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ABSTRACT. The question of whether a 3 X 3 magic square of squares with
integer entries exists has been open since the 18th century. We study the
geometry of the algebraic variety V parameterizing 3 X 3 magic squares of
squares, which is a singular complete intersection of six quadrics in P8. We
compute its geometric automorphism group via an argument involving Gale
duality. We compute the basic topological invariants and Hodge diamond of its
resolution. We provide an explicit rank 518 sublattice of its geometric Picard
group, close to the Hodge-theoretic upper bound of 544. Finally, we study the
geometry and arithmetic of del Pezzo, K3, and Enriques surfaces that arise as
coordinate projections.

INTRODUCTION AND HISTORY

The History of Magic Squares. An n X n magic square is a square with n rows
and n columns with distinct positive integer entries such that each row, column,
and diagonal all add up to the same number, often called the magic sum. Since a
2 X 2 magic square is impossible to construct, as the entries must all be equal, the
smallest possible magic square is 3 x 3. The first instance of this was the Luo Shu
magic square discovered in China nearly 3000 years ago. Chinese mythology tells
of a turtle appearing out of the Luo river after a long famine, with markings on its
shell in the following ordering [14]:

2|76
9151
41318

The rows, columns, and diagonals add to the magic sum 15, the smallest possible.

From a theoretical perspective, finding magic squares can be reduced to linear
algebra. An m X n square with rational entries is determined by 2n + 2 linear
equations in n? variables over Q, giving infinitely many non-trivial integral solutions
for all n > 3 by clearing denominators. For small n, the space can be explicitly
parametrized. For example, in 1891, Lucas showed that every 3 x 3 magic square
can be written as

zZ—=1 r+y+z zZ—T

(1) y—x+z z T—y+z

T+ z Z2—T—Yy Y+ z
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for some x,y, z € Z. In general, counting integral n X n magic squares is related to
Ehrhart theory [59, 58]. See [8] as well as Section 1.2 for further details.

Magic Squares of Squares. It has long been a fascination to construct magic
squares under additional constraints. The most immediate of these is whether or
not it is possible to construct a “magic square of kth powers”, an n X n magic
square whose entries are entirely kth powers of integers for a given integer k. In
the case k = 2, we will call an n x n magic square of kth powers a magic square
of squares (or square of squares, for short). In 1770, Euler produced the 4 x 4
square of squares

682 | 292 | 412 | 372
172 | 312 | 79% | 322
592 | 282 | 232 | 612
112 | 772 | 82 | 492
with magic sum 8515 in a letter to Lagrange [9]. Recently, Rome and Yamagishi [54]
showed that for each k > 2, there is an integer ng(k) such that n x n magic square
of kth powers exists for any n > ng(k); in particular, an n x n magic square of
squares exists for all n > 4. However, it is still unknown whether a 3 x 3 magic
square of squares exists.

Many mathematicians have worked on 3 x 3 magic squares of squares in the last
few centuries. Most notably, Lucas [42] proved that a 3 x 3 bimagic square, i.e., a
magic square that remains magic when all of its entries are squared, is impossible.
A restatement of the 3 x 3 magic square of squares problem is due to LaBar [37]
in 1984, and has been maintained in the mathematical consciousness by many
since: Gardner’s column [27], Boyer’s mathematical intelligencer article [9] and his
upkeep of a website tracking progress on the problem [8], and most recently by
Virilly-Alvarado in a lecture at the Joint Mathematics Meetings in 2020 with a
subsequent article [64].

While it is still unknown whether or not a 3 x 3 magic square of squares exists
over the rational numbers, magic squares of squares of algebraic integers have been
considered. The number fields of smallest degree where there exist known magic
squares of squares are biquadratic extensions of Q. For example, the square

(5—13v3)? | (17 +9v3)? | (22 — 4V/3)?
(23—-v3)? | (2vV133)* | (23+V3)?
(22 +4v3)% | (17 —9v3)? | (5+ 13/3)?

with magic sum 1596 over the biquadratic field Q(v/3, v/133) is due to Bremner [10]
and is a magic square of squares over the totally real field of smallest degree known.
For a positive integer ¢, there is also a general family

(¢° +1) —(?+2¢-1)% | 2V¢®—q)?
—(¢* —2¢—1)? 0 (> —2¢—1)?
-2vV@—9? | (+2¢-1)%* | —(*+1)?
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over the field Q(i,1/¢3 — q) given in [10]. Of these, the magic square of squares
over the number field of smallest discriminant known is

25 | —49 | 24
-1 0 1
—24| 49 | =25

over Q(i,\/é)7 a member of the above family with ¢ = 2. Similar families are
given in Section 3.2. Bremner [10] also gave methods to construct magic squares of
squares over number fields of odd degree.

Progress on magic square of powers problems is tracked at [8], including prizes
up to €1500 and a bottle of champagne for solving problems related to 3 x 3 squares
of squares. Gardner also placed a $100 bounty on the problem [27]. Further details
can be found in [9].

Results and Structure of the Paper. This paper explores a perspective on the
3 x 3 magic square of squares problem through arithmetic geometry. The algebraic
variety associated to 3 x 3 magic squares of squares is a complete intersection surface
over Q with 256 A; singularities defined over Q((g). We will call this variety V,
its resolution 17, and its complex analytification Van, The Q-rational points of V'
yield integer 3 x 3 magic squares of squares by clearing denominators, but may
have entries that are zero or not distinct. The resolution V is of general type,
so the sparsity of 3 x 3 magic squares of squares is consistent with the Bombieri-
Lang conjecture on rational points of general type varieties (see Part F of [30]
for an introduction). The 3 x 3 case is the only case where this happens; the
variety associated to 4 x 4 magic squares of squares is a Calabi-Yau sevenfold and
the varieties associated to n x n squares of squares for n > 5 are Fano, so they
should contain many rational points. This perspective has appeared previously due
to Virilly-Alvarado [64]. Furthermore, Bruin, Thomas, and Vérilly-Alvarado [12]
have shown V to be algebraically quasi-hyperbolic, i.e., it contains finitely many
curves of genus 0 and 1. Since these are the only curves that could have infinitely
many rational points by Faltings’ theorem, it confirms that rational points on V'
are relatively sparse. Furthermore, in Appendix A, we prove that V' contains no
lines over Q.

Arithmetic geometry also provides a potential solution to the 3 x 3 magic square
of squares problem through the étale Brauer—Manin obstruction to rational points.
Indeed, to find a magic square of squares with distinct entries is to find a rational
point on an open subvariety U C V. Computing the Brauer group of V and
then the étale Brauer-Manin set of U could provide an obstruction, resolving the
problem (see [66, 16] for an overview of this approach). However, accomplishing
this requires understanding the geometry, topology, and Hodge theory of ‘7“”, the
geometric Picard group and its structure as a Galois module, and the geometry
of the complement of U. Our work provides the first steps toward realizing this
approach.

The variety of magic squares has a large symmetry group, which we compute in
the following.

Theorem 1 (Geometric Automorphism Group). The geometric automorphism
group Aut(Vg) = Aut(Vg) is isomorphic to the finite group G = Dy x (u3)/ 2
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of order 2048. Its action on 'V is by coordinate sign changes in the ambient P8 and
symmetries of the square, and its action on V is obtained by lifting to the minimal
resolution.

We prove Theorem 1 in Section 1.2. The automorphism group clearly contains
the group G, which fits into a split exact sequence

1 — ud/p2 — G — Dy —> 1.

The subgroup of sign-changes acts trivially on the entries of the associated magic
square (obtained by squaring the coordinates of points of V'), and the dihedral
group D, of order 8 acts non-trivially on the magic square.

The content of the theorem lies in showing the reverse inclusion Aut(Vg) <
G. We show that every automorphism of V is induced by an element of PGLg
preserving the six-dimensional space W of defining quadrics, and hence projectively
permutes the nine coefficient functionals in P(W"). The space of linear relations
among these functionals recovers the three-dimensional space of 3 x 3 magic squares
parametrized by Lucas, whose Gale transform is a 3 x 3 grid in P2. The rigidity of
the line arrangements within the grid forces the image of Aut(Vg) in PGL(W) to
be Dy. A separate argument identifies the kernel with the group of sign changes.

