DISTINGUISHING BRILL-NOETHER LOCI
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ABsTRACT. We construct curves carrying certain special linear series and not others, showing many
non-containments between Brill-Noether loci in the moduli space of curves. In particular, we prove
the Maximal Brill-Noether Loci conjecture in full generality.

INTRODUCTION

Whereas classical Brill-Noether theory studies linear systems on general algebraic curves, refined
Brill-Noether theory aims to characterize linear systems on special curves. A degree d linear system
of dimension r, called a gj;, corresponds to a non-degenerate morphism C' — P" of degree d when it
is base point free. The Brill-Noether—Petri theorem [19] 22} [30] states that a general smooth curve
C of genus g admits a g}, if and only if the Brill-Noether number

p(g,T,d):g—(T+1)(g—d+T)

is non-negative. The last few years have seen a flurry of results concerning refined Brill-Noether
theory of curves in a fixed Brill-Noether locus

;,d ={C e M, : C admits a g}

when p(g,r,d) < 0. In particular, major advances in refined Brill-Noether theory for curves of fixed
gonality, i.e., when r = 1, have been made in [11} 25] 28] 29] 39].

Part of a refined Brill-Noether theory concerns the question of whether a “general” curve with
a gy, carries another gd:, which can be reinterpreted in terms of containments of Brill-Noether loci.
For example, Clifford’s theorem implies that Mg, C /\/l for every r > 1. By adding base
points and subtracting non-base points, one obtalns the tmmal containments M g.d C /\/lg a1 and

Mg’d - ./\/l;d71 between Brill-Noether loci. The expected mazrimal BrlllfNoether loci are those
that do not admit further trivial containments, see Definition for the precise definition.

The interaction between various Brill-Noether loci is useful in the study of the birational geometry
of My, see [17,24]. When p = —1, the Brill-Noether loci are irreducible divisors, which have been
studied by Harris, Mumford, Eisenbud, and Farkas |14}, (15} 17, 18] 24]. A crucial ingredient in the
study of the Kodaira dimension of M3 was the maximality of the Brill-Noether divisors.

Inspired by the lifting of line bundles on curves on K3 surfaces, the Donagi—Morrison conjecture,
building on work of Farkas and Lelli-Chiesa [17, 18] [31], and classical results in Brill-Noether theory,
the first two authors [2] formulated a conjecture stating that the expected maximal Brill-Noether
loci are exactly the maximal ones with respect to containment, except precisely in genus g = 7,8, 9,
where there are exceptional cases, see Conjecture and for details on the exceptional genera see
Example below. In other words, given any two expected maximal Brill-Noether loci ./\/l; g and

M;Zd,, there is a curve C € M, admitting a g/, but not a g:li. An appealing aspect of the conjecture
is a numerical characterization of the maximal elements of the Brill-Noether stratification of M,.
There has been recent progress on this conjecture, referred to as the Maximal Brill-Noether Loci
conjecture, in work of many authors [3] 6} [7, 9] 10} [31) [44], which together show the conjecture holds
in genus g < 23 and for infinitely many values of g.

In this paper, we settle the conjecture in the affirmative. In fact, we prove something stronger.

Theorem 1. In every genus g > 3, with g # 7,8,9, the expected mazximal Brill-Noether loci M;d
are all distinct and are the Brill-Noether loct that are mazimal with respect to containment. More
precisely, M;d has a component on which the general curve does not admit any gg with d' < g—1,
plg,r',d") <0, and (v',d") # (r,d), unless (g,r,d) = (7,2,6),(8,1,4),(9,2,7).
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We note that this theorem is stronger than the Maximal Brill-Noether Loci conjecture, as it shows
the existence of a component in each expected maximal ./\/l’“ d demonstrating all non-containments.

The curves in Theorem I} I behave as generally as p0551ble for curves admitting a gj;. Capturing
this idea, we say that a curve C € M” g.d 18 gy-general if any additional Brill-Noether special divisors
on C are those determined by Serre duality or by the trivial containments of Brill-Noether loci,
see Definition [I.4, We are naturally led to the following question generalizing the Maximal Brill-
Noether Loci conjecture.

Question 1. Does ./\/l" 4 contain a gg-general curve?

Theorem [I] gives a positive answer for all expected maximal Brill-Noether loci, unless g = 7,8, 9.
Our more general results, see Theorems and [5.I] can be used to address additional cases.
Previously, special cases of Question [If have been investigated, see [I8]. For r = 1, the refined
Brill-Noether theory for curves of fixed gonality answers this question, see e.g., [2, Proposition 1.6].
Classically, the genus-degree formula for plane curves gives many examples where M;d does not
contain gfl—general curves. More generally, if C' can be embedded as a degree d curve in P" and
admits a k-secant [-plane, then C' also carries a 92:2_1, which, if Brill-Noether special, shows that
C is not gj-general. Thus Theorem [1| shows that curves in maximal Brill-Noether loci do not admit
unexpected secants, cf. [2, Remark 6.5].

Corollary 1. In every genus g > 3, with g # 7,8,9, each expected mazimal Brill-Noether locus
M; g With v > 3 has a component for which a general curve can be embedded as a degree d curve in
P" that does not admit any k-secant l-plane with k — (k. —1—1)(r —1) <0

The main achievement of this paper is to construct smooth curves of genus g carrying a special
gy and no g:l: under certain numerical conditions on the integers g,r,d,r’,d’. Our main result is
Theorem [5.1] stating that we can construct such curves on K3 surfaces with the gj; being induced
by a line bundle on the surface. These K3 surfaces live in a divisor K7 g.d 1L the moduli space K, of
quasi-polarized K3 surface of genus g, see §1.2] Despite the apparent complex1ty of the numerlcal
conditions in Theorem [5.1] it provides a very efficient tool to prove non-containments of Brill-
Noether loci in a large number of new cases, in particular, allowing us to deduce Theorem [I] This
proof, while inspired by the program initiated in [2], does not rely on any of the special cases of
the Maximal Brill-Noether Loci conjecture treated in the literature so far, and in particular, shows
that curves on K3 surfaces suffice to distinguish the maximal Brill-Noether loci.

We briefly explain the main ideas behind the proof of Theorem [5.I} In his famous proof of the
Brill-Noether—Petri theorem in [30], Lazarsfeld showed that a Brill-Noether special curve on a K3
surface degenerates to a reducible curve, due to the non-simplicity of the associated Lazarsfeld—
Mukai bundle. For many (g,r,d), we prove, in Proposition that for the very general element
(S,H) € K9, smooth curves C € |H| degenerate to areducible curve C1UC5 in an essentially unique
way, a propérty we call decomposition rigidity, cf. Definition We prove that along this unique
degeneration, the limit of any Brill-Noether special divisor on C' is highly constrained, allowing us
to rule out the existence of additional Brill-Noether special divisors. More precisely, the genera
of the components Cy and Cy are r and g + r — d — 1, respectively, and any Brill-Noether special
divisor gg: on C has “limits” g:ﬁ and 9:13 that are Brill-Noether general on the two components,
see Theorem [2.5] This imposes numerical restrictions on 7; and d;, and thus on g,7,d,7’,d’. In
fact, we show that we can recover a ggf on C'if the numerical constraints are satisfied, so that
Theorem gives necessary and sufficient conditions for the existence of a g:l: on a curve in |C|.
In particular, this can be interpreted as a “regeneration theorem” for Brill-Noether special linear
systems on curves on K3 surfaces.

