some transform domain.
The correspondingcomplex-valuedBayesian LASSO is then proposed in Section 4.4.
Numerical experiments in Section 4.5 consider di erent forward operatofs in (4.1)

as well as various signal to noise (SNR) values, demonstrating our method's utility
and robustness to noise. We also compare our results to those obtained using the
more classical LASSO maximum a posteriori (MAP) estimate approach [119]. We

provide some concluding remarks and ideas for future work in Section 4.6.

Section 4.2
Bayesian Formulation

Since (4.1) is easily understood for one-dimensional problems, we develop our method
for z 2 C" and note that higher-dimensional signals can be readily vectorized to t
this form. Section 4.5 includes both one and two-dimensional examples. Below we
collect the ingredients needed for our new method, including a description of the
likelihood density function in Section 4.2.1, the construction of sparsity-promoting
priors in Section 4.2.2, and a review of commonly used sparsifying transform operators

in Section 4.2.3.

4.2.1. The likelihood

The likelihood density function fvjz (yjz) in (4.6) is determined from the density
function of the noise present in the system. Following [99] and adjusting accordingly

for the complex-valued signal case, here we assume tlafollows a central complex
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normal distribution with covariance 2l.,, yielding

1 1
fe(")= CN(O; 2Im)= ———exp —K'k :
The law of total probability provides that
z
fviz(yiz)=  fyizelyiz;")fe(")d": (4.7)
Cm
When conditioned onz = Z and " = E, (4.5) implies that Y is entirely determined
according to the density function
fvizelyizi")= (y Fz ") (4.8)

Combining (4.7) and (4.8), the likelihood density function is therefore

Z
1 n n " 1 1
fviz (viz) = (y Fz "fe()d" =fely Fz)= 5 exp Sky Fzk; :

C
(4.9)

Remark 4.1 We note that an improper hyperprior was placed on 2 in [99]. For

simplicity here we assume that 2 is either explicitly known or easily estimated. In
general, ? may be provideda priori when the errors present in the forward model
are well understood. In other situations, an estimate of2 may be acquired when an
area of low intensity inZ is known or when multiple measurement vectors (MMV)

are available, see e.g. [64, 108, 138].

4.2.2. The prior density function

A primary goal for our new method is to ensure that the prior density function used in
(4.6) enables e cient computation for the complex-valued Bayesian LASSO (CVBL).

In this regard we assume that either the magnitude or some linear transform of the
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magnitude of the unknown signal is sparse.

Sparse magnitude. Let Z be decomposed aZ = A + iB, whereA 2 R" and
B 2 R" are mutually independent with respective realizations and b. When jZj is
sparse we can simply adapt the approach from [138] used for real-valued signals and

de ne the conditional prior density function as

. . 1 X9
fi (2] )= fam (@ibi )= Gpexp = &+ o (410)
j=1
where 2 R* is a random variable with realization .
Sparse transform of magnitude. When the magnitude is presumed sparse in a

domain other than the imaging domain, we rst reformulate the model as

Y=FZ+E=F G € +E (4.11)

HereZ = G € ,whereG 2R} and 2 [ ; )" with Gand assumed to be
mutually independent. The componentwise decomposition @ allows us to rewrite

the likelihood and prior density functions in (4.9) respectively as

| 1 1 . | .
fye (Vig; )= ——exp Sy F g €& 5 fz(zj)="fg(@)f ()

Let L 2 R " be the rankn operator that transforms G to the sparse domairt.

Denoting 1r- as the indicator function for positive real vectors, the conditional prior

2The rank n requirement is needed for the particular computational implementation in Algorithm
2 and Algorithm 5. A rank de cient sparse transform operator is commonly augmented by imposing
boundary constraints [74].
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probability density for G is then

) 1 1
foj(gj )/ WeXp —kLgk; 1rn(9); (4.12)

where again 2 R. is a random variable with realization .
As there is often no prior information regarding the phase in coherent imaging

systems, it is reasonable to impose the uniform prior as

1

() (4.13)
wherel; . )» denotes the indicator function for vectors whose elements are in| ).

The hyperprior.  There are, of course, various options for the hyperprior on in
(4.10) and (4.12). In some cases it may be appropriate to simply use the delta density

function
fC)y= 0 ™ (4.14)

with point estimate ~ for . Such an estimate may be available when considering
signals whose sparsity is known or well-approximated, see e.g. [108, 138]. Here we
follow the original Bayesian LASSO method [99] and place a gamma hyperprior on

2 in order to maintain conjugacy, yielding the probability density functior?

f 2 )= (—rr)( 2" lexp 2. r>0 >0 (4.15)

Note that choosingshapeparameterr 1 ensures that the mode of :( ?2)is zero

while also encouraging sparsity in the solution. Furthermore, havingite parameter

3See discussion surrounding (4.21) for explanation regarding using 2 in place of in (4.3).
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1 givesf :( 2) a fatter tail, making the hyperprior relatively uninformative.
To encourage sparsity while still allowing for small values of 2, unless otherwise

noted our numerical experiments use hyperparameters

r=1; =10 3 (4.16)

with no additional tuning.

4.2.3. The sparsifying transform operator

This investigation assumes that the underlying signal is either sparse or that its mag-
nitude is piecewise constant, in which case the rst order di erencing (TV) operator
is well suited to suppress variation and noise in smooth regions. The numerical exper-
iment in Subsection 4.5.3 veri es that this assumption is reasonable even when the
true signal has piecewise smooth (but not constant) magnitude. We note, however,
that such an assumption is not an inherent limitation to our new method, which can
be straightforwardly adapted to other sparsifying transform operators, such as higher

order TV (HOTV) [5] or wavelets [3, 79] as appropriate.

Remark 4.2 When usingL 2 R¥ " with k > n as the sparsifying transform, for
instance whenL =[L] L]]" is the 2D gradient operator withL; 2 R" " computing
vertical dierences andL, 2 R"™ " computing horizontal di erences, the posterior
magnitude may become overly smoothed. We conjecture that whedn n, the
resulting posterior density is multimodal and has signi cant mass concentrated where
2 is large and the magnitude is relatively at. Future investigations will explore

methods to overcome this undesirable result.