We also compute the main topological and Hodge-theoretic information about
the (resolution of the) variety of squares of squares.

Theorem 2 (Hodge Numbers, Betti Numbers, and Chern Numbers). The complex
manifold V" is simply connected and has Hodge diamond

1
0 0
111 044 111
0 0
1

This gives Betti numbers by = by = 1, by = by = 0, by = 766. Furthermore, the
singular cohomology of yan g torsion-free, and the Chern numbers are C%(YN/‘*“) =
576 and co(V™) = 768. The lattice H2(V™,Z) with the intersection pairing is odd
and unimodular of signature (223,543), hence isomorphic to (1)®23 @ (—1)®543,

We prove Theorem 2 by showing that Van ig diffeomorphic to a smooth complete
intersection of type (2,2,2,2,2,2) in P® via a result of Atiyah [1]; the invariants
follow quickly from there.

We also compute bounds on the Picard group of the (resolution of the) variety
of magic squares of squares.

Theorem 3 (Picard Rank). The resolution V has torsion-free geometric Picard
group, with geometric Picard rank 518 < p(Vg) < 544.

In Sections 3 and 4, we produce 1204 divisors on ‘7@ including the 256 exceptional
divisors, 416 split hyperplane sections over several number fields, and 384 and 148
preimages of lines on quartic del Pezzo surfaces and cubic surfaces (respectively)
that admit a dominant morphism from V. In particular, we explicitly describe
the complement of U in V. Since V is simply connected by Theorem 2, it admits
no nontrivial connected finite étale covers. Thus any étale input for a potential
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étale Brauer—-Manin obstruction on U must come from covers ramified along its
complement.

In Section 5, we give an account of intersection theory on V', using the data accu-
mulated from the previous sections to produce a Galois-stable rank 518 sublattice
of the Picard group. The upper bound is yielded by Theorem 2 and the Lefschetz
theorem on (1,1)-classes, and torsion-freeness is yielded by a standard argument
with the exponential exact sequence. In the process of searching for divisors, we
find a new connection between V' and the congruent number problem, as the elliptic
curve 42 = 2% — x appears in the decomposition of one of these hyperplane sections.
A different connection was previously found by Robertson [53]. Furthermore, we
give new parametrizations of 3 x 3 magic squares of squares over biquadratic fields,
producing a square over Q(i,v/5), a square over a field of smaller discriminant than
Bremner’s example over Q(7, v/6).

Finally, a subproblem of finding a 3 x 3 magic square of squares is to find 3 x 3
magic squares with a certain number of square entries. In [11], Bremner recasts
this problem geometrically, showing that squares of 6 squares are governed by
degree 8 K3 surfaces, and he extensively studies one of these K3 surfaces. We
extend Bremner’s perspective in three directions in Section 4. Firstly, we explore
projections of V' to quartic del Pezzo surfaces, which parametrize squares of 5
squares. Secondly, we show that one of the K3 surfaces has geometric Picard rank
19 and write down explicit equations for the others. Finally, we use the explicit
geometry of the K3 surface that Bremner studies to produce other related surfaces:
a family of twisted derived equivalent K3 surfaces of degree 12, and a family of
Enriques surfaces that it covers.
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1. THE VARIETY PARAMETERIZING 3 X 3 MAGIC SQUARES OF SQUARES

1.1. Equations and Basic Details. We will write a 3 x 3 magic square of squares
as the following;:

A? | B? | C?
D? | M? | E?
F? | G* | H?

Denote the special central entry as M?2. Writing the magic sum as N yields
3N =F?+M?+C?*+ H>+ M?>+ A* + G* + M? + B?
=3M?*+ (A*+ B>+ C* + (F* + G* + H?)
= 3M? + 2N,

which implies that N = 3M?2. Thus, we can define V C P® as the variety cut out
by the equations

A2+ H? —oM? =0, A%+ B2+ C? —3M? =0,
B+ G?—-2M? =0, A4+ D?+ F?—3M?% =0,
C?* + F? —2M? =0, C?+ E?+ H?> -3M? =0,
D? + E? —2M? =0, F?24+G?+ H?* -3M? =0.

However, for our purposes, it is convenient to work with the Grobner basis of the
defining ideal

342 —2F? —2G% + H? =0, 3D? 4+ 2F? - G? —4H? =0,
3B? —2F? 4+ G? —2H? =0, 3E? —4F%* - G*+2H? =0,
3C% + F? —2G% — 2H? =0, 3M? - F? - G* - H?=0.

This gives us a morphism
7:V — P?
[A:B:C:D:M:E:F:G:H|—|F:G:H]
of degree 64 with fibers producing the square

2 2 22 1772 2 2 1,2 27172 1 2 22 27172
22 12 4 r72 172 12 1gr72 4 102 1,2 27172
—2F2 4 1G?+40% | iFP+ iGP+ LH? | AF? 4+ 1G? - 2H
F? G? H?

The exact same process but with any other outer row or column will yield isomor-
phic descriptions of V' as an intersection of 6 quadrics in P5.

From the Grobner basis, V' is two-dimensional, and its codimension is equal to
the number of equations which determine it. This implies that it is a complete
intersection of type (2,2,2,2,2,2) in P8, and a surface of degree 64. V has 256
ordinary double point singularities all defined over the number field Q(v/2,4) [12]
explicitly described in 1.3, so it is arithmetically Cohen—-Macaulay and thus (pro-
jectively) normal. Furthermore, since positive-dimensional complete intersections

are connected, V is irreducible. This implies the following;:
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Lemma 1.1. The resolution V is of general type.

Proof. Since V' is a Cohen—Macaulay complete intersection of type (2,2,2,2,2,2)
with sum of degrees 12, we have that the dualizing sheaf wy, is isomorphic to
Oy (12 — 9) = Oy (3) by adjunction. Since V has A; singularities which are re-
solved crepantly, denoting the blow-up map 7: V- V', we have that the canonical
bundle wy is isomorphic to m*wy, (see [52]). Since wy, is big, 7*wy, must be big by

Proposition 2.2.43 in [38]. Hence, V is of general type. O

The Bombieri-Lang conjecture [30] predicts that the rational points of V and
V' are contained in a Zariski closed subset, i.e., a finite union of curves and points.
This would guarantee some open subset ¥V’ C V with no rational points. However,
this is still not enough to solve the 3 x 3 magic square of squares problem; since a
square having distinct and nonzero entries is an open condition, solving the problem
is equivalent to showing that a specific open subset U C V has no rational points.

Lemma 1.2. Let U CV be the locus corresponding to magic squares with distinct
(but possibly zero) entries. Then U is a Zariski open subscheme of V and the
Q-rational points of U correspond to 3 x 3 magic squares of squares with distinct
positive integer entries.

Proof. Since U C V is the complement of a finite number of hyperplane sections,
e.g. A—B =0, etc., it is Zariski open. For the final claim, by clearing denominators,
it suffices to remark that V admits no Q-rational points with distinct coordinates
and one of the coordinates equal to zero. This follows from a case-by-case analysis
detailed in Section 3.2. O

We completely analyze the complement of this open subvariety in Section 3.1.

Remark 1.3. A different approach to defining equations for magic squares of
squares is given in [10, 11], though it still produces the same variety V. In Bremner’s
work, he uses the Lucas parametrization (1) setting each expression to a square (e.g.
z —y = A?). Geometrically, this corresponds to a complete intersection of 9 multi-
homogeneous quadrics in weighted projective space

X cP(2,2,2,1,1,1,1,1,1,1,1,1)
The variety X has two canonical linear projections. The first is a projection X — P8
defined by
[z:y:2:A:B:C:D:M:E:F:G:H+~—[A:B:C:D:M:E:F:G:H|,
yielding the associated 3 x 3 magic square of squares; the image of this projection
is V. The second is a projection X — P? defined by
[z:y:2:A:B:C:D:M:E:F:G:H|—[z:y: 2],

yielding the Lucas parametrization of the magic square; this is a finite cover of
degree 256. This perspective can also be used to pass between Bremner’s defin-

ing equations for K3 surfaces parametrizing squares of 6 squares in [11] and our
descriptions in Section 4.2.
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1.2. Automorphism Group. The automorphism groups of varieties of general
type are known to be finite [29]. In addition, the general complete intersection
of type (2,2,2,2,2,2) in projective space is known to have trivial automorphism
group. A full proof of this folklore result can be found in [15], with preliminary work
done by Benoist [6]. However, due to the symmetry of its construction, the variety
V has a large finite automorphism group. There are two subgroups of interest.
Firstly, since a magic square of squares

A? | B? | C?