Outline. In we recall the definitions of expected maximal Brill-Noether loci, the history of
progress on distinguishing Brill-Noether loci, as well as background on K3 surfaces and Lazarsfeld—
Mukai bundles. In we introduce the notion of decomposition rigidity, and then prove our main



DISTINGUISHING BRILL-NOETHER LOCI 3

technical result, Theorem [2.5] in which we study the limiting behavior of Brill-Noether special
divisors on curves on K3 surfaces satisfying decomposition rigidity. In §3| we give sufficient condi-
tions for K3 surfaces in K7 .d 10 satisfy decomposition rigidity, which hold for those associated to
expected maximal Brill- Noether loci. In §4 we study the numerical conditions forced on limits
of Brill-Noether special divisors. Finally, in §5| we prove our main result, Theorem and de-
duce Theorem [1} We conclude §5| with additional new applications of Theorem to non-maximal
Brill-Noether loci.
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1. BACKGROUND ON BRILL-NOETHER LOCI AND K3 SURFACES

1.1. Brill-Noether loci. Surprisingly little is known about the geometry of Brill-Noether loci
in general. The expected codimension of M , in My is —p(g,7,d), and it is known that the
codimension of any component of M” .d is at most —p(g,r,d). More is known about the existence of
components of expected dimension, see for example [7, 27, [40] 42], [44]. However, equidimensionality
of components is only known when —3 < p(g,7,d) < —1 (additionally assuming g > 12 when
p(g,r,d) = —3) [13, [43]. Complicating the picture, components of larger than expected dimension
can exist, examples include Castelnuovo curves, see for example [40, Remark 1.4]. As mentioned,
irreducibility is known for all Brill-Noether loci with p = —1 by [14] as well as all Mg,d with p = -2
by [A].
There are various containments known among Brill-Noether loci. For example, Clifford’s theorem
implies that M” . C M;z. There are trivial containments Mg ; © M7 ., obtained by adding a

basepoint to a g; on C; and My ;, C M;;ll_l when r > 2 obtained by subtracting a non-basepoint,

cf. [17, B2]. Modulo these trivial containments, the first two authors defined in [2] the expected
mazimal Brill-Noether loci as follows.

g,2r

Definition 1.1. A Brill-Noether locus /\/lrd 15 said to be expected maximal if 2 < d < g —1,
p(g,r,d) <0, p(g,7,d+1) >0, and p(g,7 —1,d—1) >0 if r > 2.

We will say that a triple (g,r,d) is associated to an expected mazimal Brill-Noether locus if M;d
is expected maximal.

We remark that, after accounting for Serre duality which gives /\/lr MZ 23+£ ilv every Brill-
Noether locus is contained in at least one expected maximal Brill- Noether locus.

The first two authors then posed a conjecture identifying the maximal Brill-Noether loci.

Conjecture 1.2 (|2, Conjecture 1]). In every genus g > 3, the mazimal Brill-Noether loci are the
expected mazimal loci, except when g =7,8,9.

In other words, the expected maximal Brill-Noether loci should be maximal with respect to
containment, except when ¢ = 7,8,9. In particular, being maximal with respect to containment
asks that for every pair of expected maximal Brill-Noether loci MZ 4 and Mgl &> there exists a

curve C € M’” . such that C¢ M . A priori, the curve C' could depend on the pair of expected
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maximal Brill-Noether loci. However, Theorem [I|shows the existence of a component whose general
member demonstrates all of the non-containments.
We recall the details of the exceptional cases.

Example 1.3 (Unexpected containments of expected maximal Brill-Noether loci, cf. [2] Props.
6.2-4]). We have M2 C M%A, Mg, C MZ; and MG, C Mg 5, and these containments are strict.

The containment M%G C M%A follows from the fact that a g on a smooth curve of genus 7
cannot be very ample by the genus formula for plane curves, whence the curve must have a gj. The
containment M?N - /\/l£1,75 follows for the same reason. (These were pointed out by H. Larson.)

The containment ./\/151574 - ./\/l§77 was proven in [34] Lemma 3.8]|. Let C' be a smooth curve with a
gi. Tts Serre adjoint is a g‘fo. If it is not very ample, C' will have a gg, whose Serre adjoint is a g%,
whence C carries a g2. If the g7, is very ample, it embeds C into P* as a curve of degree 10, where
it has 8 trisecant lines by the Berzolari formula. Hence C has a g2.

Prior to the formulation of Conjecture various non-containments between Brill-Noether
loci were known. For example, generalizing work of Eisenbud-Harris [I5] and Farkas [I7] in
genus 23, Choi, Kim, and Kim [8 10, 9] showed that Brill-Noether loci with p = —1,—-2 in
every genus have distinct support. Already, this is sufficient to prove Conjecture for any
genus g such that ¢ + 1 or g + 2 is of the form lem(1,2,...,n) for some n > 3, the first few
being g = 4,5,10,11, 58,59, 418,419, 838, 839, 2518, 2519, .... Choi and Kim [9] showed that Brill-
Noether loci with p = —2 are never contained in each other nor in certain other Brill-Noether
divisors. Lelli-Chiesa [3I] and the first two authors [2] also showed various non-containments via
the lifting of line bundles on curves on K3 surfaces. As conjectured by Pflueger [39] and proved
by Jensen-Ranganathan [25] and Cook-Powell-Jensen [11], the combinatorial formula for the ex-
pected dimension of Hurwitz—Brill-Noether loci implies that the expected maximal Brill-Noether
loci with » = 1 are not contained in any other expected maximal loci, except when g = 8, see [2]
Proposition 1.6]. This result is now part of the full Brill-Noether theory for curves of fixed gonality,
established by Larson, Larson, and Vogt [28, 29]. More recently, the gonality stratification of M,
(work of Larson and the first two authors [3]), strata of differentials (work of Bud [6]), and limit
linear series (work of Teixidor i Bigas [44] and Bud and the second author [7]) were also used to
show new non-containments between Brill-Noether loci, which all together was sufficient to prove
Conjecture [1.2] for g < 23.

The idea of Conjecture is that curves in expected maximal Brill-Noether loci should behave
as generally as possible, given that they carry a special linear system. More generally, we are
interested in Brill-Noether special curves that admit no further Brill-Noether special divisors, of
course allowing those forced by trivial containments of Brill-Noether loci and Serre duality.

Definition 1.4. We say a curve C € M;d is gy-general if the only Brill-Noether special divisors
ggi with ' > 1 and d < g—1 on C are of the form (r',d') = (r —i,d—1i) for 0 <i <r—1 or
(r',d)=(r,d+j) for0<j<g—1-d.

In this language, Theorem [I|says that every expected maximal Brill-Noether locus /\/l’” 4 contains
a gj-general curve, unless (g,7,d) = (7,2,6),(8,1,4),(9,2,7). This leads naturally to Questlon l,
describing when other Brill-Noether loci contain a gj-general curve. We note that containing a g-
general curve is an open condition in My ;. Various non-trivial containments of Brill-Noether loci
give examples of M; 4 Dot containing g- general curves. The genus-degree formula for plane curves

gives containments of the form Mg c M! g.d—2: 8lving many examples of /\/l2 4 Dot containing

g?l—general curves. Generalizing this, the existence of a k-secant [-plane to the image of a curve

under a g gives a g, =1 which, if Brill-Noether special, gives further examples of curves that are

not gj-general. The exceptional cases in Example to Conjecture are exactly of this form.
The refined Brill-Noether theory for curves of fixed gonality provides a complete answer to

Question [I| for r = 1. As proved in [25], the general smooth projective k-gonal curve C of genus g
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admits a g, if and only if Pflueger’s Brill-Noether number

d) == d —k—d+2r+1)— 0
pk(gvr7 ) p(garv )+0§€§min?7},a;(—d+r+l}(g + 2r + )

is non-negative. Hence /\/l; , contains a gi-general curve if and only if px(g,r,d) < 0 for all (g, r,d)
associated to expected maximal Brill-Noether loci with r > 2.

Example 1.5. The expected maximal locus M;k has k = L%lj, and contains a g;—general curve

unless ¢ = 8, as shown in [2| Proposition 1.6]. For sub-maximal gonality strata, the situation
becomes more complicated. For example, if k£ = L%IJ > 2, then one can verify that M; ;. contains

a gé—general curve unless g = 6,7,8,10,11, 14.
We recall the numerical classification of expected maximal Brill-Noether loci from [3].

Lemma 1.6 (|3, Lemma 1.1]). An ezpected mazimal Brill-Noether locus My , exists for some d if
and only if

W 1<r<{h/§J o> |val’+ |va)
=TS \Uval -1 Fo<lval®+Lval.

Once a rank r satisfying the conditions of Lemma is fixed, the unique degree d that makes
My ; expected maximal is the largest d such that p(g,r,d) < 0, namely

@) A= dpanlgr) =4 | 2] -1

In other words, Lemmal(1.6|says that the expected maximal Brill-Noether loci in M are precisely
the M7, for r satisfying (1) and d = dpax(g, 7).
We remark for later use that an immediate consequence of is the inequality

(3) g>ri+r

for (g,r,d) associated to an expected maximal Brill-Noether locus, which can also directly be
deduced from the facts that d < g — 1 and p(g,r,d+ 1) > 0.