Before introducing our approach for complex-valued signal recovery in Section
4.4, Section 4.3 rst discusses its real-valued analog. We use what we will call the

real-valued Bayesian LASSO (RVBL) technique [99], which was initially developed to
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sample a posterior consisting of a Gaussian likelihood and Laplace prior on the signal
itself, that is, whereL is the identity matrix. The technique was extended to include
the anisotropic TV operator in [70]. We now adapt these ideas to accommodate
any sparsifying rankn linear operatorL for real-valued signal recovery, which to our

knowledge has not been previously done.

Section 4.3
Bayesian LASSO for a Real-Valued Signal

The RVBL method is a blocked Gibbs sampling technique. Critical to the approach
is the equivalent representation of each element of the product in (4.4) as a scale

mixture of Gaussians with an exponential mixing density written for each component

Lix,i=1;:::;K. In particular,
Z
1 1. . Tt 1 (Lix)?2 1 S _
2—exp —-JLixj = . pzzsiexp 2s ﬁexp 53 dsi:  (4.17)
Substituting (4.17) into (4.4) and denotingD (s) = diag(s) yields
Z
fxj (Xj )= o p—l ex (Lix)? iex S ds
D= Pee P s 22 2
= v p—l ex (Lix)* iex S ds
a (R+)k._1 2_S| p 25| 22 p 22
z "
= e Z(LOTDE) LX)
) (2 )2]D(s)j? 2
ksk
ﬂ exp > 21 dS, (418)

where we have used Fubini's theorem [45] to obtain the second equation.

Now consider the marginal density oK over the joint distribution of X and some

59



4.3 Real-Valued Bayesian LASSO CV Bayesian LASSO

random variableT 2 2 R", which we refer to as the scale mixture parameter, given by

z z
fxj (xj )= fxre (x; % )d 2= fxire (xj % ey (% )d 2
(R*)k (R*)k
(4.19)
Note that in (4.19) 22 RX is de ned componentwise, with
T
2 _ .
= 2 2 2 (4.20)

By making the substitution 2 for s and directly comparing the integrand terms in

(4.18) to those in (4.19), we obtain the Gaussian density function

2 X0 S(LTID( ) (L)

fuire 2(X] 2, ?) = fyre(Xj )/ ———e
xit 2, 2(X] ) xiT2(X] ) iD( z)j%
(4.22)
as the prior along with the product of exponential densities
b o YK 2 2 2
frey 2( 9 9)= Texp > (4.22)

i=1

as the hyperprior in (4.3). Finally with f »(  2) given in (4.15) we are now able to

completely characterize the hierarchical model from (4.9), (4.15), (4.21), and (4.22)

“4For ease of presentation the rest of this manuscript uses the hyperparameter 2 in place of the
original hyperparameter .
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as

yix N (Fx; )

Xj > N O(LT[D( 2] L) H

K 2 2 2
—exp - d 2

J j
o 2 2

2o ()

which yields the corresponding posterior density function

Pz oy (G %0 ZY) 1 fypc (i) fxgra(xj &frz ( %)F 2( %),

where

. 1 1 ,
fyix (yjx) / ()7 exp ﬁky Fxk;
1 1
fuira(Xj 2 / ——__ex Z(Lx)TD( 3] Y(Lx
xjT2(X] ) pmp 2()[()]()
YK 2 2
fro (5 ) / Zexp ’2

j=1

f2( 21 ( ? texp 2.

By isolating the parts of (4.24) that depend onx and de ning

— 1 T T 2 1 .
G = —FTF+LT[D( )] L

— 1 1-T,,-
X -G “Fly;

_ 1 1 ¢ .
c(y) = exp 22y Yt X Gx
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we obtain

. 1 1
fxjy T2(Xjy; 2/ exp 53Ky Fxk3 éxTLT[D( 2] Lx

— 1 T TET T 1 ¢
=exp ﬁyy X'F'y Vy'Fx éxGx

=dy)ep 2 QTGK x)

| exp %(x X)TG(x  Xx) (4.25)

Conditionals on sz. When conditioned on all other variablesincluding T2j =

fT,5:i°=1;::5,k [96 jg, (4.24) gives

Lxp 7 2
27 2

1
20 2 Ly.y. 2 2 3
ijijZj;x;Y; (1 xsys L fexp

Making the change of variables j2 =1= jz, the conditional can alternatively be ex-

pressed as

Lx]p 2 2

2 27

3
2: 2 .y 2 2 2
ijijzj;X; (1 5% ) [ Zexp

(4.27)
. 9 ——0

By de ning mean parameter °= 2L x]? and shape parameter °= 2, we ob-

serve that (4.27) ts the form of the density function of inverse Gaussian distribution

given by

y o V9P aoy

— |y Fexp —— ,

2(92 2 2( 9%y

fooy)/ y Zexp

Thus (4.27) can be directly sampled using a standard routine for sampling the inverse

Gaussian or Wald distribution (e.g., see [86]).
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Remark 4.3. In the case wherel[x]; 0 (whereL could be the identity matrix I,),
we can refrain from performing the change of variables to obtain (4.27) and note that

the original conditional (4.26) simpli es to

frare x, (7 %%y A1 7 Fexp ) ; (4.28)

corresponding to the Gamma distribution (1=2; 2=2). Thus wheneverj[Lx];j <
10 & in our numerical experiments we instead sample the conditional density of each

T.? according to (4.28)?

Conditional on 2, Lastly, to sample the conditional on 2, we note that
I
25y oy 2 2\r+k 1 2 lX( 2 .
fooxyre(C x5y 0 (C9) exp + 2 ; (4.29)

which due to conjugacy is the density for the Gamma distribution ¢ + k; +

P
: J!‘zl 2). Algorithm 2 outlines the full Gibbs sampling approach.

Algorithm 2 Real-valued Bayesian LASSO (RVBL)
Input Data vector y, parameters and , sparsifying operatorL 2 R ", chain

length Ny, and burn-in length B.

i. Samplex® fromX T2=( )¢V

>0 usingT, 2x = xM; 2=( 20 Y,

ii. Sample each

ii. Sample ( )" using 2T2=( 2! V.