D? | M? | E?

F2 G2 H2
has square entries, changing the sign of a coordinate of the point [A:---: H € V
will still yield a magic square of squares. This yields 9 involutions 4, ...,0 of V.

This corresponds to a subgroup S = (u2)?/p2 < Aut(V), where we quotient out by
the diagonal negation action which is trivial in projective space.
We also notice that there is a subgroup T' = Dy < Aut(V) corresponding to the
symmetries of the square. The rotation is given by
p:P8 — P8
[A:B:C:D:M:E:F:G:H+—|[F:D:A:G:M:B:H:E:(]

with corresponding operation

A% | B% | C? F? | D? | A2
D2 M2 E2 — G2 M2 B2
F?2 | G? | H? H? | E? | C?

on the magic square. The reflection is given by
¢ :P®— P
[A:B:C:D:M:E:F:G:H+—[C:B:A:E:M:D:H:G:F]

with corresponding operation

A? | B? | C? C? | B? | A2
D2 M2 E2 — E2 M2 D2
F2 G2 H2 H2 G2 F2

on the magic square. The group T" acts on S by conjugation, yielding the semidirect
product subgroup G =T x S < Aut(V') of order 256 - 8 = 2048.

We now prove Theorem 1, showing that G is the geometric automorphism group.
Before proceeding, we will need a statement about the behavior of finite geometric
automorphism groups under base change, which is well known but lacks a citable
reference. We prove it for convenience:

Lemma 1.4. Let X be a smooth projective variety over Q with finite geometric
automorphism group. Then, Aut@(X@) >~ Aute(Xc), where Xg and Xc are the

base changes of X to Q and C respectively.
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Proof. By [45], the geometric automorphism group of X is represented by a finite
type group scheme over Q, which we denote by G. However, since the geometric
automorphism group of X is finite, G(Q) is finite. Hence G must be 0-dimensional
and thus finite. Furthermore, since X is defined over a field of characteristic zero,
by Cartier’s Theorem, G must also be smooth, hence reduced. Thus G is a finite
étale group scheme, and so Autg(Xg) = G(Q) =2 G(C) = Autc(Xc) as desired. [0
Proof of Theorem 1. Since V is a normal surface, every automorphism lifts uniquely
along the minimal resolution 7: V — V, so Aut(V) = Aut(V). By Lemma 1.4, it
suffices to prove the result over C. For convenience, throughout the proof, we write
V for the base change V¢ (similarly for V' as V).

~

By the proof of Lemma 1.1, we have wy = 7°0y(3). Every automorphism

of V preserves wy;, and since Pic(‘~/) is torsion free by Proposition 5.1, it pre-
serves the unique cube root 7* @y (1). Since V is projectively normal and the
Grobner basis shows that its defining ideal contains no linear forms, restriction gives
HO (P8, Ops (1)) = HO(V, Oy (1)), so hO(V, Oy (1)) = h°(P8, Ops(1)) = 9. Hence, by
the fact that w0 = Oy and the projection formula, we have ho(‘N/,ﬂ*ﬁv(l)) =
hO(V, Oy (1)) = 9. Since the associated morphism factors as V 5V < P8 every
automorphism is induced by an element of PGLg(C) preserving V. Since V is a
complete intersection, whose ideal is generated in degree two, these are exactly the
elements preserving the six-dimensional space W C H°(P®, (2)) spanned by the
defining quadrics. Thus Aut(V) = Stabpgr,(c)(W). Since G C Stabpgr,c)(W),
it remains to prove the reverse inclusion.

The defining quadrics are diagonal. So, for each coordinate v € {A,..., H}, the
coefficient of v? defines a linear functional ¢,: W — C. Restriction to W gives
a homomorphism Stabpgr, (W) — PGL(W), whose kernel we call K and whose
image we call I'. We will show K =S and ' =1T.

Let W C C? denote the space of linear relations > A€y = 0 among the nine
functionals. A vector ()\,) is in W when it is orthogonal to every defining quadric.
In other words, when (),) is viewed as a 3 x 3 array, it has all three rows, three
columns and two main diagonals summing to three times its center. That is, W=+
is the three-dimensional space of 3 X 3 magic squares.

To show K = S, we first note that the nine functionals ¢, are pairwise linearly
independent. Now, if g € K, then after scaling, ¢ fixes W pointwise, so ¢'¢g = ¢
for every ¢ € W. A general ¢ € W is nondegenerate, as each ¢, is nonzero. Hence,
fixing such a ¢, the element g commutes with every ¢~ '¢’ (¢ € W), a diagonal
matrix with entries ¢,(q")/c,(q). Since the ¢,’s are pairwise linearly independent,
these separate the nine coordinates. Hence, g is diagonal, and a diagonal element
fixing W has all entries 1. This gives K = (u2)°/u2 = S.

Now, we show that I' = T. The key point is that the configuration of the nine
coefficient functionals remembers the original magic square combinatorics. We will
make this precise using Gale duality.

A linear automorphism preserves the rank of a quadric, hence the discriminant
locus of W. Since W is a system of diagonal quadrics, the discriminant locus is
the union of the nine hyperplanes {¢, = 0} C P(W). Since the ¢, are distinct,
this amounts to projectively permuting the nine points [c,] € P(WV) = P%. The
space of linear relations among the c, is W=, the magic squares. Choose the basis
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J, N1, Ny of W+, where J is the constant 3 x 3 matrix

1 1 1
J=11 11
1 1 1
and
1 -1 0 0 1 -1
Ni=|-1 0 1], No=1-1 0 1
0 1 -1 1 -1 0

are sum-zero. Defining

evy: Wt = C
to be projection to the vth coordinate on W+, the Gale transform [26] of the
configuration {¢,}, is the configuration of the projective points

{[evo(J) : eve(Ny) : evy(No)bo = {[1: 5o : 20]}o € P2

Here, (y,, 2,) is a point of the 3x 3 grid {—1,0, 1}?, and the center M is at the origin.
The projective symmetries of a configuration of points and their Gale transforms
coincide, see [23, 22, 21]. Hence, I is identified with the projective automorphisms
of the grid {—1,0,1}2. A projective transformation permuting the nine points must
preserve all collinear triples. For the grid {—1,0,1}? these are the three rows, the
three columns, and the two diagonals. We note that this labelling does not line up
with the original magic square on the nose: it corresponds to

B|F |FE
H| M| A
D|C |G

Due to this, the collinear triples correspond to the four magic sums through the
center and the broken diagonals.

Any projective transformation must fix the center M, which is on four lines,
preserve the set {B, D, E,G} of points on three lines, and the set {A, C, F, H} of
points on two, while permuting the former as a symmetry of the square they span.
This implies that it is determined by rotations or reflections of that square, i.e. it
is an element of D4. Hence, I' C Dy. Since T' = D4 maps isomorphically onto its
image under the projection Aut(V) — I', we have that I' =T

Finally, we have that |Aut(V)| = |K| - |T'| = 256 - 8 = 2048 = |G|, so Aut(V) =
Aut(V) = G. O
Remark 1.5. The vector space of 3 x 3 magic squares W+ that controls the proof
is exactly the space parametrized by Lucas [42] in the introduction. Indeed, in the
basis above, a general magic square is

Z—=Y r+y+z zZ—T
zJ—yNi+xzNy = |z4+y—=z z z+x—y |,
Tr+z Z—xT =1 Y+ z
so (x,y, z) are linear coordinates on W=, with z the center. Reading each entry of

the Lucas square as a linear form in (x,y, z) recovers the nine points of the Gale
transform, with the labelling described in the proof of Theorem 1.
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1.3. Trivial and Singular Points. This description of the automorphism group
can be used to gain a simpler understanding of some rational points and the singular
points on V. For example, V has 256 obvious rational points corresponding to
[£1,+1,+1,4+1,+1, 41, +£1, £1, 1], all yielding the trivial magic square of squares

11111
1111
11111

These 256 points are the orbit of the point [1,1,1,1,1,1,1, 1, 1] under the automor-
phism group.
Secondly, the 256 singular points of V' are the unions of the orbits of the points

b1 = [0727\/5727\/5707 \/57072]7
=[i,0,1,v2,0,v/-2,4,0,1],
p3 = [ 31707170a270az71]

under the action of the automorphism group. The orbit of p; is of order 128, while
the orbits of po and p3 are of order 64. These correspond to the squares

0142 -1] 0 1 -1] 1 0
41210 2 10 1|-2 1 0| -1
2104 —-1] 0 1 0 |-1] 1

Later on, we will see that the automorphism group will aid in generating many
divisors on V.