1.2. K3 surfaces. We will work with quasi-polarized K3 surfaces of genus g, that is, with pairs
(S, H) where S is a K3 surface and H € Pic(S) is a primitive big and nef line bundle such that
H? = 2g — 2, so that all smooth irreducible curves in |H| have genus g. To distinguish Brill-
Noether loci, we want such curves to carry a g;, which we ensure by specifying the Picard group. In
the moduli space Ky of primitively quasi-polarized K3 surfaces of genus g, the Noether—Lefschetz
locus consists of K3 surfaces with Picard rank > 1. Via Hodge theory, the Noether—Lefschetz
locus is a union of countably many irreducible Noether—Lefschetz divisors. For g > 2, » > 0, and
d > 0, we denote by IC; 4 the Noether—Lefschetz divisor parameterizing quasi-polarized K3 surfaces
(S,H) € K4 such that the lattice A} ;, = Z[H] & Z[L] with intersection matrix

(4) [LHjLI HL'2L] - [2gd_ i 27~d—2}

admits a primitive embedding in Pic(S) preserving H (using the notation from [2] 23]).
It is well known that ICZ 4 is non-empty if and only if the discriminant

(5) Al p=4(g—1)(r—1)—d* <.

Indeed, the Hodge index theorem implies A} ;, < 0 for any (S, H) € K} ;. Surjectivity of the period
map (see [33, Thm. 2.9(i)] or [36]) shows there exists a K3 surface S with Pic(S) = A] ;. Acting with
Picard—Lefschetz reflections on Ag 4> and using [4, VIII, Prop. 3.9], we may assume that H is nef.
In particular, for (g, r,d) satisfying (5], K 4 is non-empty and the very general (S,H) € K 4 has
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Pic(S) = A} ;. We note that when K7 ; is non-empty, it is an irreducible divisor of Ky, see [37]. We
remark that the K ; with p(g,r,d) < 0 are precisely the Noether-Lefschetz divisors parameterizing
the Brill-Noether special primitively polarized K3 surfaces in the sense of Mukai [35], see [21], 23].

Up to Serre duality, we can assume that (g,r,d) associated to a Brill-Noether locus satisfies
d < g — 1. Hence, for distinguishing Brill-Noether loci, we will focus on K3 surfaces in IC;d
satisfying

(6) g>3, r>1, 2<d<g-1.

We are interested in IC; 4 because curves in |H| carry a g};. We make this more precise as follows
(cf. |2 Lemma 1.1].

Lemma 1.7. Let (S, H) € K} ; and assume that (6) holds. Then any irreducible C' € |H| has genus
g and carries a g4, and |Oc(L)| is a g7 if and only if h'(L) = h'(H — L) = 0.

Furthermore, if Pic(S) = A7 ;, then |H| contains smooth irreducible curves and |0c(L)| is a base
point free g for any smooth irreducible C' € |H|.

Proof. We note that L? > 0, (H - L)? =2(9g—d—-2+7) >2(r—1)>0,L-H =d > 0 and
(H-L)-H=2(g—1)—d>g—12>2, whence by Riemann-Roch and Serre duality, L and H — L
are both effective and nontrivial. In particular, h°(L — H) = 0 and dim |L| = L2 + 1 + (L) =
r+ h'(L) > r. The first assertion in the lemma then follows by adjunction and the sequence

0—> Os(L — H) —= 0O3(L) — Oc(L) — 0.

By classical results [41, Cor. 3.2, § 2.7, a line bundle M on a K3 surface is globally generated
if and only if there exists no curve I' such that I'? = —2 and .M < OorI?=0and I'- M = 1.
Hence, if Pic(S) ~ A7 4 one may explicitly check, arguing as in e.g. [26], that L and H — L are
globally generated, except in one case: g =4r—2, d=g—1=4r—3and H ~2D+1, with D ~ L
or D ~ H — L globally generated and I' a (—2)-curve such that D -T' = 1; in this case, I is the
base divisor of |H — D|. (We leave the details to the reader, since we will not make use of the last
assertion in the lemma in this work.) Since I'- H = 0, we see that 0¢(L) ~ Oc(H — L) ~ O¢c(D)
for any C € |H|. Thus, in all cases, O¢(L) is base point free.

Since L and H — L are part of a basis of Pic(5), they cannot be a multiple of an elliptic curve.
Therefore, again by classical results [41, Prop. 2.6], L and H — L are represented by an irreducible
curve whenever they are globally generated, giving the vanishings h'(L) = h'(H — L) = 0. In the
one remaining case, they have the form D + I" with D represented by an irreducible curve and T’
an irreducible curve intersecting D in one point. Hence, h'(D + T') = 0 in this case as well, due
to 1-connectedness. A similar reasoning shows that H is globally generated and represented by an
irreducible curve. Hence, by Bertini and the first part of the lemma, there are smooth irreducible
curves C € |H|, and |Oc(L)| is a g);. O

In the notation of I}, 23], let 7 : P, — Ky be the universal smooth hyperplane section, whose fiber
above (S, H) is the set of smooth irreducible curves in |H|, and let ¢ : P, — M, be the forgetful
map. Also denote by  : Pya— IC;d the restriction to the divisor ]Cg,d C Ky. By Lemma , the
image of ¢ restricted to Py ; lies in M7 ;. We summarize this in the following diagram.

r
s Pg,d ¢

PN

T T
Kg,d g,d

Our proof of Theorem (1| will show that when restricted to a general element of IC; 4 the image
of ¢ consists of g)-general curves.
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1.3. Bundles on K3 surfaces. Let S be a K3 surface and C' C S a smooth irreducible curve of
genus g. A base point free g}, on C gives rise to a Lazarsfeld-Mukai bundle on S. Denoting by
(£, V) the g}, where . is a line bundle of degree d on C and V C H°(.Z) is an (r + 1)-dimensional
subspace, the Lazarsfeld-Mukai bundle E¢ (¢ v is defined as the dual of the kernel of the evaluation
map V ® Og — . We will use the following well-known facts about E¢ (o vy, cf. [30].

tk(Ec zvy) =7+ 1, a(Eczvy) = [C], calEoyzvy) = d;

W (Eczvy) = 0;
Ec v is globally generated off a finite set;

X(EX v ® Eczvy) = 2(1 = p(g,7,d)). In particular, if p(g,r,d) < 0, then E¢ (o v is
non-simple.

We conclude with a technical lemma which will be useful.

Lemma 1.8. Let & be a torsion free coherent sheaf on a K3 surface S that is globally generated off
a finite set such that H*(&) = 0 and c1(&) = E, where E is a smooth elliptic curve. Then tk & =1
and &V ~ Os(E).

Proof. The cokernel of the canonical inclusion & C &YV is supported on a finite set, whence
H?(&YY) = 0 and &YV is globally generated off a finite set. If tk& = 1, there is nothing to

show. If k& > 2, a general subspace W C H?(&VY) of dimW = 1tk&YY — 1 gives rise to an
evaluation sequence

(7) 0—=W® 0Oy eV Os(E)® S7 —0,

where Z is a O0-dimensional subscheme of S of length co(&VY). Since &YV is globally generated off
a finite set we must have h%(0s(F) ® #z) > 2, whence Z = (). As Og(E) is globally generated,
shows that &YV is also. Hence, by a general position argument, for a general subspace V. H(&VY)
of dimV = rk &YV the evaluation map V ® 0s — &YV drops rank along a smooth member of |E|,
which we still denote by F, and we have a short exact sequence

(8) 0—=V® 0y VY o 0,

with o7 a line bundle on E. Dualizing, we obtain
(9) 0—= VW g ——VVROs —wp @AY ~ o ——N0.

The sequences (8] and ([9) show that both & and &V are globally generated, whence &7 ~ 0. Since
hO(&V) = h3(&YY) = 0, we get from (9) that tk&VY = dimV < h%(0k) = 1, a contradiction. O

2. BRILL-NOETHER SPECIAL CURVES ON K3 SURFACES

The aim of this section is to give a necessary and sufficient criterion to determine whether a curve
on a K3 surface with a special linear series induced by a line bundle on the surface can contain
other special linear series as well. The main result is summarized in Theorem below.