SDue to system noise, nearly all valuesi[Lx]jj are greater than 10 & with typical values in
[:00%; :1].
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We conclude this section with illustrative numerical example in Figure 4.1 of the
RVBL method applied to a signal deblurring problem, wher& is a Gaussian blurring
kernel with standard deviation y,,, = 5:0 and with a zero boundary condition. We
assume that the datay are generated byy = Fx + ", where" is Gaussian white
noise with SNR = 30dB, where SNR is de ned in (4.52) for complex-valued signals.
The problem data and ground truth signal are shown in Figure 4.1 (a). To apply the
RVBL method, we take the sparsifying transformationL to be the discrete gradient
operator (4.51) and adopt the uninformative hyperprior given by (4.15). Figure 4.1
(b)-(c) show the resulting posterior mean estimates for and 2, as well as their 95%

credible intervals.

(a) Deblurring problem

data (b) Estimate of x (c) Estimate of 2

Figure 4.1: The RVBL method applied to a signal deblurring problem. The posterior
mean estimate for the parameter 2is 2 401 and SNR = 30. in (4.52).

Section 4.4
Complex-valued Bayesian LASSO

We now have all of the ingredients needed to compute and sample from the complex-
valued posterior density functions using the likelihood given in (4.9), the priors de-
scribed in (4.10) and (4.12), and the hyperprior (4.15). We will describe the CVBL
for two distinct cases: Subsection 4.4.1 considers the magnitude itself to be sparse,

while Subsection 4.4.2 examines the case for which the magnitude is sparse in the
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some transform domain.
The scale mixture (4.17) used in the RVBL relies on the likelihood being a real-
valued probability density function. As such, for our algorithmic development we will

make use of the equivalency that for giveg 2 C™, F 2 C™ " andx 2 R", we have

2
ky ka§= y  FX 2; (4.30)

wherey = [Re(y)" Im(y)"]" and F =[Re(F)" Im(F)™]".

To show (4.30), observe that

v Fx=(rT XTET(r FX)
=y'y X"FTy+ xTFTFX
=Re(y)" Re(y) +Im(y)" Im(y)
2 xTRe(F)" Rey) + xT Im(F)" Im(y)
+ xTRe(F)" Re(F)x + xT Im(F)" Im(F)x

=yly 2T Re(F)"Rely)+Im(F)"Im(y) +x"F"Fx; (4.31)
and that furthermore

x"Fy + y"Fx =2Re(x"F"y)
=2x" Re(F"y)
=2x"Re ((Re(F) iIm(F))" (Re(y)+ ilm(y))
=2x"Re Re(F)" Re(y) iIm(F)" Re(y)
+iRe(F)" Im(y)+Im( F)" Im(y)

=2x" Re(F)" Rely)+Im(F)" Im(y) :
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Combining the above result with (4.31) yields (4.30) since
2 2

v FX 2:yHy xTFRy yoFx+ xTFPFx = ky FxKk5:

4.4.1. CVBL for the Sparse Magnitude Case

We begin by writing Z as
Z =A+iB;

whereZ 2 C" and A;B 2 R", with realizations z = a + ib. When jZj = jA + iBj
is assumed to be sparse, we choose to impose andrm prior on pm using
(4.10). We now provide the details for how this is accomplished.

For observations given in (4.1), an analogous derivation that yielded (4.23) results

in the hierarchical model for thecomplex-valuedsparse signal recovery

yja;b CN (F(a+ ib); 2I);
aj > N (0;D( ?);

bj > N (0;D( ?);

K 2 2 2
j —exp - d 2

where ? (de ned componentwise as in (4.20)) is a realization of the scale mixture
parameter T 2 introduced in (4.19). We can choose hyperparametersand as in

(4.16) to promote sparsity. The posterior is then written as

fzrz 2v(z %0 %y) = famrz av(@b % Zy);
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with
famre zv(@ib; % %y)/ fyaslyia;b)f 2( ?)
Aj;Bjjsz(aj’hJ ) T2 (71 %) (4.32)
j=1
Here

. 1 1 .
fuas(yiaib) | e —ky Fa iFbiG ;
f 2( 2) / ( 2)r 1exp 2;
. 1 Z+
fAj;Bjjsz(a'j;qjjz) / q—_zeXp alszt]2 '
j
2 2
fro 2(F %) 1 Zexp ’2

For ease of notation we de ne

F=[Re(F)" Im(F)'1"; F =[ Im(F)" Re(F)"]"; y=[Re(y)" Im(y)'T";
(4.33)

so that the real and imaginary parts of the observations are respectively
yi=y Fb and y,=y Fa: (4.34)

Sampling on A and B. Analogous to the procedure resulting in (4.25), we now
sample from the conditionals oMA and B by rst isolating the parts of (4.32) that

depend ona and b respectively, yielding

favsrs(@iyib; 9/ exp @ a)Gl a) ; (4.352)
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foare(biyia; 9/ exp (b BGb b) ; (4.35b)

whereG = 2FTF+[D( ?)] Y,a= 4G FTy,andb= 4G 'F Ty,. Observe that
both A and B are conditionally Gaussian.
Remark 4.4. If F is unitary, for example when it represents then n normalized

discrete Fourier transform, then (4.35a) and (4.35b) can be simpli ed to multivariate

Gaussian densities with respective means
2 1 H H . 2 1 H .
a= —G "Re(F"(y iFb); b= —=G "Im(F"(y Fa));

whereG = 21 +[D( ?)] ®: The splitting in (4.33) is needed in applications where

the input data are under-sampled, or when portions of the data must be discarded.

Sampling on scale mixing parameter sz. Obtaining the conditional density of

fT;%gf., from (4.32) yields

1 2 + 2 .
ijZJ'A;B;sz; Z(jzja;b; 1 exp 3 qz J 1 =hnsk

i j 2j2 2 J
(4.36)
By change of variablev? = (T;?) *, with realization ?=( ) *, we obtain
3 1 2
| 2ia-b 2. 2 2 3 @2 2
fuzaerz, o fiash; 25 2/ 7 Zexp@ 27 &+ @ )
(4.37)

Observe that comparable to (4.27), (4.37) is the probability density function for an
inverse Gaussian distribution with mean parameter © = 2:(a]? + tf) and shape

parameter °= 2. Moreover, since eachT?) * is mutually independent from
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(T2) % j =1;:::;k, we can e ciently sample the conditionals on eachT?) * in

parallel.

