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Extra Fun Problems

Notation: A, denotes the alternating group on n objects, the index 2 subgroup of the symmetric
group S,, generated by even products of 2-cycles. For example, A4 is the subgroup of Sy
generated by 3-cycles.

Recall the definition of PGLy(F') and PSLy(F') from Problem Set #4.

Problems:

1. Prove that an integer n > 1 is a prime number if and only if (n — 1)! = —1 (mod n).

2. Prove the following presentations.
(a) Ay =(z,y|2* =y’ = (ay)> = 1)

(b) Sa=(z,y|z* =y = (zy)' = 1)

(c) As = (z,y|2? =¢* = (zy)° =1)

3. Recall the set of lines through the origin in Fg.
(a) Prove that PGLy(F4) = PSLy(F4) = SLo(Fy) = As.
(

b) Prove that PGLy(F5) 2 S5 and that PSLo(F5) 2 As. Hint: The action on the lines gives
an injective homomorphism PGL2(F5) — Sg. Count the number of (2,2, 2)-cycles in Sg
that are not in the image of this homomorphism, then let PGLy(F5) act on them by
conjugation to give a new permutation representation.

4. Some linear algebra over the field of order 9.

(a) Prove that F3[i] = {0,41,+i,+1 £ i}, where i> = —1 and all other arithmetic is done
modulo 3, is a field of order 9, which we call Fg.

(b) Prove that PGLy(Fg) is not isomorphic to Sg, even though they have the same order.
Hint: Use some linear algebra to bound the size of the conjugacy classes in PGLy(Fy)
and compare with what we’ll learn about Sg.

(c) Prove, on the other hand, that PSLy(Fg) = Ag. Hint: Find a subgroup of PSLa(FFy)
isomorphic to As, and then act on the 6 cosets to get a permutation representation.
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