A crucial observation of Lazarsfeld [30], Lemma 1.3] is that a Brill-Noether special curve C on a
K3 surface S admits in its complete linear system |C| a reducible curve. More precisely, as will also
be clear from the proof of Theorem one has an effective decomposition

(10) C~A+B+T,

with A and B globally generated and nontrivial, and T effective (and possibly zero). Control
over the (self-)intersection numbers of components of this effective decomposition have been crucial
technical inputs into a host of results concerning lifting linear systems to line bundles on K3 surfaces
and distinguishing Brill-Noether loci, see [2, 5, 12| [31].

For our purposes, the following will be a convenient definition restricting effective decompositions
of H.
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Definition 2.1. Let H be a divisor on a K3 surface S. We say that H = A+ B is a flexible
decomposition if h°(A) > 2, h°(B) > 2, A2 > —2, B> > —2, and at least one of A and B has
self-intersection > 0.

Note that on K3 surfaces containing no (—2)-curves the flexible decompositions are nothing but
the effective, nontrivial decompositions.

Example 2.2. For K3 surfaces (5, H) € K ; satisfying () we have that H ~ L+ (H — L) is a
flexible decomposition. Indeed, since (H—L)* = 2(g+r—d—2) > 0and (H—L)-H = 2g—2—d > 0,
we get by Riemann-Roch that h°(H — L) > 2. Similarly for L.

We will henceforth be interested in the uniqueness of flexible decompositions. The following is a
weakening of the condition that |H| contains no reducible curves from [30, Theorem]|.

Definition 2.3. For a K3 surface S and a divisor H, we say that (S, H) satisfies decomposition
rigidity iof H admits at most one flexible decomposition.

We will show in Proposition that decomposition rigidity is satisfied for general members
(S,H) € K% 4 for many (g,r,d), in particular for (g,r,d) associated to expected maximal Brill-

Noether loci (cf. Lemma and Remark [5.9)).
The following lemma, that will be central in the proof of Theorem shows the connection
between flexible decompositions and the decompositions of Lazarsfeld’s form .

Lemma 2.4. Let (S,H) € Ing satisfying @ and decomposition rigidity. If we can write H ~
A+ B+ R, with A, B, R effective and nontrivial, and A? > 0, B?> > 0, then either

(a) g+4r—2d=4 andr > 1, or
(b) r::[’ g:2d7 A:B:L, R2:—2, hO(R)zlandL—i-stnef

Proof. As (S, H) satisfies decomposition rigidity, Example shows that H ~ L + (H — L) is the
unique flexible decomposition. Also note that h%(A4) > 2 and h°(B) > 2.

We first treat the case RZ > —2.

We start by proving that

(11) R-A>-1and R-B> —1.

Indeed, say R- A < —2. Then R?> = —2 and nefness of H implies that R - B > 4 and one easily
computes that (A —jR)? >0 for j =1,2 and (B + jR)? > 0 for j = 1,2, 3. Hence,

H~A+(B+R)~(A-R)+(B+R)~(A—-2R)+ (B+3R)
are all flexible decompositions, contradicting decomposition rigidity. Hence, R - A > —1, and

similarly R- B > —1, proving

By , the two decompositions

H~(A+R)+B~A+ (R+ B)

are flexible, whence decomposition rigidity yields that A ~ B, and both are linearly equivalent to
Lor H—L,sothat R~ H—2A ~ 4+(H —2L). If R? > 0 or more generally if h°(R) > 2, then
also H ~ 2A 4+ R is a flexible decomposition, whence decomposition rigidity yields that R ~ A, so
that H ~ 3A, contradicting that primitivity of H. Hence it remains to treat the case h%(R) = 1
and R? = —2. The latter is equivalent to g + 4r — 2d = 4. Hence, if r > 1, we are in case (a). If
r =1, then g = 2d and we have H ~ 2A + R, with A ~ L or A ~ H — L. In the latter case we
would have 2L ~ H + R, whence

g=2d=2L-H=H?>+R-H=29—2+R-H,

so that R- H =2 — g <0 (as g > 3), contradicting nefness of H. Hence, A ~ L and H ~ 2L + R,
which is case (b), where we have left to prove that L + R is nef. If it were not, there would exist
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an irreducible (—2)-curve I' such that I' - (L + R) < 0. Since H is nef, we must have I'- L > 0 and
I'- R < -2, whence (R —T')? > 0, yielding the contradiction h°(R) > h%(R —T) > 2.

We next treat the case R2 < —2. Since R is effective, it must contain a (—2)-curve I' in its
support such that I'- R < 0, and R — I is still effective and nontrivial. Since H is nef, we must have
I'-(A+B) > 1, and we can without loss of generality assume that I'- A > 1. Then (A+T)? > 0 and
we may replace the decomposition H ~ A+ B + R with the decomposition (A+T')+ B+ (R—T).
Repeating the process we will eventually reach a decomposition of the form H ~ A’ + B’ + R/,
with A/, B', R’ effective and nontrivial, A’> > 0, B> > 0 and R’> = —2. This reduces us to the
case treated above, which means that we are either in case (a) again, or r = 1, A’ ~ B’ ~ L and
hO(R') = 1. We claim that A ~ A’ and B ~ B’ (so that we end up in case (b) again). Indeed,
assume by abuse of notation that at the last but one step of the procedure we have H ~ A+ B+ R,
and there is a (—2)-curve I' such that I'- R < 0, R — T is still effective and nontrivial and I"- A > 0.
Then A’ ~A+T, B'~Band R ~R—T. Since 0= L2 = A% = (A+T)2= A2+ 2(I'- A— 1), we
must have A2=0and I'- A =1. Hence I - A’ = —1, so that

"H=T-2A+R)=T-2A+R-T)=T-R<0,
contradicting nefness of H. 0

The main result of this section is the following.

Theorem 2.5. Let (S, H) € K;d satisfying @ and decomposition rigidity. Assume further that
if r > 1, then g+ 4r — 2d # 4. Then |H| contains smooth irreducible curves of genus g, and for
any smooth irreducible C € |H|, the linear system |Oc(L)| is a base point free complete g, which

is very ample if r > 3. Moreover, there exists a smooth irreducible curve in |H| carrying a gg: with
p(g,r',d") <0 if and only if there exist non-negative integers 1,7, dy1, ds such that

(12) ri+ry = =1

(13) di+dy < d—d+2r—2

(14) 0 < p(ryri,di)<r

(15) 0 < plg+r—d—1,r9,do) <g+r—d—1.

Proof. As (S, H) satisfies decomposition rigidity, Example shows that H ~ L + (H — L) is the
unique flexible decomposition. Lemma and our assumptions imply that L and H — L admit
no nontrivial effective decomposition with at least one summand of non-negative self-intersection
except in thecaser =1, g = 2d, H—L ~ L+R, with R?> = —2, h°(R) = 1 and L+ R nef. Therefore,
well-known results on linear systems on K3 surfaces [41}, Corollary 3.2, §2.7] imply that L and H — L
are globally generated and the general members of |L| and |H — L| are smooth irreducible curves of
genus g(L) =r >1and g(H—L) =g+r—d—12> 1, respectively, and that L is even very ample if
r > 3. Similarly, the general member of |H| is a smooth, irreducible curve of genus g. In particular,
h'(L) = h'(H — L) = 0, whence |0c(L)] is a base point free complete g/; for any smooth C € |H|
by Lemma [1.7, and it is even is very ample if r > 3 (as L is).

We have left to prove the last statement of the proposition. We first prove the “only if”-part.