Remark 4.5, Similar to the discussion in Remark 4.3, we observe that the density in
(4.37) is not well-de ned whena; = b = 0. Although the probability of sampling
suchg and by is zero, the probability of samplinga; and Iy within machine preci-
sion is not. Thus in the case where, and Iy are su ciently small, we instead use

T3A;B;T3; 2 (1=2 2=2)following (4.36).

Sampling on hyperparameter 2. The conditional posterior of 2 depends
exclusively onT?, hencef 2jnBv:T2 = f 2r2. This density then has the form of

(4.29), from which we are able to sample directly.

CVBL algorithm for sparse magnitude signals

The conditional distributions in (4.35a), (4.35b), and (4.37) are now combined to form
the CVBL Gibbs sampling method provided in Algorithm 3. Methods to e ciently

samplea and b in Algorithm 3 are discussed in Subsection 4.5.1.
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Algorithm 3 CVBL for complex-valued signal with sparse magnitude
Input Data vector y, noise variance 2, hyperparametersr = 1 and = 10 3,

chain length Ny, , and burn-in length B..

1 Seta©® = Re(A"y), b©@ =Im(A"y), and ? D= 9O =190rj=1;:1:k

i. Samplea®) from AjY = y;B=b( 9;T72=( 2){ Y (4.35q).

i. Sampleb®) from BjY = y;A = a();T2=( 2){ Y (4.35p).

iii. Sample ;2 U from T, 2jA = a0;B = bO; 2=( 20 Y (4.37)forj =

iv. Sample ( 2" using 3T2=( 2 (4.23d).

4.4.2. Sparsity in a Transform Domain of 1Z]

We now turn our attention to the case where sparsity is expected in some transform
domain of jZj. For simplicity we assume the signal magnitude is piecewise constant,
so that there is sparsity in the corresponding gradient domain. Hence we de hein
(4.12) to be the TV operator (see Section 4.2.3 for more discussion).

Starting from (4.11) and assumind y(y) > 0, Bayes' Theorem yields

. fvie: - (YIO; ; )fe . (0; ;
fo . w(Q 5 Jy)= vie: : (Yi9 fY(j)G (9 )
1 - 2 1
l'exp —y Ag € . -kigky 1r(9)1; ; »( ):

(4.38)

Analogously rewriting the prior as a scale mixture of normals as in (4.19) provides
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the posterior density function

fo 72 2w (9 5 % 3y) ! fvie (vigr )f ( )fgre(gi ?)

Y( .
fa( D fry (F 2 (4.39)

j=1

where

fre igi ) | exp Sy F@ €)° 1n(0);
fFC) 7 1, ()
. 1 1
fair2(9j 2 pﬁ@(p E(LQ)T[D( 1 *(La)
fa( D () e %
2 2
J
2

frz o g n Zexp

Below we introduce a four-step Gibbs sampling process to sample from (4.39) that
combines (1) the use of Metropolis-within-Gibbs to sample fro®jY; ;T2; 2;(2)
Gibbs steps to sample fromT2?jY;G, ; 2 and ?Y;G, ;T? and (3) rejection
sampling to sample from jY;G,T?; 2.

Sampling on magnitude  G. The conditional distribution on Gis a nonnegatively-
constrained Gaussian density. For computational e ciency in sampling the magni-
tude, we use as the posterior density the untruncated densifitjy.r2. (gjy; % ),

where

foj: 2(Qiy; 5 A= foy: r2(gly; ;5 Dk (9):
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Thus

!
ky Figks

- , 1

o mo(giy; 3 9/ exp ————= 3(Lg)'[D( 7] Y(Lg) ; (4.40)
where F; = FD(€ ). For consistency with (4.39), we simply reject any proposed
samples ofG that contain a negative entry. This technique can be categorized as

acceptance-rejection sampling, and to this end, Theorem 4.1 shows that (4.40) is a

conditional Gaussian distribution, implying that we can directly draw its samples.

Theorem4.1. LetF,= FD(€ ), F1=[Re(F)" Im(F)T]", andy = [Re(y)" Im(y)T]".
Assume thatL has rankn. The function fgjy. 72(gjy; ; ?) in (4.40) denes a

Gaussian density oveR" with center and precision given by

1 2

g= SFly (4.41a)

= LT[D( ?)] L+ %F‘fF‘l: (4.41b)

Proof. Let = LT[D( ?)] L+ 4F]Fi, and suppose 2 Ker() sothat xT x =0.
By (4.41b) we then have

2
xT x=x"LT[D( )] ‘Lx + 5x"FFix =0;

that is x 2 Ker(L) \ Ker(F1). Since KerL) = fOg, we have immediately that
Ker() = fOgsothat isinvertible. We furthermore observe that is also symmetric

positive de nite. To explicitly determine the center and precision ag and in (4.41a)
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and (4.41b), consider the following from (4.40):

2

: ¥ Fig
WOTOE gD ) M= 2 20 'D( )] HLy)

= 200)D( 2 e S Fg)(r Fig)
= 20'UD( A g ¥y So'Fy
F YT Rg SoTF Fg

= %gT g+ izg”-‘fw %VTHQ izny“

= %gT o+ S0'Fly ¥y

= %gT g+g’ g %gT g+%gT g ¥y

= %(g 9" (g 9+ dy)
where c(y) = %gT g SyTyis mutually independent ofg. Thus we have mearg
and precision , yielding the desired result. H

When F is unitary, the resulting Gaussian density attains a simpler form provided

by Corollary 4.2 which enables faster sampling.