2. HODGE NUMBERS AND ASSOCIATED INVARIANTS

In this section, we compute the basic topological invariants and Hodge diamond
of the resolution V' of the variety of 3 x 3 magic squares of squares. Recall that for
a Kahler manifold X, its singular cohomology decomposes as

H'(X,C)= P HIX, %)
ptq=i
for 0 < i < 2n. We will use h?*? to denote dim¢e HI(X, QI;(/C) and call the collection
of h??’s the Hodge numbers of X. In the case that X is the analytification of a
variety Y over a number field K, GAGA [55] implies that h?? = dimg H4(Y, QZ;,/K)
Letting b; denote the ith Betti number of X, we get the formula

- 3w
p+g=i
For more details, see [28].
In the case of V, since it has only ordinary double points, we can show that it
appears as the central fiber of a flat family of complete intersections whose general
member is smooth.
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Lemma 2.1. Write V =V (qi,...,q5) C P®. There exist quadrics fi,..., fs on P8
such that the family

X = {(x,t) eP® x A' | gi(2) +tfi(z)=0,i=1, - ,6}

has smooth total space in an analytic neighborhood of Xy =V over C, and smooth
fiber X, for allt # 0 in some analytic disc A containing 0 € Al.

Proof. Let F; = ¢; + tf;. At a point (z,0) with z € V smooth, the Jacobian
J(x) = [8Fi/6xj]ij already has rank 6, so X" is smooth at (z,0) for any choice of
fi not all vanishing at x. At a node p of V, J(p) has rank 5. Let A C C® denote
its image, a hyperplane. The Jacobian of X’ at (p,0) is J together with the extra

column (f1 )y fg(p))T coming from 9/0t. So, it has rank 6, i.e., X" is smooth
at (p,0), when

(2) (fip),..., fo(p)) ¢ A.

For a fixed p # 0, evaluation f — f(p) is a nonzero linear functional on quadrics,
so (f1,...,f6) — (fl (p)) is surjective onto CY. This implies that (2) is a nonempty
Zariski-open condition on the 6-tuple of f;, and the intersection of these conditions
over the 256 nodes is again nonempty and open. Since a general 6-tuple of quadrics

in P® yields a smooth complete intersection surface, we can choose (fi,..., fg) so
that the pencil {¢ + ¢f}; meets the locus of smooth complete intersections. So, X;
is smooth for general ¢. Shrinking to a disc A finishes the proof. ]

By a theorem of Atiyah [1] on the topology of degenerations with ordinary double
points, Lemma 2.1 implies that Vis diffeomorphic to a nearby smooth fiber. Hence,
V has the same Betti numbers and signature as the general complete intersection
of type (2,2,2,2,2,2). For a compact Kéhler surface, the Hodge numbers are
determined by the Betti numbers and the signature 7 of the intersection form. So,
they are invariant under diffeomorphism. The Chern numbers of a Kéhler surface
can be similarly determined, so they are also invariant under diffeomorphism. Thus,
the Hodge and Chern numbers of Van are equal to the Hodge and Chern numbers
of the generic complete intersection surface of type (2,2,2,2,2,2).

The cohomology of complete intersections is well understood [20, 31]; we provide
a recap of the computation here. For any complete intersection X of dimension
d and for any 0 < i < d, we have that hi(X, Ox) = 0, so (Vo) = hOL(Van) =
RHO(Ven) = 0.

It remains to calculate A% and Dy = 192, However, for a general complete
intersection V,, of 6 quadrics in P"*6, denoting

X (Vi) = Y (1))
q>0
for the pth holomorphic Euler characteristic, we have the formula

py — ) (CDTTERPTTR(V) 4 (1P, 2p£n
X"(Va) {(_1)php7p(vn)7 %= n



3 x 3 MAGIC SQUARES OF SQUARES 13
by Hirzebruch-Riemann—-Roch. We can obtain these by the formula

6
P P nt6 _ 1 (1+2y)? —(1—2)2
n%%gx (Vo) (1=2)(1+2y) 11 (1+ 2y)2 4+ y(1 — 2)2

given in [31]. So, to compute the Hodge numbers for Van we only need to compute
the coefficients of the 28, y28, and y?2® terms. Using an algorithm for this [5], we
compute the Hodge diamond

1
0 0
111 044 111
0 0
1

This yields the Betti numbers »° = 1, b' = 0, b*> = 766, b> = 0, b* = 1, and
topological Euler characteristic Xtop(f/“”) = 768. By Poincaré duality and the
Lefschetz hyperplane theorem forcing H ”(‘7“”, 7Z) = H"(P®,Z) for all n # 2, which
is torsion-free, and the universal coefficient theorem for H 2(\7‘1”, Z), the singular

cohomology of Van is torsion-free.
For the Chern numbers, we use the following result:

Proposition 2.2 ([12]). For a complete intersection X of n — 2 quadrics in P,
its Chern numbers are given by the formulas

ci(X) =(n—5)"2"7?,
c2(X) = Xtop(X) = (n* — Tn + 16)2" 3.

Here, n = 8, so for V" we recover the Chern numbers ¢2(V) = 576, ¢y (V") =
768. B

Next, we determine the structure of H2?(V?" 7Z) as a lattice. The lattice is
unimodular by Poincaré duality, since H 2(‘7&“, Z) is torsion-free. To determine its
parity, recall that yvan ig diffeomorphic to a smooth complete intersection X of
type (2,2,2,2,2,2) in P8, and that the isomorphism class of the lattice with its
intersection form is invariant under diffeomorphism. So, it suffices to compute the
parity on X, where it is determined by the second Stiefel-Whitney class.

Let [H] € H?(X,Z) be the first Chern class of the hyperplane section. Since X
is a complex manifold, its Stiefel-Whitney classes are the mod 2 reductions of its
Chern classes [48]. Since [Kx] = 3[H] by adjunction, we have

wa(X) = ¢1(X) mod 2 = —3h mod 2 = h mod 2

We claim that h is nonzero mod 2. Indeed, the pair (P® X) is 2-connected by the
Lefschetz hyperplane theorem, so H? (P8, X;Z/2Z) = 0 by the universal coefficient
theorem. The long exact sequence of the pair yields an injection H?(P®,Z/27Z) <
H?(X,Z/27). The hyperplane class generates the former, so its restriction h is
nonzero in H?(X,Z/2Z). Hence, ws(X) # 0.

Since X is orientable, the second Wu class of X coincides with wy(X). Hence,
Wu’s formula gives z - = wy(X) - @ for all x € H?(X,Z/27Z). The mod 2 cup
product pairing on H?(X,Z/27) is nondegenerate by Poincaré duality, so there is
a class x with we(X) - = 1, and thus with x - z = 1. Moreover, H3(X,Z) = 0, so
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the reduction map H?(X,Z) — H?(X,Z/27) is surjective and x lifts to an integral
class of odd self-intersection.

Any odd self-intersection forces the intersection form to be odd. By the Hodge
index theorem, the signature is 7 = by — b, = —320, so (b3 ,b;) = (223,543).
Hence, by the classification of indefinite odd unimodular lattices [56], we have
H2(‘7an7z) o <1>€9223 P <_1>€B543.