Assume that there exists a smooth curve C' € |H| carrying a g(’}: with p(g,7",d’") < 0. Its base
point free part is a gfl;, with d” < d'. Let & be the Lazarsfeld-Mukai bundle associated to the base
point free part. The fact that p(g,7’,d") < p(g,7’,d’) < 0 implies that & is non-simple, whence we
can by standard arguments find an endomorphism ¢ : & — & dropping rank everywhere (see |30,
p. 302]). Set .7 = imy and ¥ = coker ¢, which both have positive ranks. Being both a quotient
sheaf and subsheafl of &, we have that .% is torsion free, globally generated off a finite set and with
h?(#) = 0. In particular, .# is nontrivial, whence c1(.#) is represented by an effective nonzero
divisor F' (see, e.g., [30, Fact at the bottom of p. 302]). Since F' must be globally generated off a
finite set, we must have F2 > 0. Let .7 be the (possibly zero) torsion subsheaf of 4 and 4 == ¥/ .7.
Then ¥ is torsion free, and, being a quotient sheaf of &, it is globally generated off a finite set and
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satisfies h%(4) = 0. As above, this implies that c;(%) is represented by an effective nonzero divisor
G, with G? > 0. We thus have
H~ (&) ~e(F)+a() ~alF)+a@)+a(T)~F+G+T,

with T" an effective (possibly zero) divisor supported on the support of 7.
Letting .# denote the kernel of the surjection & — 4 — ¢, we have a commutative diagram

9
o

o
N

2

Note that .7 is torsion free, being a subsheaf of &. The rightmost vertical sequence in the diagram,
together with the facts that & is locally free and ¢ is torsion free, yields that .Z is normal (cf., e.g.,
[38), II, Lemma 1.1.16]), whence reflezive (cf., e.g., [38, II, Lemma 1.1.12]), whence locally free.
Also note that h?(.%) =0, as h?(F) = 0.
Consider the standard exact sequence

(17) 0—>G—7" — 7, —0,

where @ is locally free and 7z has finite support. In particular, also 7" is globally generated

off a finite set and h2(gvv) = 0. Combining the rightmost vertical sequence in with (17), we

obtain

0—F —E—F — 1, ——>0

where Z and 4" are both locally free, 7" s globally generated off a finite set, h?(.F) =
hQ(QVV) = 0, and 7 supported on a finite set.

Claim 2.6. Also .7 is globally generated off a finite set. Moreover, c1(F) and cl(?vv) are linearly
equivalent to L and H — L.

Proof of claim. If T = 0, then 7 is supported on a finite set. Since .% is also globally generated off

finitely many points, the upper horisontal vertical sequence in shows that .7 is again globally
generated off a finite set. Moreover, ¢1(.Z) and ¢ (?vv

decomposition rigidity.

If T # 0, then the hypotheses and Lemma yield that r = 1, g = 2d, FF ~ G ~ L and
T ~ R~ H — 2L, with R? = —2. In particular, L is represented by a smooth elliptic curve. By
Lemma we obtain that tk@' "~ = 1k¥ = 1 and 1k 7 = 1k.F = 1, whence ' =1k& — 1 = 1.
Hence @ ~Land Z~H—L. In particular, .Z is globally generated and the claim follows. [

) are linearly equivalent to L and H — L by

To simplify notation, we can therefore assume that we have an exact sequence
(18) 0 F & 9 T 0

with .% and ¢ both locally free of positive ranks and globally generated off finite sets, such that
h?(F) = h?(4) = 0 and c1(.%) and ¢, (%) are represented by L and H — L, and 7 is supported on
a finite set.
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We set rz =1k ZF — 1 and rg =1k ¥ — 1, dg = c2(F), dy = 2(¥), 97 = 2c1(F)* + 1 and
g9 = 3¢1(9)*+ 1. Then rg > 0 and ry¢ > 0. Since F and ¢ are globally generated off finite sets,
we also have dg > 0 and dg > 0. Since {¢1(F),c1(¥)} = {L,H — L}, we have

(19) {97,994} = {9(L),g(H — L)} = {r,g +7r —d —1}.
From (18)) we find
r'+1=1k&=1kF +1k¥ =rz+1+ry+1,

that is,
(20) rgz+ry =1 —1
moreover,

d > d'=c(8) =ca(F) +2(9) +c1(F) - c1(9) +lengthT > dg +dy + L - (H — L)

= dg+dg+d—2r+2,

in other words
(21) dg+dg <d —d+2r—2.

If r4 = 0, then tk.% = 1, so that dg = c2(%#) = 0. This implies that p(g9z,r7,dz) =
p(97,0,0) = 0. If rz > 0, then, as .Z is globally generated off a finite set, we have a short exact
sequence

(22) 0——=Crstl g 0y F Az 0,

with @/z a torsion free rank-one sheaf on a reduced and irreducible member D € |c1(F#)|. As
h?(F) = 0, the sheaf .Z is nontrivial, whence h%(.F#) > rk(F) = r# + 1, so that

(23) h(z) > 0.
Dualizing , we obtain
(24) 0 FV C?t @ Og —= By = Ent' (A7, O5) — 0,

again with Z4 a torsion free rank-one sheaf on D, which is globally generated by construction
and satisfies deg(##) = c2(F) = dz. Since h°(FV) = h?(F) = 0, we see that h°(Bz) =
rz + 1+ h'(F). Now choose h!(.F) general points x1, ..., Tp1(7) in the smooth locus of D and set
r%//@ = %y(—l‘l — = l‘hl(gz)) Then

W(Bz) = h(Bz)—h(F)=rz+1,

W(Bz) = h'(Bz)=h'(Eut'(Bz,05)) = h'(dz) >0,
using (cf. J20, Lemmas 2.1 and 2.3]). Moreover, %', is still globally generated, so we have a
short exact sequence

(25) 0 FY Cretl @ Oy B, 0,

defining a new Lazarsfeld-Mukai bundle .#’. We have k(%) = rk(F) =rz + 1, c1(F') = 1 (F)
and d'y = co(F') = deg(#') = dz — W' (F) < d . Dualizing we obtain

(26) 0—>Crotl @ 0y —= F' — > Ext' (B, O5) — 0,

and since h0(&xt'(B'z, 05)) = ht(#'7) > 0 (cf. [20, Lemma 2.3]), we see that .F’ is globally
generated off a finite set. Recall that D ~ L or H — L, and, as a consequence of what we said in
the first lines of the proof, L and H — L admit no decompositions in moving classes. Hence

p(ggf\a T<97a dl?) Z 07
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as in the proof of [30, Lemma 1.3]. At the same time, since h%(%/;) > 0 and h'(%/;) > 0, we also
have

pl97.r7.d5) = g(D) — h(Bz)h' (B%) < g(D) = g(F).
To summarize, we have in any event found an integer d’; such that 0 < d; < dz and

(27) 0<plgz,rz.dz) < gz.
Similarly, considering ¢, we find an integer d, such that 0 < df,, < dy and
(28) 0 < plgy,rg,dy) < gg-
By we see that
(29) ’,+d2p<d’—d+2r—2.

Recalling (19)), we see that ( , and (27)-(28) imply (12)), ([13) and (14)-(15), with {ry,re} =
{T’g’[, 7'(4} and {dla d2} - {dﬂa

We then prove the “if”-part.

Assume the existence of the integers as stated in the theorem. Assume first that 1,72 > 0. Then,
by (14)-(15)), on any smooth curve in |L| and |H — L| there exist a complete special g and g2,
respectively. Denote by 7, i = 1,2, the corresponding line bundles, and by D; the corresponding
curves. Define 7/ to be the base point free part of <7, that is, the image of the evaluation map
HY(a%)® Op, — ;, by B; the base point free part of wp, ®M’;1, and set o/; == wp, ®93i_1. Then
hO(a;) = ho(%) +1; and deg(«/;) = deg(/) +1; < d; +;, where [; is the length of the base locus
of |wp, ® &' *|. One easily checks, as e.g. in [20, Lemma 3.1], that both [«7;| and |wp, ®Ei—1\ are
base point free. Hence, we have found, on (all) smooth curves in |L| and |H — L|, a base point free
;%iéz, with d; < d; and I; > 0, for ¢ = 1,2, respectively, and such that its adjoint is also
base point free.

Let % and ¢ be the associated Lazarsfeld—-Mukai bundles, of ranks 1 + {1 + 1 and 79 + 5 + 1,
respectively, which are globally generated by the assumption on the base point freeness of the adjoint
linear systems. Set & == .% & ¥. Then

k(&) =ri+l+ro+lo+2=7r"+1+1 +1s

complete g

by and

CQ(@'@)

62(9)4—02(%)—%61(9)-01(%):dll+l1+d/2+l2+L'(H—L)
L+l tdy+la+d—2r+2<di+1li+do+1lo+d—2r+2
d +1; + 12,

IN

by . Then, as is well-known, the evaluation map C”'*! @ &g — & drops rank along a smooth
curve C' € [H| and the cokernel is a line bundle </ on C, such that |wc — &/ is a g, z:il)HQ, in

. . 4 !
particular C' carries a g:l,iﬁig, whence also a gy.

Assume now that vy = 0 and ro > 0. Then by there exist a complete special ggf on any
smooth curve in |[H — L|, and as before, we find a complete, base point free 92’2152 with dfy, < dy and

lo > 0, such that its adjoint is again globally generated. Letting .# be its assomated Lazarsfeld—
Mukai bundle of rank 79 + I3 + 1, which again is globally generated, we set & := L @& .%, and argue
as above. Similarly if 7o = 0 and r; > 0.