Corollary 4.2. Let Fy = FD(€ ) and supposeF is unitary and L has rankn. For
Fl'y=q € whereq2 (R*)"and' 2[ ; )", the function fgy.r2 (gjy; % )
in (4.40) de nes a Gaussian density oveR" with center and precision given by
— 1 2 .
g= —q cos() ; (4.42a)

= LT[D( ?)] L+ %In: (4.42b)
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Proof. SinceF is unitary, we have in (4.40)

ky Figk; 1 1 1 ’
F o8 S A M= So" 9+ 59" q €
1 . 1
+ = q e’ Tg Syy
T 1)@ i H
= 39 9+ ggq €’'+e’l  Syly

1
= 59 9+ ggcos(j) —y'y

1 1 1 1
= 590 9+9g" g 39" 9+30" g Yy

= 2@ 9" (g 9+ ay)

wherec(y) = %gT g Sy"y is mutually independent ofg. Thus we have meary

and precision , yielding the desired result. ]

A couple of remarks are in order.

Remark 4.6. If the density (4.40) has little mass in the region wheregg 0, this
rejection method may become computationally infeasible. Other techniques exist
for sampling from truncated multivariate normal distributions, such as the exact

Hamiltonian Monte Carlo method in [96] or a Gibbs sampling technique that updates

expensive and may become cost-prohibitive for high dimensional problems, however.

Remark 4.7. Wheng in (4.41a) and (4.42a) has mostly nonnegative entries with a few
negative elements, samplinfgjy. .2 using the rejection technique involvinggjy. .12
may become computationally ine cient. In this case the rejection sampling from the
mode (RSM) [82] provides a possible alternative. In short, RSM generates an exact
sample off gjy. .r2 by sampling a shifted truncated Gaussian density followed by an

acceptance-rejection step. In our numerical experiments RSM is implemented when
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the rejection technique involving (4.40) fails to generate a sample aftéls attempts

(in our experimentsNg = 10).

Updating the scale mixture parameter T2. From (4.39) we have the conditional
posterior
. 1 [Lg]? 2 2
frevie 2 e Ayig; 24 A F texp ij‘ ‘2 =150k
(4.43)

which is equivalent to the density function in the real-valued signal case (4.26) with

X = G. Analogously to what followed there, we recognize (4.43) as an inverse Gaus-
q__

sian distribution with mean parameter 2:[Lg]j2 and shape parameter 2. The

conditional posterior on 2 is given by (4.29).
Updating the phase . Lastly from (4.39) we have the phase posterior distribution
ey 2 1 i 2 .
fiverz( jy;g; )/ exp  —y F€ o 1. () (4.44)

where F, = FD(g). The nature of (4.44) can be better understood by de ning
random variable = € and corresponding realization = € . The posterior is

then expressed as

. 1
f el iy;9)/ exp  Sky Fo Kk lcs,( ) (4.45)

where CS; is the unit circle in the complex plane. Clearly (4.45), and by extension
(4.44), are probability density functions of complex Gaussian distributions restricted

to the unit circle. For a general forward operatof, eachf | .v.gr2( i] ;Y9 2
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Theorem 4.3. Let F, = FD(g) as in (4.44) and (4.45) and dene A = FJ'F,
with elements[A];x = ayx€ *, wherea 2 Rand j 2 [ ; ). Further denote

Fly=q € ,whereq2R} and' 2[ ; )", with

29 X 2ay 2g X g,

Ui = — COS' | > COS(vk + «); Vi = —sin' —z;k sin(~x +  «);
k=1 k=1
k6i k6 i
and ~x =sgn(k 1) ik fork=1;:::;n. Then
fo vereCid uysg D7 fa 0 0 i=lnnm

wheref,y (xj; ) is the von Mises probability density function, given as

)= exp( cosk ).

f i 4.4
vM (XJ ’ 2 I O( ) ] ( 6)
with location and concentration . Here
8
%arctan \J_. if uy>0
q
i = uZ+ v i=§:2 ifui=0 (4.47)

Tarctan 4+ if u < O0:

Note that in (4.46), 1, is the zeroth order modi ed Bessel function of the rst kind.
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Proof. By direct calculation using (4.44), we have

. 1 :
fi vere( i 5Yy;g 2/ exp Sy Fee

2
1 i T A H ' i TpeH
l exp = e' Ae  y"Fed e' Fjy
|
1 X _ . .
= exp = aj_;kel( kooit oK) g ajy e iCi j+ ®) 2qT cos( ")
k=1
k>j |
1 X" T [ '
=exp S 2a cos(jk  j*+ «) 29 cos( )
k=1
k>j
1 X
/ exp 2a; cos jcos( k + ~ik)
k=1
k6 i '
+sin jsin( ¢+ ~ix)  2gcos(; i)
2 X' 2a,
=exp —(2 CoS' izk cos( x + ~jk) COS ;
k=1
ke |
2q . X' 2ay . .
+ —2sm'i iz'ksm( K+ ~ik) Sin
k=1
k&i

=exp(u;cos j + v;sin )

=exp( jcos(; )):

O

Since the calculation off gL, andf ;g., in (4.47) require only scalar opera-
tions, our method does not su er from the curse of dimensionality as grows large.
Furthermore, whenF is unitary, f y.cr2( jy;g; ?) is precisely a product of von

Mises density functions, as is told in Theorem 4.4.

Theorem 4.4. SupposeF, = FD(g), whereF is unitary. Let FY'y = q € where

1
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g2R}and' 2[ ; )". Then
: .2
f vl Jy;9)= fum i i 50
Proof. Consider the following:

. 1 |
f ol i;0)=Cexp =y Fo€ 2 1. ()

Cexp — e' F'Fd  y'Fd e’ Fly+y"y 17, ()
1
Cexp — g'g 297cos( ")+y"y 1. ()

where C is a normalization constant. To nd C, we integrate the above expression

over R" as follows:

z
1 1 .
c= _ep 5 9d'g 2qTcos( )+y"y I y()d
A
1 1
= exp — g'g 2q'cos( )+y"y d
[+ )" 7
1 2
=exp — g'g+y"y e —q'cos( ") d
1 Y 2
=exp 5 g'g+y"y 210 50

i=1
Thus, we have

exp L g'g 297cos( )+ yMy 1 ()
~
exp L(gTg+y"y) T 210 5q

fvaerz( jy;g; 9

_ Y exp Zq cos( ',-)l ()

- [ )"0 ]
i=1 2|0 %q

— 1 -2 .