Finally, we remark that since q(‘~/) = 0, the Albanese variety of V, Alb(f/), isa
point. Hence, V admits no interesting morphisms to abelian varieties.

3. SPECIAL HYPERPLANE SECTIONS OF V

In this section, we produce 416 explicit divisor classes on V. These will form
the first major collection of generators used in the Picard rank computation of
Section 5. We obtain them by taking irreducible components of split hyperplane
sections defined over various number fields, many of which arise naturally from the
Diophantine problem itself. First is the locus of squares with non-distinct entries
(3.1), whose components contain some rational curves, as well as high genus curves
corresponding to magic squares of squares with five or seven distinct entries. Second
is the coordinate hyperplane sections (3.2), which give a link to the congruent
number elliptic curve y? = 23 — d%2z and yield new families of magic squares of
squares over biquadratic fields. The remaining hyperplane sections, defined over
number fields such as Q(i,v/3) and Q(v/—2), are more procedural and handled in
Section 3.3. Finally, in Appendix A, we use a Schubert-cell stratification of the
projective Grassmannian G(1,8), following Elsenhans—Jahnel [25], to show that V'
contains no lines.

3.1. The Locus of Squares with Non-Distinct Entries. Consider the closed
subscheme Z C V consisting of squares with non-distinct entries. We refer to Z
as the nondistinct locus and to its complement U = V' \ Z the distinct locus.
The nondistinct locus is the union of hyperplane sections defined by equating ele-
ments around the square. A pattern emerges when decomposing these hyperplane
intersections into irreducible components.

Intersecting V' with the hyperplane A — B = 0 illustrates the general behavior.
Doing so sets A% = B2, yielding the equations

A%+ G? —2M? =0,
A% + H? —2M? =0,

implying that G?> = H?. Hence, the hyperplane section A — B = 0 splits into two
irreducible components determined by a choice of sign in

A—B=0,
G+ H=0.
The interpretation in terms of magic squares is a square with 7 distinct entries
A2 | A2 | o2
D? | M? | E?

F? | H?* | H?
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Intersecting V' with hyperplanes equating entries of the square that are adjacent
horizontally or vertically yields analogous decompositions into two irreducible com-
ponents, since these squares comprise the orbit of the hyperplane section A = B
by Aut(V).

However, if we intersect V with the hyperplane A—C = 0, we get eight irreducible
components indexed by the choices of signs in

A-C=D+E=M+E=F+H=0.

This corresponds to magic squares of the form

A% | B? | A?
M? | M? | M?
F? | G? | F?

Intersecting V' with the hyperplane equating any two same-row or same-column
corner entries yields analogous decompositions into eight irreducible components.
When 2 entries across the left diagonal are set equal (i.e., intersecting with the
hyperplanes A = +M or H = &M, which yield the same components), we are left
with 64 irreducible components corresponding to a square with 3 distinct entries

A? | B? | C?
C? | A% | B?
B2 | o2 | A2

with the relation B2 +C? = 242, i.e., the conic parametrizing squares in arithmetic
progression. This is a smooth conic with a rational point [1: 1 : 1], so it is a rational
curve on V. These 64 rational curves realize magic squares of squares with 3 distinct
entries, such as

132 | 72 | 177
172|132 | 72
7|17 | 132

A similar computation can be carried out by setting any 2 entries across the right
diagonal equal (i.e. C = +M or F = +M), yielding 64 more rational curves.

We also note that V’s singular points are entirely contained within this locus
and the five distinct entry loci, meaning that U is smooth. The hyperplane sections
where the splittings will occur are:

3 Distinct Entries ‘ 5 Distinct Entries ‘ 7 Distinct Entries

A+ M A+C A+ B
C+tM A+ F B£C
A+D
C+FE

Indeed, other hyperplane sections either do not split further, yielding a generic
hyperplane section, or are covered by those listed; for example, B = £ M forces
G? = M?, which in turn forces A2 = F2.

We will denote the three distinct entry locus Z3, the five distinct entry locus Zs,
and the seven distinct entry locus Z7. In summary, we have the following:
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Proposition 3.1. The nondistinct locus Z C V' decomposes into Z3 U Zs U Zr,
where each component Z; generically corresponds to squares with i distinct entries.
All irreducible components of Z are smooth geometrically connected curves defined
over Q whose degree and genera are given by the following table:

| Zs | Z5 | 27
#Components | 128 | 32| 16
Genus 0 5 1 49
Degree 2 8 | 32

In particular, Z has 176 irreducible components in total.

Proof. For each of the above components C' defined over Q, we verify using Magma [7]
that dimg H°(C, 0¢) = 1. This shows that they are geometrically connected and
irreducible. We also show using Magma that each component is smooth. [

One can check that all components of Z meet in either the 256 trivial rational
points or the 256 singular points of V.

Remark 3.2. The fact that the components of Z5 and Z7; are of high genus is
consistent, via Faltings theorem, with older results to the effect that there are no
integer 3 x 3 magic squares of squares with 5 or 7 distinct entries, see [8].

All other curves presented in this section have been verified to be geometrically
connected and irreducible in a similar fashion as in the proof of Proposition 3.1, so
these comments will be omitted in the sequel.

3.2. Coordinate Hyperplane Sections. Another natural family of hyperplane
sections to consider are the coordinate hyperplanes. We start with the case M = 0.
This corresponds to the square

A2 B2 02
D? 0 —D?
—C? | —B% | —A?

with equations

A? + D? =C?,
(3) 2 2 2
B* +2C* =D".

This decomposes into 8 irreducible components over Q, which actually decompose

further over Q.

Proposition 3.3. The M = 0 hyperplane section decomposes, over Q(i), into the

union of 16 smooth elliptic curves all isomorphic to y?> = 23 — x.

Proof. Using Magma [7], we check that each of the 8 irreducible components over
Q decomposes over Q(4) into a disjoint union of two elliptic curves, each of which
is isomorphic to y? = z° — x. O

This yields the following new connection with the congruent number problem.

Proposition 3.4. For d a congruent number, the distinct locus U has infinitely
many points with M = 0 over Q(i,/d).



3 x 3 MAGIC SQUARES OF SQUARES 17

Proof. For any squarefree integer d, the elliptic curves y? = 3 — d2x are in the
same twist family, i.e., y> = ° — z is isomorphic to y? = 2 — d?z over Q(v/d). The
elliptic curve y? = 23 — d%z has positive rank over Q if and only if d is a congruent
number. Hence, each irreducible component of the M = 0 locus over Q(i) has
infinitely many rational points over Q(%, \/E) whenever d is a congruent number,
and all but finitely many of these points cannot be in the nondistinct locus as these
curves are not themselves contained in the nondistinct locus. (I

We remark that a different connection between 3 x 3 magic squares of squares
and the congruent number problem has been explored by Robertson [53], who noted
that a magic square of squares can be given by a sequence of points on a congruent
number elliptic curve in arithmetic progression.

Remark 3.5. This result also gives a method of proving that a 3 x 3 magic square
of squares with M = 0 and with coefficients in Z[i] is impossible. Indeed, the elliptic
curve y? = 23 — x has Mordell-Weil group structure Z/27Z & Z/AZ over Q(i) [41].
This corresponds to the orbit of the square

0 1 ]-1
-1 0 1
1 [-1]0

under the automorphism group, which is contained in Z3. This was previously
proved by Sallows in a more elementary way, see [8].

We can construct explicit families of magic squares of squares over biquadratic
fields by leveraging the geometry of the elliptic curve components. In particular,
we consider one of the quadrics in the defining equations (3) and project to the
P? that it spans, which presents each of the elliptic curves as a double cover of a
smooth plane conic.