Finally, if r; =r9 =0, we set & = L @ (H — L) and argue as before. O

Remark 2.7. A careful look at the proofs of Lemma [2.4) and Theorem [2.5] shows that the condition
“(S,H) € K} ;7 can be replaced by “(S, H) a quasi-polarized K3 surface of genus g with a line

bundle L € Plc(S) satisfying L? = 2r — 2, L.H = d and H + 3L". Also note that whenever H is
n-divisible in Pic(S) for an n > 4, then (S, H) does not satisfy decomposition rigidity.
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3. FLEXIBLE DECOMPOSITIONS ON K3s OF PICARD NUMBER TWO

We want to find K3 surfaces satisfying the conditions in Theorem [2.5] in particular decomposition
rigidity. Throughout the section we will fix integers (g,r,d) satisfying and @, and a pair
(S,H) € K ; with Pic(S) = A ;. For simplicity we write A :== A7 .

Assume now that H ~ A + B is a flexible decomposition of H. We may write

A=zH —yL and B= (1—x)H + yL for some z,y € Z.

We may and will assume that A2 > 0 and B2 > —2. The next two lemmas give necessary conditions
on x and y.

Lemma 3.1. We have

(30) (9—1)a? —dzy + (r — 1)y* > 0,
(31) (9-1)(A —z)?+d(1 —z)y+ (r—1y* > -1,
(32) 20D (3 - 1) <y < A7l

Proof. The two first conditions are equivalent to %AQ > 0 and %BQ > —1, respectively. The last
condition is equivalent to A-H > 0 and B-H > 0, which are satisfied since h’(A4) > 2 and h(B) > 2
and H is big and nef. O

Lemma 3.2. If r =1, then
-1
=0 and —%§y<0, or x=1 and 0<y<g

If r > 2, then either

(33) 0<x§max{1+md\/ﬁ, (dz(r;r))f/ﬁ} and
2(9(;1)(:5—1)<y§min{d2(7}/§x,\/%}
or
(34) 7% <x <0 and
o ) = 90 a0 25

Proof. We first treat the case r = 1.
If x <0, then and the right inequality in yield

(9 - 1Dz <dy <2(g— 1)z,
whence the contradiction (g — 1)z > 0. If x > 0, then and the left inequality in yield
29 -D(x—1) <dy < (g9 — 1,

which implies (¢ — 1)z < 2(g — 1), whence x = 1, and thus 0 <y < %.
If x = 0, then and the left inequality in ([32)) yield =% <y < 0.
The rest of the proof will deal with the case r > 2.
We first note that implies that

(35) either z <0 and y < 0, or z > 0 and y > 0.

Letting a4+ = dzi(ri VJIA)|, we note that factors as

(36) (r=1(y —ayz)(y —a-z) 2 0.
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Define the following lines in the plane:

—1
by y=ayx, {(_:y=a-x, L: yzz(a‘l)(az—l).

Since a4 > 2(9%;1) > a_ > 0, the conditions and yield, also recalling , that either

2(9—1)

(37) x>0 and 0< g

(z—1)<y<a_z

(which determines a triangle bounded by the z-axis and the lines £ and ¢_ in the first quadrant) or

2(9—1)

y (x—1)<y<agz, y<o0

(38) x <0 and

(which determines a triangle bounded by the y-axis and the lines ¢ and ¢4 in the third quadrant).
Furthermore, condition implies that the points (x,y) must lie in the region containing the
origin determined by the hyperbola with two branches

¢: (g— D1 —2)*+d(1—a)y+ (r—1)y* = 1,

as shown in the following picture, which shows the case (g,r,d) = (14, 3,13).

/
/
;
/P
/Fa

|
IN
|
w
|
N
|
=
o
=
N
w
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We compute the intersection points between the curves, as shown in the picture:

B _ - d 2(g—1)
Q= (z4,yp)=tNl. = (H\/E’ \/IK>’

Q-=(@_,y-)=Ltnt_ =

<—1>>
M VIAL )’

2(r—1)g g
d+\/|K\/|K \/W>’
2@)
Fm VA

Py = (.754,3/4) =cNly

Py = (z9,y2) =cnén{y >0} = 14+

( 2(r —1)g g

P =(z1,p) =cnl = ( JIKJ!K m>,
S
[

sz(xg,yg) ::cﬂfﬁ{ySO} =

( - 299 — 1
V9 - JW VA

We first consider case . We note that zo < x4 and y4 > y1 > yo. Thus, the points (z,y) lie
in the region bounded by the z-axis, the lines /_ and ¢, and the segment of ¢ between P; and Ps.
Since ¢ is convex, the points (x,y) are contained in the pentagon bounded by the z-axis, the lines
¢_ and ¢, and the line segment P, P,. In particular, z < max{zi,x2} and y < y;. Together with
(37, this yields (33).

We next consider case . We note that x_ < z3 and y_ < y4 < y3. The latter implies that
the intersection points Py and Ps occur in the region where £ lies to the left of ¢, whence it follows
that also x4 < x3. (Note, however, that contrary to the impression one may get by the picture, we
could have x3 < 0.) The points (z,y) lie in the region bounded by the y-axis, the lines ¢4 and ¢
and the the segment of ¢ between Py and Ps. Since ¢ is convex, the points (x,y) are contained in

the pentagon bounded by the y-axis, the lines ¢, and ¢, and the line segment Py P;. In particular,
x > x4 and y < y4. Together with , this yields . O

Remark 3.3. A direct computation shows that
2(r—1)g 2(r—1)g

1
@ VAW @t VIA)IA g1

In particular, setting m = {max{l%— \/md 27 g(TZT)Z\)/Xl}J, Lemma shows that
=1 (d—
ze{-m+1,...,m}.

As a consequence, we can deduce decomposition rigidity under certain assumptions.

Proposition 3.4. Assume that (6)) holds,

g3 ;

=4 2r, if r>2
39 d>1{ 2 ’ ’
39 —{g, fr=1,
and
(40) (r—1)(3g — 4)* < 2d*(g — 2).

Then any (S, H) € Kg.a with Pic(S) = A;d satisfies decomposition rigidity.

Remark 3.5. Condition together with the assumption that d < g — 1 (cf. @) imply that
g+12>4r.
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—9, it r>2,
0, if r=1,
H ~ 2L + (H — 2L) is another flexible decomposition, or the assumption in Theorem that
g+ 4r — 2d # 4, which is equivalent to (H — 2L)? # —2, is not satisfied. Thus is the optimal
bound to be able to apply Theorem [2.5]

Remark 3.7. Condition is automatically fulfilled if » = 1. Moreover, under assumption (39),
condition is for instance implied by the simplified assumption

r(r+1), if 2<r<7,

Remark 3.6. If is not fulfilled, then (H — 2L)2 > { whence either

(41) g > min{r(r+1), 10(r — 1)} =
10(r — 1), if r > 8.
Indeed, because of , condition is implied by

2
(r—1)(3g — 4)% < 2(g — 2) <g;3 + 2r> :

equivalently
(42) g> + g*(—10r 4+ 10) + g(16r2 + 8r — 27) — 32 + 16 + 14 > 0.

As g(16r24+8r—27) —32r24+16r+14 > 0 for r > 2 and g > 3, we see that holds if g > 10(r—1).
If » <7, one can check that holds when g > r(r + 1). Hence holds.

Proof of Proposition[3.4. We want to prove that H ~ L + (H — L) is the unique flexible decompo-
sition of H. To this aim, let H ~ A+ B where A = xH —yL and B = (1 — x)H + yL be a flexible
decomposition of H. We will prove that (z,y) = (1,1) or (0,—1), which both correspond to the
decomposition H ~ (H — L) + L.

If r = 1, assumption (39) and Lemma show that the only possibilities are (x,y) = (1,1),
(0,—1) or (0,—2). In the latter case we have B ~ H — 2L and B? = —2. We claim that B is the
only (—2)-divisor on S, which will prove that B is irreducible, giving the contradiction h%(B) = 1.
Indeed, if T" is a (—2)-divisor on S, we may write I' ~ aH — bL, with a > 0, since multiples of L
can never contain . Then —1 = I = afa(g — 1) — bd], whence a = 1 and g = bd, so b = 2 and
I' ~ H—2L ~ B. This gives the desired contradiction, showing that the case (z,y) = (0, —2) does
not occur, as desired.