- vM i ]’_2 ’
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which completes the proof. O

When F is unitary, the conditional independence shown in Theorem 4.4 allows us
to update each ; independently of |, increasing the opportunity for parallelization
in our technique. Even wherF is not unitary, Theorem 4.3 allows us to update each
i sequentially using a Gibbs sampling scheme, although we do not bene t from the
same parallelization opportunities as whef is unitary.
To sample the von Mises distribution, we use the wrapped Cauchy distribution,

which has probability density function

fwe(J: )=

L (2 w2k

Here is the scale factor and is the mode of the unwrapped distribution. The
acceptance-rejection method introduced in [13] utilizes a wrapped Cauchy density as

an envelope for sampling from the von Mises distribution (4.46).

Algorithm 4 Sampling the von Mises density using the wrapped Cauchy

Input Location and concentration of von Mises distribution.
Output Sample .
1Set =1+(1+4 2z, =( (2)2)=2 ), andr=(1+ 2)=2).
2 Generateu; U(0;1), thensetz=cos(u,),f =1+ rz)=r+2),c= (r f).
3 Generateu, U(0;1),thenifc(2 c¢) wu,> 0, goto step 5.
4 IfIn(c=w)+1 c¢<O0, return to step 2.
5 Generateus; U(0;1), then set =[sgn(us 0:5)]cos (f).
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Algorithm 5 CVBL for a signal with sparsity in the transformed magnitude

Input data y, noise variance 2, hyperparametersr = 1 and = 10 3, sparse
transform operatorL, chain lengthNy,, and burn-in length B.
Output samplesz® B*) = g® expi & fors=B;:::;Ny.

1 Setg©® = jAHyj, ( 9@ =1, and © =arg(A"y)

1)

i. Draw a sampleg from fgy. 72 gV; C D 2)(\ using Theorem 4.1.

ii. If g contains a negative element, return to (i). Otherwise, seg) = g .

iii. Sample each | ? O from T %G = g0 2= 2yC D (4.43) for j

v. For eachi =1;:::;n, draw a sample ; from ;jY = y;G= g\) (4.44) using
€) =

Algorithm 4 and set

We are now ready to sample from the joint distributiorf . jv. (9; jy; )in(4.39).
After initializing our chain, the three-stage Gibbs sampler is implemented, wherg
is updated rst, followed by the 2 update, and concluded by the update. This is
done for some predetermined number of iterationd), , after which the output chain
is formed using all the samples generated after the burn-in perid@l This method is

summarized in Algorithm 58

6 Both Algorithm 3 and Algorith‘m 5 may be easily modi ed to use hyperprior (4.14) instead of
(4.15) by xing the value of 20 2n 2fgrall > =1::::: Ny .
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Section 4.5
Numerical Results

We now demonstrate the e cacy of the CVBL algorithm given in Algorithm 3 for the
sparse magnitude case and Algorithm 5 for the sparse transform of the magnitude
case by performing experiments in 1D and 2D using three di erent forward operators

for F in (4.1):

A~

Fe 2 C" ": The discrete Fourier transform operator with entries (in 1D) given

by

[FF]j;k:pl—ﬁexp Zi% ; ik =0;::;n L (4.48)

Observe thatFg is unitary, so Theorem 4.4 applies.

Fg 2 R" ": A blurring operator with entries (in 1D) given by

6

[FB]j;k =

8
E1@12=(22jj Ky ifjji ki 2
3 , k=050 1 (4.49)

0 else

Observe thatFg is a banded Toeplitz matrix, and although non-singular, it is

notoriously ill-conditioned.

Fu 2 C™ " A random under-sampled Fourier transform matrix which has
entries (in 1D) given by (4.48) but with randomly zeroed-out rows so that

m = dn e, where 0< 1. ForM f 23;:::;ngsuchthatjiM j=m, Fy
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is de ned as
8
g [Felik ifj2M _
[Fulix = 5 C k=150 (4.50)
-0 else

Note that the zeroth frequency term is never zeroed-out in the construction of

M

Remark 4.8 The extension to 2D forFr and Fy is straightforward. For Fg, the 2D

operator is de ned such thatFgz convolves the image with the kernel K given by

2 3
00 1 0
01 2 1

K——|91—12162 ;

2 70 ’
01 2 1
00 1 00

causing the blurring e ect to occur in both dimensions.

In the numerical examples that follow,L = |, in the sparse signal case or the rst
order di erencing operator in the case of the magnitude having a sparse gradient,
where we enforce zero boundary conditions to ensure that it is of ramk For 1D

signals this amounts to

[Ll; = 1 ifi=j+1; (4.51)

%1 if i = j;
:

0 else

"The 1D and 2D forward operators used in our experiments are explicitly stated for reproducibility
purposes.
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Finally we assume that the variance 2 in our observation model (4.1) is known,

with corresponding signal-to-noise (SNR) given by

|

exact |2
kKFz®etk;
m 2 '

SNR = 10log,, (4.52)

where z®@t 2 C™ is the exact solution to (4.1). The SNR values chosen in our
experiments highlight the e ectiveness of the CVBL method in noisy environments.

In all experiments, a total of 5000 samples are drawn with a burn-in period Bf =
200. To encourage the sampler to move towards high-mass areas of the probability
density, for> < B we setg) = jg j, regardless of whether or nogj contains negative
elements. Our 1D analysis includes gures showing the means and 90% credibility
intervals (Cl) for the marginal magnitude of the posterior distribution. We also
approximate the marginal density function of the phase of random individual pixels
using a kernel density estimation technique [16]. In 2D we provide the magnitude
means and the size of the 90% Cls. Finally, for each choiceFofwe also compare the

MAP estimate of our CVBL posterior to the corresponding classical LASSO solution

ZLASSO :

" sparse signal case: We compute the solution to the objective function
z'ASSO —argminkFz  yki+ kzk, (4.53)
z

by considering the real and imaginary parts o, namelya and b, respectively,

giving the objective function as
2 3 0 2 323 2 3, 1
LASSO X
ﬁa g:argmin% QFR Hgga% gng + g a; +h£;
aip Fi Fr b Yi

j=1

bLASSO
2

(4.54)
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which we solve using the alternating direction method of multipliers (ADMM)

[17].

sparse transform case: We again employ ADMM to compute the solution in
the sparse transform case to the generalized LASSO problem. Here, however,

sincejzj is not di erentiable, in order to solve
zASSO = argzmin kFz yki+ kLjzjk,; (4.55)

we follow what was done in [36, 107] and instead use the diagonal matri
with non-zero entries j(jk) = zj(k):jzj(k)j at each iterationk of the algorithm. The

objective function then becomes

(k) H

z"SS0 zargminkFz yki+ L z
z

E
In both cases we test = 2=, where is the mean of the samples of generated

by the CVBL method. In some sense = 1 represents the \best case" scenario for
selecting suitable parameters, while other values ofallow us to test for robustness.