We start with the case of A2 + D? = (C?. This conic is the rational curve
parametrizing Pythagorean triples (A, D, C'). This, in turn, determines B = v/ D? — 2C?
up to sign, which is contained in an extension of degree at most 2. The rest of the
square is then determined up to signs by adjoining <. Explicitly, by using Euclid’s
parametrization of Pythagorean triples, we can write

A=m?—n2 D =2mn,C =m?+n°

for distinct integers m and n. Substituting B? = D? — 2C?, we then get

—2(m* +nt),
yielding a square
(m® —n®)? | —(y2(m* +n"))* | (m?+n?)?
(2mn)? 0 —(2mn)?
_(mQ + n2)2 (+/2(m* + n4))2 _(mQ _ n2)2
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over the biquadratic field Q(¢, \/2(m* + n*)). An example from this family over
the number field of smallest discriminant is

9 | =34 25
16 0 |—16
-25] 34 | -9

defined over Q(4, v/34), by letting (m,n) = (2, 1), corresponding to the Pythagorean
triple (A4, D,C) = (3,4,5). In fact, this is a different family from Bremner’s family
mentioned in the introduction

(¢° +1) —(?+2¢-1)% | 2V¢*—q)?
—(¢* —2¢—1)? 0 (> —2¢—1)?
-2vV@—9? | (+2¢-1)% | —(¢*+1)?

over Q(i,/¢q3 — q), for a positive integer g.
For the other case, the plane curve B2 4 2C? = D? is parametrized by
B =m?—2n2,C = 2mn,D =m? + 2n?
for nonzero integers m and n. This determines A = +/C? — D? up to sign, specifi-

cally,
A =iy/mt 4+ 4nt

and the family of squares
—(vVmt +4n%)?2 | (m? —2n?)? (2mn)?
(m? + 2n?)? 0 —(m? + 2n?)?
—(2mn)? —(m? = 2n?)? | (Vm* + 4n4)?
over the number field Q(, vm?* + 4n%). An example over the number field of small-

est discriminant is

-5 | 1 4
9 0 |-9
—41-1] 5

over Q(i,/5), defined by (m,n) = (1, 1), corresponding to the sequence of squares
(B,C,D). In fact, this discriminant is smaller than is achievable for Bremner’s
family.

Next, we consider the case of setting corner elements to 0. These curves split
over the biquadratic field Q(v/2,7). We will first examine the hyperplane section
A = 0, as the hyperplane sections C = 0, FF = 0, and H = 0 are all in its orbit
under the automorphism group. Setting A = 0 corresponds to the square

0| B*| C?
D2 M2 —G2
F? | G? | 2Mm?
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forcing the relations
H = ++2M,
E=+1G.
The A = 0 hyperplane section decomposes over Q(i,v/2) into a union of 4 smooth

geometrically connected curves of genus 17 and degree 16, each subject to the above
relations along with

C? - G%=M?, B? + G* =2M?,

F? +G? =M?, D? — G? =2M?.
Finally, we consider the case of setting elements in the middle of an outer row
or column to 0. These curves split over the quadratic field (@(\/5) We will only
examine the hyperplane section B = 0, as the hyperplane sections D = 0, £ = 0,

and G = 0 are all in its orbit under the automorphism group. Setting B = 0, which
corresponds to the square

A? 0 Cc?
2H? | M? | 2F?
F? | 2M? | H?

forces the linear relations

D = +V2H,

G = +V2M,

E = +V2F
and the quadratic equations

A+ H? =G,

G® +2H” = 2C”,
2F% 4 2H? = G?,

yielding 8 smooth geometrically connected curves of genus 5 and degree 8. In
summary, we have the following.

Proposition 3.6. Let Z' C V denote the locus given by coordinate hyperplane
sections. Then Z' decomposes into Zyr U Zmiddie Y Zeorner, where Zyy corresponds
to squares with M = 0, Zyiadie corresponds to squares with the middle entry of an
outer row or column 0, and Zeormer corresponds to squares with corner entries 0.
All irreducible components of Z' are smooth geometrically connected curves defined
over Q(i,/2) whose degree and genera are given by the following table:

‘ ZM ‘ Zmiddle ‘ Zcorner

#Components | 16 32 16
Genus 1 5 17
Degree 4 8 16

In particular, Z' has 64 geometrically irreducible components in total.
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3.3. Hyperplane Sections over Number Fields. To complete our collection of
curves in Section 3, we take many split hyperplane sections over number fields. The
next most natural family of hyperplane sections are of the form A = ++v/dM and
B = ++v/dM for a square-free positive integer d. Indeed, setting such a relation will
yield squares of the form

dM? | B2 c?
D? | M? E?
F? |G| (2-dM?

that will give a split hyperplane section over the number field Q(\/E, V2 —d) due
to also inducing H = ++/2 — dM. As seen in the previous section, the case d = 2
is degenerate, yielding H = 0 and further splitting of the hyperplane section. The
case d = 3 is examined below. However, for d > 3, these hyperplane sections fail
to split further and become linearly dependent; their intersection matrix is rank 1.
Thus, we cannot use this method to produce the rest of the Picard lattice.

However, there are still a few families of other split hyperplane sections over
number fields of small degrees (namely Q(4,v/3) and Q(v/—2)) that yield new lin-
early independent classes. Their generation is more procedural than our work in
Sections 3.1 and 3.2, as these hyperplane sections do not unearth any intriguing
new Diophantine connections. Similarly to the proof of Proposition 3.1, all curves
were verified to be geometrically connected and irreducible in Magma.

3.3.1. Over Q(i,/3). Many hyperplane sections taken over Q(i) need to be lifted
to Q(i,v/3) for their components to be fully seen. We will outline these here. Up to
automorphism, there are two types of hyperplane sections we will need to consider:

Firstly, B = £iC' induces degree 8, genus 5 curves which correspond to the
square

A? B? | —B?
2 | 142 2
D 34 E
_D2 G2 _lA2
3
There are 16 of these upon accounting for all possible signs. These can be permuted
in 4 ways via the action of the dihedral group, giving us 64 divisors of this type.

Secondly, A = £iC induces degree 16, genus 17 curves which correspond to the
square

A% | —3G? | —A2
D? | —G? E?
F? G? H?
There are 8 of these upon accounting for all possible signs. These can be permuted

in 4 ways via the action of the dihedral group as it is invariant under the reflection,
giving us 32 divisors of this type and 96 in total.

3.3.2. Over Q(v/—2). Up to automorphism, there are two classes of hyperplane
sections over Q(v/—2). We outline them here:
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Firstly, A = +4/—2M induces degree 32, genus 49 curves corresponding to the
square

A2 B2 2
2 142 2
D* | —3A E
F? G? —2A?
There are 4 of these upon accounting for all possible signs. These can be permuted
in 4 ways via the action of the dihedral group, giving us 16 divisors of this type.

Secondly, B = ++/—2M induces degree 8, genus 5 curves which correspond to
the square

A2 B2 02
2 12 2
D —5B E
—3D? | —2B? | —1E?
There are 16 of these upon accounting for all possible signs. These can be permuted
in 4 ways via the action of the dihedral group, as it is invariant under the reflection,

giving us 64 divisors of this type and 80 in total.
In summary, we have the following:

Proposition 3.7. Let Z” CV denote the locus given by hyperplane sections over
Q(i,Vv3) and Q(v/=2). Then Z" decomposes as Za,c\UZp,cUZa U Zp v, where
Zac and Zp.c correspond to squares with A> = —C? and B? = —C? respectively,
and Za v and Zp v correspond to squares with A? = —2M? and B? = —2M?
respectively. All irreducible components of Z" are smooth geometrically connected
curves defined over Q(i,v/3) or Q(v/=2), whose degree and genera are given by the
following table:
| Zac | Zpo | Zam | Zm
#Components | 32 6/ 16 64
Genus 17 5 49 5
Degree 16 8 32 8

In particular, Z" has 176 geometrically irreducible components in total.

4. MAGIC SURFACES

A related problem to finding a 3 x 3 magic square of squares is finding a magic
square with as many square entries as possible [8]. For instance, there is a monetary
bounty placed on producing a square of 7 squares different from the only known
example

3732 | 2892 | 5652
(4) 360721 | 4252 | 232
2052 | 5272 | 222121

In this section, we study a number of projections from V to del Pezzo and K3
surfaces, motivated by studying magic squares with a prescribed number of square
entries. In the process, we will construct 532 new divisors on V as preimages of
lines on these surfaces, aiding in the proof of Theorem 3. We will use the following
definition.
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Definition 4.1. A surface S defined over QQ is magic if it admits a dominant
rational map V --» S.