Now suppose r > 2.

We first claim that if =3 <y <3 and 0 < z < 1, then again (x,y) = (1,1) or (0,—1). Indeed,
Lemma [3.2) shows that it suffices to rule out the cases (z,y) = (0,—2), (0,-3),(1,2) and (1,3). In
these cases one of A or Bis H — 2L or H —3L. By we have

-3
(H —2L)? :2g—|—8r—10—4d<29+8r—10—4<92+2r> = —4,
a contradiction. Similarly, we have
-3
-2< (H3L)2:2g+187’206d§2g]+18r206<92+2r) =6r—11 —g,

whence g < 6r — 9. But then, using this and once more, we obtain the contradiction

-3 5) 1
(H—3L)-H =2g—2—-3d < 2g—2—3 <g2 +2r> - %—67" < 5 (6r—4)—6r = —3r—2<0.

It remains to show that —3 <y < 3 and 0 < z < 1. By Remark and Lemma [3.2] to show
that 0 < x <1 it suffices to show that

d
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and
2(r—1)g <9
(d—/IA)VIA
Having done this, the case x = 1 yields, because of the right inequality in , that
2A9-1) 2(2—1) <M
d 2 42r T g5
and similarly the case x = 0 yields, because of the left inequality in , that 0 < —y < 4. We

have therefore left to prove and .
Inequality is equivalent to

d? — (r—1)(3g — 4) < d\/|A|.
The latter is implied by the inequality obtained by squaring both sides, which is . Thus,

is satisfied.
Inequality is equivalent to

(44)

0<y< <4,

(45) 49— 1)*(r—1) < (g - 2)d*.
Our assumptions yield that ¢ > 4r — 1 > 7, ¢f. Remark and then one readily checks that
4(g—1)2 < 1 (39— 4)?, so that is implied by (40). Thus, is also satisfied. O

4. BOUNDS ON THE LIMITS OF BRILL-NOETHER SPECIAL DIVISORS

The aim of this section is to give sufficient conditions so that (12))-(15]) in Theorem cannot be
verified, thus ruling out the existence of a ggf as in that theorem.

Lemma 4.1. Assume that ' > 1,2 <d' < g—1, (0) is satisfied, and that

(46) {d—r+r’—d’>:,—1, if v <,

rod-1 »
g+r' —1—d -5 >0, if r<r

Then there are no non-negative integers ri,r2,d1,ds satisfying f.

Proof. Assume, to get a contradiction, that rq,rs,ds,ds are non-negative integers satisfying (12)-

(15)-

We have
(47) 0<r <r —1.
Condition can be rewritten as
(48) r1+r:f1 <dy <ot

From the left hand inequality of combined with and ([13)), along with the fact that p(g, r, —)
is an increasing function, we obtain
plg+r—d—1,r"—1—r;,d —d+2r—2—d;) >0,

which can be rewritten as

—d—1
(49) dlgd’+r+r17r'fg+g+7:—.

T —T"

Grant for the moment the following:

Claim 4.2. If
o ' <r, or
e <r <7,
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then
+r—d-1 rir

50 d — 7 - grrmaT o o .
(50) trAn T gt r—ry r1+r1—|—1

We show how the lemma follows from the claim.

Assume that 7 < r. Then Claim shows that and the left hand inequality of are
incompatible. We are therefore done in this case.

Assume, finally, that ' > r. Then Claim shows that and the left hand inequality of

are compatible only for r; > r — 1. This latter inequality is on the other hand equivalent to

+ + M)
T T — T .
! L)

Thus there is no integer d; satisfying . This concludes the proof of the lemma.
We have left to prove the claim:

Proof of Claim[{.3 Since the left hand side of is a convex function of r; and the right hand
side is a concave function of rq, it suffices to prove the inequality for the two boundary values r; =0

and
v —1, if ' <r,
Ty = .
r—1 if ' >r,
cf. , where it reads, respectively,

—d—1
(51) d'+r—r’—g+—g+r, <0,
/
-1
(52) d’—d+2r—2<r’—l+u, if v <r,
T
and
—d—-1
(53) d’+1—r’—g+%<o, it >

One easily verifies that is equivalent to the upper inequality in and implies . We are
therefore done in the case r’ < r.

Assume now that ' > r. If r > o/ — g;i_ll, one verifies that implies (BI). If r <1’ — g;i_ll,
then g—d—1 < (v’ —7r)(r’+1). Using this together with d’ < g— 1, one checks that is satisfied.
Thus, is redundant, and we are left with , which can be rewritten as the lower inequality

in . This concludes the proof of the claim. O
Having proved the claim, the lemma follows. O

5. MAIN RESULT AND APPLICATIONS
We summarize the results of the previous sections as the main result of the paper.

Theorem 5.1. Let g,r,d,r’,d" be integers satisfying

(54) 9235T217 T/2172Sd§97172§d/§9717
9=3 ; >

(55) d> g2 + 27, z.f r>2,
29 Zf r= 17

(56) (r—1)(3g —4)* < 2d*(g - 2),

(57) p(g,r',d") <0,

{d—r—i—r’—d’>:,—1, if v <,

g+ —1—d - L s 00 if r <y,
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Then for any K3 surface (S,H) € Kf ; with Pic(S) = Ay ,;, we have that |H| contains smooth
irreducible curves, and for any such C € |H| we have:

(i) C has genus g,

(ii) |Oc(L)| is a base point free complete gij, which is very ample if r > 3,

(iii) C carries no 92:-
Proof. Condition implies (B]), which allows us to construct a K3 surface (S, H) € Ky 4 with
Pic(S) = Aj 4 asin Conditions (54)-(56) are the conditions in Proposition which guarantee
that (S, H) satisfies decomposition rigidity. For r > 2, inequality can be rewritten as g + 4r —
2d < 3, so that also the assumption that g + 4r — 2d # 4 in Theorem is satisfied. Thus, by the
latter, properties (i) and () in the theorem are fulfilled. If (ii7) is not fulfilled, then, due to (57),

there would be integers rq, 79, d1, d2 satisfying —. But condition is of Lemma
O

which then tells us that such integers cannot exist. Thus, (ii7) is fulfilled.
Remark 5.2. Remark tells us that condition can be replaced by the simplified assumption

r(r+1), if 2<r<7,
(59) g >min{r(r+1), 10(r — 1)} =
10(r — 1), if r>8.
We will now deduce Theorem [I}in the introduction from Theorem To this aim, we first need

two lemmas.

Lemma 5.3. Assume that the triple (g,7,d) is associated to an expected mazimal Brill-Noether
locus, g > 3 and (g,7,d) # (6,2,5). Then conditions (53)-(56) in Theorem[5.1] are satisfied.
Proof. If r = 1, then d = {%1 by (), so is satisfied. If » > 2, we have g > r(r + 1) by ().
Remark yields that is satisfied. Using (g,7) # (6,2), one can check that the inequality
qr g—3
-1 >
T L+ 1} =2

holds, whence implies that is satisfied. Hence, — in Theorem are satisfied. [
Lemma 5.4. Assume that the triple (g,r,d) is associated to an expected mazimal Brill-Noether
locus, with 2 < d < g — 1, and (r',d') a pair of integers such that v > 1, 2 < d < g —1,
p(g,r’,d") <0, and either

(a) (g,r',d') is associated to an expected mazimal Brill-Noether locus, v’ # r, or

(b) ¥ =randd <d-1, or

(c)r'=r+1landd <d+1.

Then, except for the cases
(60) (g7 ,rl’ d’ Tl? d,) # (67 27 57 17 3)’ (77 27 67 17 4)’ (87 ]‘7 47 27 7)’ (97 27 77 17 5))

condition n Theorem 1s satisfied.

Proof. Tt is straightforward to check that is satisfied under assumptions (b) and (c¢). We
are therefore left with case (a), where ' # r and (g,7’,d’) is associated to an expected maximal
Brill-Noether locus.

We first prove the lower inequality in . After substituting expressions for d and d’' given by
the inequality is equivalent to

(61) [ gr’ W (r+1-7) < {grw +g(r 7).