We use =1 in each experiment unless otherwise speci ed.

4.5.1. Numerical E ciency

Sampling Gaussians using matrix (e.g. Cholesky) factorization can be prohibitively
expensive in high dimensions. This is because new matrices must be factorized for
each re-sampling of the hyper-parameters’, yielding a general cosO(n3) ops per
sample. The approach detailed in Algorithm 6 provides an e cient way to generate
samples of multivariate Gaussian distributions [97, 124], which we use to sample
AjY ;B;T? and BjY;A; T2 in Algorithm 3 and GjY; ;T?in Algorithm 5. Moreover,

we can e ciently solve the system in Step 3 of Algorithm 6 using the conjugate
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gradient method [61].

Algorithm 6 Gaussian sampling by perturbation-optimization

Input Mean , 2 R", measurementy 2 R™, variances ,, -, sparsifying
transform L 2 RX ", and forward model F corresponding to Gaussian prior
fx = N(L p; p) and likelihoodfyjx = N(Fx; -).
Output Samplexs of the posteriorf xjy .

1 Perturb the prior mean~, N ( p; p).

2 Perturb the datay N (y; -).

3 Solve (T 'L+ FT . *F)xs=(LT

ot~p+ FT . 'y) with respect to .

Finally we point out that when the forward operator is given byFg (4.49) and the
magnitude sparsity is in the gradient domain, we use a block sampling approach to
generate samples of the phase (4.44), allowing us to takes advantage of the inherent

sparsity in Fg and to update portions of the phase in parallel.

4.5.2. Sparsity in Magnitude

For the sparse magnitude case, we perform experiments with Algorithm 3 using 5000
samples and the forward operators in (4.48), (4.49), and (4.50). Figure 4.2 shows
the magnitude means and 90% Cls for the 1D noisy experiments for SNR = 20dB,
(4.52).

Although the recovered magnitude means are not sparse, we see in Figure 4.3 that
the real and imaginary components of the signal are close to zero outside of the signal
support. Combined with Figure 4.2 our results show that, as expected, the CVBL
provides mean information similar to that of the classical LASSO point-estimate
technique (4.53).

Figure 4.4 displays the phase results for each forward operator at a randomly
selected \on" pixel (whereg; > 0).2 In all three experiments, the CVBL method

recovers the support of the signal as well as uncertainty information for both the

8The probability density plots in Figure 4.4, Figure 4.6, and Figure 4.15 are formed using kernel
density estimation techniques [16].
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(d) Fr in (4.48) (b) Fg in (4.48)
(c) Fg in (4.49) (d) Fg in (4.49)
(e) Fy in (4.50); =08 (f) Fy in (4.50); =08

Figure 4.2: Recovered magnitude values for complex-valued signals with sparse mag-
nitude. (left) The magnitude of the LASSO solution and the mean of the CVBL
output; (right) 90% CI for the magnitude reconstruction. Here SNR = 20 dB.

magnitude and the phase. We emphasize that this phase information is not recover-

able when using RVBL and is one of the primary advantages of using CVBL.

4.5.3. Sparsity in Transform of Magnitude

We now consider the case where sparsity is expected in some linear transform domain

of the magnitude. Here the magnitudeg = fg g% is given by ff (t;)g’% for the
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(d) Fr in (4.48) (b) Fg in (4.48)
(c) Fg in (4.49) (d) Fg in (4.49)
(e) Fy in (4.50); =08 (f) Fy in (4.50); =08

Figure 4.3: Means of (left) real and (right) imaginary parts of the signal in the sparse
magnitude case. Shaded regions indicate 90% Cls for the CVBL recovery. SNR

=20dB.

functionf :[ ; )! R, denedas
8
% 2 28 t 21
15 16 t 1.3
f(t)= X (4.56)
§1+§exp 50 t> 0
1 else

87



4.5 Numerical Results CV Bayesian LASSO

(@) Fg in (4.48) (b) Fg in (4.49) (c) Fy in (4.50); =0:8

Figure 4.4: Phase estimate in the sparse magnitude case at a randomly selected
\on" pixel ( g; = 1). True phase, LASSO phase point estimate, and CVBL marginal
posterior for the phase. SNR = 20dB.

andt; = + 1. Each pixel of the corresponding phase =f ;g?% is randomly
chosen uniformly from [ ; ). Observe that while jf j(t) is sparse in the gradient
domain whent 0O, this is not the case whert > 0. Since our prior is based on
the assumption that the gradient domain is sparse, using (4.56) allows us to test
the e ectiveness of the CVBL method in regions where the gradient is nonzero. As
already noted in Section 4.2.3, other choices of sparsifying transform operators such
as HOTV may be more suitable and our method is not inherently limited to using
the identity or TV operators. For simplicity, as well as to emphasize robustness of
our approach, we use the di erencing operator in (4.51) and leave other operators for
future investigations.

Figure 4.5 compares results for recovering (4.56) from Algorithm 5 where 5000
samples were generated to the LASSO solution in (4.55) with= 2=, where is
again the mean of the samples of generated by the CVBL method and = :1;1; 10.
Each of the three transformsFg (4.48), Fg (4.49), andFy (4.50) with = 0:8 were
considered for SNR = 20dB. The LASSO method is clearly sensitive to the choice of
regularization parameter, and is most accurate for = 1.

Figure 4.6 demonstrates that the CVBL method recovers marginal posterior den-
sity functions for the phase that are consistent with the estimates calculated by (4.55).