The magic surfaces we will consider arise as resolutions of images of coordinate
projections from V to various projective spaces. In particular, we will consider
resolutions which are del Pezzo surfaces and K3 surfaces of high Picard rank.

4.1. Magic del Pezzo Surfaces. We begin with magic squares with 5 square
entries, which we study by considering the restriction to V' of coordinate projec-
tions P8 --» P4. Since the center of each projection is disjoint from V', we obtain
morphisms V — P%.

We will show that the image of each projection is an intersection of 2 quadrics
in P4, i.e., a magic quartic del Pezzo surface, which is possibly singular. We further
classify these quartic del Pezzo surfaces over Q via invariant theory.

We now recall the classical description of the coarse moduli space of (mildly sin-
gular) quartic del Pezzo surfaces, see [21, Section 8.6.1]. To each intersection of two
quadrics Q1 N Qo C P* there is an associated pencil of quadrics, whose total space
is the bidegree (1,2) hypersurface Q C P! x P* defined by ¢ = uq; + vge, where
Qi = V(q;) and (u : v) is a set of homogeneous coordinates on P'. The projection
Q — P! is a quadric threefold bundle whose discriminant has degree 5, cut out by
the determinant of the Gram matrix of ¢ over Q[u,v], which is a symmetric 5 X 5
matrix of linear forms on P'. The vector of geometric elementary divisor data of
this matrix, which encodes the multiplicities of geometric points of the discriminant
and the coranks of the associated singular quadrics, is called the Segre symbol.
The complete intersection is smooth if and only if the discriminant is reduced and it
has at most A;-singularities if all points of the discriminant have multiplicity < 2.
Specifically, the complete intersection: is smooth if and only if the Segre symbol is
[1,1,1,1,1]; has two A;-singularities connected by a line if and only if the discrim-
inant has a single point of multiplicity 2 and the associated quadric has corank 2
there, equivalently, the Segre symbol is [(1,1), 1, 1,1]; it has four A;-singularities if
and only if the discriminant has a pair of points of multiplicity 2 and the associated
quadrics have corank 2 there, equivalently, the Segre symbol is [(1,1),(1,1),1]. A
classical result of Weierstrass and Segre is that the Segre symbol, together with
the PGLy(Q)-orbit of the multiset of the five geometric points of the discrimi-
nant, counted with multiplicity (which we call the discriminant configuration),
completely determines the Q-isomorphism class of a (possibly singular) quartic del
Pezzo surface, see [3, Section 2] or [21, Theorem 8.6.3] for modern accounts of this
fact.

We can reduce the 126 coordinate linear projections V' — P* by only considering
orbits under the automorphism group. These are in bijection with orbits of 5
entries of a 3 x 3 grid under the natural action of the dihedral group. Coordinate
projections corresponding to the same orbit will yield restrictions to V' that differ
by automorphisms. By Burnside’s lemma, there are 23 orbits, with representatives
given in Figure 1.

Proposition 4.2. The image of each coordinate projection p: V. — P* is an in-
tersection of two quadrics, whose associated pencil has discriminant supported on
Q-rational points. Of the 23 orbits of possible projections, there are 5 geometric
isomorphism classes of magic quartic del Pezzo surface (summarized in Table 1).
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FIGURE 1. The orbits of 5 elements of a 3 x 3 grid under the action
of the dihedral group Dy, corresponding to orbits of coordinate
projections P® --» P* under the automorphism group. Labeled
with orbit number (orbit length).

Proof. Each of the images of the projections p: V' — P* described above has 2 equa-
tions given by diagonal quadratic forms. We first recover the equations uniformly
across all 23 orbits. Writing X, = v?, the eight defining relations of V are lin-
ear in the X,, so we may collect them in a coefficient matrix A € Matgxg(Q)
with A(Xa,...,Xg)" = 0. So, V = v"'({AX = 0}) for the squaring map
vi[A:---: H] — [A%2 : --- . H?]. Choosing an orbit amounts to choosing a
five—element subset T of the coordinates, with complement 7°. Furthermore, the
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relations among the chosen squares that survive the projection are the combina-
tions cA of the defining relations that kill the four forgotten columns, i.e., those
with ¢ Are = 0. Evaluating such a cA on the remaining columns yields a diago-
nal quadric in the variables T vanishing on the image; a direct computation [57]
shows that the space of these is two—dimensional in every orbit. Since the center
of each projection is disjoint from V and the resulting intersection is irreducible,
the morphism p has image the complete intersection ()1 N @2 of the two resulting
quadrics.

To see this in action, we consider orbit 1 (in Figure 1). Indeed, we can rewrite
the square as

A? B? Cc?

D? M? 2M? — D?
2M? —C? | 2M? — B? | 2M? — A?
This gives that the image of the projection

p:V—8 cP!
[A:B:C:D:M:E:F:G:H|—[A:B:C:D:M]

has equations

(5)

A% 4+ B%2 4+ 0% = 3M?
A2+ D?—C? = M2

Our method above returns the pencil spanned by A% + D? — C? — M? and B2 +
2C?% — D? — 2M?, recovering (5). The process for determining the equations of the
other magic del Pezzo surfaces corresponding to the remaining orbits is analogous.

Since the two quadrics are already diagonal over Q in each of the 23 orbits, we
deduce that the associated pencil has discriminant supported in Q-points, which
can be directly computed from the diagonal coeflicients of the two quadratic forms.
Indeed, the five points with multiplicity, considered as points in P!, are (% : ¢b),

where cz» is the coefficient in front of z? in the quadratic form g;, where (zo : - - : z4)
are the homogeneous coordinates on P*. We use Magma to compute Table 1, with
code provided to verify our claims [57]. O

We can consider rational curves on their magic del Pezzo surfaces, and their
preimages under the projection maps V' — P* to produce more divisors on P%.
Most fruitful of these are the lines.

Proposition 4.3. The 1148 lines over Q on the 126 magic quartic del Pezzo sur-
faces yield divisors on V' over Q.

Proof. This uses the same method as the proof of Proposition A.1, but with G(1, 4)
instead of G(1,8). Code to compute these can be found at [57]. In terms of enu-
meration, summing the lines defined over Q across the 126 coordinate projections,
grouped by the five geometric isomorphism classes of Table 1, gives

28-16 + (20+8+49)-8 + 21-4 = 448 + 616+ 84 = 1148

lines over Q, where the constants 28,20, 8,49,21 are the numbers of coordinate
projections falling into each geometric class. O
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Orbits Equations Segre Symbol # Nodes  # Lines  Discriminant Config
1,2,3 2?2 + 222 = 2 4 222 [1,1,1,1,1] 0 16 {-2,-1,0,2, o0}
8,9 :rg-i-:rg:q:%-i-mz
4,6,7 203 = 23 + a3 [(1,1),1,1,1] 2 8 {-1,0,0, , oo}
202 4 23 = 22 + 222
5 22 + 22 = 222 [(1,1),1,1,1] 2 8 {0,0, 3, 2, 0o}
x2 + 222 = 22 + 222
10,12,13 23 4 23 = 222 [(1,1),1,1,1] 2 8 {-1,0,0, 1, c0}
14,16,17 2x§ + L% = 2:L'§ + ZL'421
18,21,22
11,1519, 22 + 22 = 222 [(1,1),(1,1),1] 4 4 {=2,0, 0, oo, 0o}

20,23 x% + :):i = 2:17%

TABLE 1. Geometric isomorphism classes of magic quartic del
Pezzo surfaces organized by coordinate projection orbit (see Fig-
ure 1), sample equations in P* for a single representative in some

orbit, Segre symbol, number of nodes, number of lines (over Q),
and discriminant configuration of the associated pencil.