+ 2r

r 4+ 1 r+1
The latter is implied by

r! r
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which is equivalent to
gr(r' —r)
Since g > 7'(r' +1) > (r +1)(+' 4+ 1) by (3), the latter is implied by
4+ 1—r<r@ —r),

(62) r+1—7r<

which is easily seen to hold as soon as r > 2. This leaves the case r = 1, where (62]) reads
2r'(r' + 1)
- =1
Using the fact that g > /(' +1) by (3]), we see that the latter is satisfied as long as r’ > 3. Recalling
that ' > 2 (as v/ > r), this leaves the case (r,7’') = (1,2), in which case reads

29 g
2|2 P]
(63) [ 3 —‘ <g+ 5
One easily checks that this is satisfied, since we are assuming (g,r,d,r’,d’) # (8,1,4,2,7). This
finishes the proof of the lower inequality in .

We finally prove the upper inequality in (58]). After substituting the expressions for d and d’
given by (2), the inequality is equivalent to

r'g r rg
64 _ — < | — 1.
(64) [r’ﬂ—l“—i_r’ ’77“4-1—‘—’_
The latter inequality is implied by

/

r'g T g ?
r'4+1 = r+1
which can be rewritten as
T glr=r)
v (r+ D) (r+1)

By the latter inequality is implied by

which is equivalent to

~ =

Since v’ < r, the latter is satisfied unless v = r — 1. We have therefore left to prove when

r’ = r — 1, in which case it reads

(r—1)g 1 rg
(65) ’V r +r—1< r+1|°
Recall that r > 2 (as r > ' 4+ 1). If r > 3, then is implied by
=Yg ;- g
r r+1

which can be rewritten as g > r? 4 r, which holds by (3). Thus, (65) is proved if r > 3. If r = 2,
then (65) reads

ﬂ 29

= 1 — 1.

b + <{3w

Using our assumptions that (g,r,d,r’',d’) # (6,2,5,1,3),(7,2,6,1,4),(9,2,7,1,5), one verifies that
the latter inequality is satisfied. Thus, is proved if r = 2. This finishes the proof of the upper
inequality in (58). O
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Remark 5.5. While the hypotheses of Theorem do not hold in the case (g,7r,d) = (6,2,5),
we still have the existence of a polarized K3 surface (S, H) € IC%)5 such that |H| contains smooth
irreducible curves of genus 6 and |0c(L)| is a base point free very ample complete g2. Indeed,
the existence of (S, H) with Pic(S) = Ag 5 such that the conclusions (i)-(ii) of Theorem are
satisfied follows as above; this has, in fact, already been done (in a more general setting) in [16]
Thm. 4.3|. In particular, the curves are isomorphic to smooth plane quintics, whence do not carry
gis, so they again do not carry any ggi with (v, d") # (2,5). One may also check that (S, H) satisfies
decomposition rigidity.

Finally, applying all this to the expected maximal Brill-Noether loci, we can now give a proof of
Theorem

Proof of Theorem[1l Lemma tells us that (g, r, d) satisfies conditions (54)-(56)) in Theorem
In particular, by Proposition the hypotheses in Theorem are satisfied by any K3 surface
E

S with Pic(S) = A} 4, as in §1.2, Let C € [H| be any smooth curve and assume it carries a 9
with p(g,7’,d’) < 0 and (r',d’") # (r,d), hence C also carries a ggx with (g,r”,d") associated to
an expected maximal Brill-Noether locus, obtained using the trivial containments M;d C M; di1
and My, C M;;ial, along with Serre duality.

Assume that (v”,d”) # (r,d). Then, if (g,r,d) # (6,2,5), Lemma tells us that all the

remaining conditions in Theorem [5.1| are satisfied for (r/,d’) = (", d"”) (recall that we are assuming
(g,r,d) #(7,2,6),(8,1,4),(9,2,7)). Hence, by the same theorem, we get the desired contradiction,

that is, that the ggii cannot exist.
Assume that (r”,d"”) = (r,d). Then the g} is obtained from the g7, by a series of trivial con-

tainments and Serre duality, the last of which is Serre duality or one of the trivial containments
My 4 T My, or M;’Zil C M; ;. However, if Serre duality were the last step, then the ggg__d;_r;l
was obtained using trivial containments from the Serre duals of a g:ﬁ% ora gy ;. Thus, in any case,
C carries a g ; or a ggﬁ. Again if (g,r,d) # (6,2,5), Lemma tells us that all the remain-
ing conditions in Theorem are satisfied for (r',d’) = (r,d —1) or (r+1,d+ 1), and we get a
contradiction again.

The remaining case of (g,r,d) = (6,2,5) has already been handled by a direct geometric argument
in [2 Proposition 6.1]. One can, in fact, also handle this case using K3 surfaces, as in Remark . (|

Remark 5.6. Theorem directly shows that the general curve in the Brill-Noether loci M%A,
M%F, and ./\/1515 is gj-general for (r,d) = (1,4),(2,7),(1,5), respectively, which are the maximal
Brill-Noether loci in the exceptional genera, as in Example Hence Theorem [I] says that any
expected maximal Brill-Noether locus M; 4 contains a gj-general curve, unless g = 7,8, 9.

Remark 5.7. This also answers the question of containments of Brill-Noether loci of the form
Mg C M;id/ with p(g,r,d) = —2 and p(g,r’,d") = —1, studied in [3, [, 44]. Indeed, as observed
in |7, Lemma 1.2], Brill-Noether loci with p = —1, —2 are expected maximal.

We give a few examples in genus 7,8, 9 of distinguishing Brill-Noether loci using Theorem [5.1]

Example 5.8. In genus 7, Theorem yields that the locus M%76 is not contained in any Brill-
Noether locus except M%A, which is the unexpected containment of Example .

In genus 8, we obtain the non-containment Mél%A ¢ /\/léﬁ, thus the locus Mg 4 is not contained
in any Brill-Noether locus except ng, again an unexpected containment of Example E The
containment Mg ¢ C Mg, is obtained in [34, Lemma 3.4].

In genus 9, we obtain that the locus ./\/1317 is not contained in any Brill-Noether locus except

1
M975

Theorem [5.1] also gives non-containments of non-maximal Brill-Noether loci.
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Example 5.9. In genus 11, we obtain the non-containments M?, 1o € M3, g and M3, g & M3, 1.

In fact, Theorem gives infinitely many non-containments of Brill-Noether loci that are not
maximal. As a sample, let us see what happens when we lower the maximal degrees a little. Recall
the definition of dyqz(g,r) from .

. r
Proposition 5.10. Let ./\/l dmas (9.7) and ./\/lg dmas (7
and r #1r'. We have a non- contamment M3 4 ¢ M

o d> dmm(g, r)—1 and
(2,

) be expected maximal loci with r > 2, r' > 2

dma(gr)—1 in any of the following cases:

o 7" <r, (r,r,g9) # (3,2,12), or
") = (2,3), g € {13, 14, 15, 16, 18},

maz(g, r)—2 and (r,7") = (2,4), g € {20,21, 22,24},
r)

° d
e d>dmaz(g,7) — 3 and (r,r") = (2,5), g = 30,
o d > dmaz(g,m)— (' —7“—1—1) and
or'>r>3, or
or'>6,r=2, or
o (r,r")=1(2,5) and g > 31, or
o (r,r")=1(2,4) and g > 25, or g = 23, or
o (r,")=1(2,3) and g > 19, or g =17,

Proof. We have proved that holds for d = dpaz(g,7) and for d' = dpmaz(g,7"). Setting instead
d' = dpmaz(g,7") — 1, we therefore see that the upper inequality in holds for d > dpas(g,7’) — 1,
whereas the lower one hold for d > dynas(g,7) — (' —r 4+ 1). Since g > r(r + 1) by maximality of
M;,dmaz(g,r) (cf. )7 Remark W tells us that is redundant. Hence, it remains to check

by substituting for the values of d and using ¢ > r(r + 1) and g > 7/(r' +1). We leave the details
to the reader. 1

Example 5.11. In genus 14, Proposition gives the non-containments M?L’4712 ,@ M%4,10 and
M%4,10 g M?4,12-
We also give an example where Theorem does not suffice to prove a non-containment.

Example 5.12. Let (g,7,d) = (9,2,6) and (g,7',d') = (9,3,8). We cannot apply Theorem [2.5] as
on the lattice Ajg, we have (H —2L)? = 0, hence (S, H) does not satisfy decomposition rigidity.
However, from [3 Proposition 2.5], we obtain Mgﬁ ¢ ./\/1378.
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