The true phase is also located in the regions of large mass generated by the corre-
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(d) Fr in (4.48) (b) Fg in (4.48)
(c) Fg in (4.49) (d) Fg in (4.49)
(e) Fy in (4.50); =08 (f) Fy in (4.50); =08

Figure 4.5: Magnitude recovery folg given by (4.56). (left) The CVBL mean along
with the magnitude of LASSO solutions using di erent regularization parameters;
(right) 90% CI for the magnitude reconstruction. Here SNR = 20 dB.

sponding kernel density estimation. Figure 4.7 shows the mean of thé samples

(4.43) for each experiment, which as expected is largest in support regions of the

sparse domain.
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(@) Fg in (4.48) (b) Fg in (4.49) (c) Fy in (4.50); =0:8

Figure 4.6: Phase estimate in the sparse transform case of a random pixel. True
phase (black dash), LASSO phase point estimate (red dash-dot), and CVBL marginal
posterior for the phase. SNR = 20dB.

(@) Fg in (4.48) (b) Fg in (4.49) (c) Fy in (4.50); =0:8

Figure 4.7: Mean of 2 (right axis) compared with the true magnitude (left axis).
SNR = 20dB.

4.5.4. Noise Study

We now analyze the e ect of noise on Algorithm 5. To this end for the sparse magni-

tude case and the signal corresponding to (4.56) we consider 10dESNR  30dB.

(a) Sparse signal (b) Sparse transform of magnitude, (4.56)

Figure 4.8: Average error in the sample mean generated using Algorithm 5 for in-
creasing SNR (dB). The vertical axes are in a natural logarithmic scale.

Figure 4.8 demonstrates that the average error is similar for all three forward

operators across the range of SNR values, with a greater overall range of errors with
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respect to the forward operator in the sparse transform case. These results are con-
sistent with what is observed in Figure 4.5 as well as what is apparent in Figure 4.5
(b). In particular the approximation in the region [ 1:7; 1] is not well resolved.
More insight is provided in Figure 4.7 (b), where it is evident that the support in the

sparse domain in that range is not clearly identi ed.

(@) Fg (b) Fg (c) Fy; =0:8 (d) Fy; 05 1

Figure 4.9: Comparison of the average phase error in mean of samples generated
using CVBL with the LASSO solution (4.55) for the test function (4.56) at (a)-(c)
increasing SNR and (d) increasing sampling rate:® 1 with SNR = 20 dB.

The vertical axes are in a natural logarithmic scale.

Figure 4.9 (a)-(c) compares the average phase error over a range of SNR values
for the CVBL and generalized LASSO point estimates. While the LASSO method
outperforms Algorithm 5 for each choice df with increasing SNR, the error di erence
is neglible for low SNR values foFg and Fy. Hence we see that the optimapoint
estimate recovery algorithm essentially depends on the SNR and sampling rate of
the observable data.Uncertainty information, however, is only acquired when using
CVBL, as the generalized LASSO technique does not infer the phase information.

Finally, Figure 4.9 (d) compares the average phase error in the sample mean for
the function with magnitude given by (4.56) using CVBL with the LASSO solution
for the undersampled observable data case. Speci cally, the data are obtained using
Fy in (4.50) for a range of sampling rates while the SNR is held constant at 20 dB.
While consistent with Figure 4.9 (c), this result also suggests that for smaller values
of (more undersampling) the CVBL method provides on average a lower average

phase error than the generalized LASSO.

91



4.5 Numerical Results CV Bayesian LASSO

4.5.5. 2D Experiments

Our 2D experiments consider sparsity in the signal magnitude with SNR = 0dB and

sparsity in the signal magnitude gradient with SNR = 15dB and SNR = 25dB.

(a) True magnitude (b) MLE (c) Mean posterior

Figure 4.10: Maximum likelihood and mean posterior point estimates of a sparse
magnitude complex-valued signal for forward operatdfg in (4.48). SNR = 0dB.

Figure 4.10 displays point estimates for the magnitude usirfge while Figure 4.11
shows the corresponding results fdfg and Fy. In each case the same 64 64 sparse
images is used as input and we simulate 5000 samples of the posterior. We observe
that much of the background noise is suppressed while the delity of the support of
the signal is maintained when compared to the maximum likelihood point estimate.

We now consider the case of promoting sparsity in the magnitude gradient for
the Shepp-Logan phantom image [115] depicted in Figure 4.12 (a) on a 2556
grid. A random phase is then added to each pixel, so that the resulting imageis

modeled by (4.1). Figure 4.12 and Figure 4.14 compare the posterior means of the

(@) MLE; Fg (b) Mean post.; Fg (c) MLE; Fy (d) Mean post.; Fy

Figure 4.11: Maximum likelihood and mean posterior point estimates recoveries of a
sparse magnitude complex-valued signal. Forward operator (a-By in (4.49) (c-d)
Fu =0:8in (4.50). SNR = 0dB.
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(a) Ground truth (b) Gen. LASSO (c) Posterior mean

(d) Horiz. dierences (e) Gen. LASSO (f) Posterior mean

Figure 4.12: Magnitude recovery of the complex-valued Shepp Logan phantom using
Fe in (4.48). (a) Shepp-Logan phantom; (d) horizontal di erences (computed using
Ljz®*tj) of the ground truth. (b)-(c) and (e)-(f) correspond to SNR values of 15dB
and 25dB, respectively. =10 2.

CVBL to the generalized LASSO estimates foFg in (4.48) and Fg in (4.49)° To
avoid the issue discussed in Remark 4.2, in the Shepp Logan experiments we to
be =10 2, which was chosen heuristically, with = 2= used for the generalized
LASSO regularization parameter. The hyperprior in turn is given by (4.14) rather
than (4.15).

Figure 4.12, Figure 4.13, and Figure 4.14 indicate that the generalized LASSO
estimate (4.55) is smoother when compared to the CVBL posterior mean. In par-
ticular we observe that the three lower circles of the generalized LASSO estimate of
the phantom are \blurred" together but remain distinct for the CVBL. These results
seem to indicate that when using the CVBL method, a smaller value of, that is,

increasing the reliance on the prior, is needed to match the amount of regularization

9The dense nature ofFy in (4.50) makes exact sampling of the phase impractical for large
signals. Approximate or stochastic techniques may expedite sampling, but is beyond the scope of
the current investigation.
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