Most of these divisors do not contribute new classes. The preimages of lines
from orbits 4, 6, 7, and 10-23 coincide, as divisor classes on ‘77 with irreducible
components of the split hyperplane sections already constructed in Section 3; we
verify these coincidences in Magma [57]. The new classes arise only from orbits 1,
2,3, 5, 8, and 9, whose line-preimages account for

128 + 64 + 64 + 64 + 128 4+ 64 = 512

divisors. Of these, 128 are redundant, either coinciding with one another under the
action of Aut(V) or with previously constructed divisors. This leaves 384 distinct
new divisor classes defined over Q(i, /2, /3, \/5) We emphasize that these 384
count divisor classes, not line-preimages. Their irreducible components are smooth
curves of genus 17 and degree 16, or genus 5 and degree 8. For example, the
hyperplane sections v/2A & /2B + /3D = 0 are the preimages of the lines on the
surface of orbit 3. These preimages are essential to the proof of Theorem 3.

We can relate the geometry of the 128 rational conics that are the irreducible
components of the 3 distinct entry locus Z3 C V, see Section 3.1, to conics on the
magic quartic del Pezzo surfaces.

Proposition 4.4. For each magic quartic del Pezzo surface p:V — S, the image
of the union of the 128 conics in Zs is the union of eight conics in S.

Proof. We recall that there are two families of these conics. The first is defined by
a number of hyperplane sections and the equation

B? + (C? =242
and the second is defined by a number of hyperplane sections and the equation
A? 4+ B? = 2M°>.
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Intersecting the equations of the del Pezzo surface Sy corresponding to orbit 1, see
Equation 5, with the hyperplanes A = +M reduces the equations of Sy to

02 — D2
B? + C? =242,
which defines four rational conics C1,...,C4 C S;. The method to check this for
the other orbits is similar. O

Remark 4.5. However, the fibers of rational points of magic quartic del Pezzo
surfaces are not entirely contained in Z3. For example, the rational points of height
28 on 57 all lift to points on V corresponding to the magic square with 5 squares
and distinct entries

292 | 352 | 112
32 | 272 | 1449
1337 | 233 | 617

with magic sum 2187.

We can project from a point on each magic del Pezzo surface to obtain magic
cubic surfaces, yielding more divisors on V via their preimages. Again, the most
fruitful of these are the lines.

Proposition 4.6. There are 126 magic cubic surfaces yielded as projections from
magic quartic del Pezzo surfaces. The 1981 lines defined over Q on them yield
divisors on V' over Q.

Proof. Projecting from the smooth rational point [1, 1,1, 1, 1] on any magic quartic
del Pezzo surface yields a magic cubic surface. The number of lines on each cubic
surface is determined by the number of nodes, which we group by orbit in Figure 1:

Orbit ‘ #Nodes on Associated Cubic ‘ #Lines
1,2,3,8,9 0 27
4,5,6,7 2 16
10, 12, 13, 14, 16, 17, 18, 21, 22 3 12
11, 15, 19, 20, 23 4 9

Accounting for the length of each orbit under the automorphism group, this amounts
to

(28 -27) + (28 - 16) + (49 - 12) 4 (21 - 9) = 756 + 448 + 588 + 189 = 1981

lines in total. Again, we use the same method as the proof of Proposition A.1
to compute equations for the lines on each magic cubic surface, but with G(1,3)
instead of G(1,8). Code to compute these, and their preimages on V, can be found
at [57]. O

Although the above yields 1981 divisors on V by taking preimages, many are
either equal to each other, reducible, or already accounted for by the line preimages
on magic quartic del Pezzo surfaces or the hyperplane sections constructed in Sec-
tion 3. In total, we only obtain 148 new irreducible divisors as preimages of lines
on magic cubic surfaces.
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FIGURE 2. The orbits of 6 elements of a 3 x 3 grid under the
action of the dihedral group Dy, corresponding to orbits of coordi-
nate projections P® --s P under the action of the dihedral group.
Each orbit corresponds to an isomorphism class of magic octic K3
surface. The ordering follows the sixteen orbits [-XVI of Bremner
[11, p. 290], though with the colors reversed. Labeled with orbit
number (orbit length).

Remark 4.7. We note that the images of coordinate projections V' — P2 are magic
quadric surfaces. These do not produce any new divisors to help with computing
the Picard lattice of V.

4.2. Magic K3 Surfaces. Analogously to magic squares with 5 square entries, for
the case of magic squares with 6 square entries, we will compute defining equations
for the image of V under coordinate projections P® --s P°. As before, we can
consider the orbits of the 84 coordinate projections under the action of the auto-
morphism group, which is in bijection with the orbits of 6 entries of a 3 x 3 grid
under the natural action of the dihedral group. By Burnside’s lemma, there are 16
orbits, with representatives given in Figure 2, cf. [11, Section 1].

Each orbit in Figure 2 determines a coordinate projection that restricts to a
morphism V' — P?, whose image turns out to be a complete intersection of three
quadrics in P%, the projective model of a K3 surface of degree 8, which we call a
magic octic K3 surface. Equations for, and data about the singularities of, the
magic octic K3 surfaces is provided in Table 2. The magic octic K3 surfaces were
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first studied by Bremner [11], who made a detailed study of the one corresponding
to orbit 3 (the only smooth one); below we refer to this as Bremner’s octic K3
surface and denote it by Y. Bremner [11, Section 3] proved that Y@ has 8 conics,
32 lines, and maximal Picard rank 20. He also gave [11, pp. 297-298] an elliptic
fibration on the K3 surface corresponding to orbit 7, denoted below by X. In the
following, we compute the geometric Picard rank of X. We also consider degree 2
K3 surfaces naturally associated to the magic octic K3 surfaces, showing that they
are double covers of P? ramified over special arrangements of six lines. Finally,
using products of coordinate projections, we construct degree 12 magic K3 surfaces
as well as magic Enriques surfaces whose K3 double cover is Y.
As an example, we consider the projection

p:V—P°
[A:B:C:D:M:E:F:G:H|—[A:B:C:M:F:G|.
corresponding to orbit 7 (see Table 2) with image X C P°. Letting the coordinates
on P° be [z, 21, 2, T3, T4, T5), we compute that X has equations
R R )
x} — 225 +a2 =0
r3— 203+ 23 =0

Using a similar method of point searching as before, we can generate many squares
of 6 squares by taking the fibers of the finite morphism V' — X over rational points
with distinct entries, such as the square

6532 852 3292
—137543 | 4252 | 498793
5032 5952 | —65159

with magic sum 541875. This approach explains why the magic square with 7
squares in (4) is so special. Indeed, it appears in the fiber of the rational point
[373 : 289 : 565 : 425 : 205 : 527] of X, and it’s purely a coincidence that E is a
square in this fiber. Previous work of Bremner [11] also shows that squares of 7
squares arising from this orbit are rational points on high genus hyperelliptic curves
on X, giving an alternate explanation.

Beyond its use in producing interesting magic squares, X has intriguing arith-
metic itself.

Proposition 4.8. The geometric Picard rank p()?@) =19, where )?@ is the reso-
lution of Xg.

Proof. The model X C P° has eight ordinary double points all defined over Q(i),
all of which are images of the singular points on V under the projection p. Taking
the exceptional divisors from these singular points, along with 48 curves that are
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components of the reducible hyperplane sections defined by

zg £ x3 =0, xlj:\/Tngzo,
rg £ x4 =0, r3 tixy =0,
T, 20 =0, T3 *ixs =0,
To 23 =0,

gives an intersection matrix of rank 19. This yields p(X@) > 19. Magma code to
check this is provided [57].

To conclude, we give an upper bound on the Picard rank by working over finite
fields, using the approach of Van Luijk [61] as refined by Kloosterman [36] (see [63,
Section 2]). We begin by finding a degree 2 quasipolarization of X, which we can
use to efficiently compute the Weil polynomial via Magma’s built-in routine. In a
geometric construction similar to that in [2], projecting from the plane containing
the conic C' C X given by the equations

x%—2xi+x§:$0+m5 =xot+ x4 =23+x4=0
gives a degree 2 cover
7 X — P2,
[T0, 71, T2, T3, T4, T5] — [T0 + X5, Ta + T4, T3 + T4].
Letting the coordinates on P? be [z, y, 2], we compute that X is ramified over the
sextic curve
zty? — 222yt — datyz + 622932 + 42?2 — 102%y% 22
+ 2% + 1227y — 2323 — 8222t 4+ 4224 =0.
This branch sextic splits into a union of Galois-conjugate smooth cubics
E =2%y — \/5:103/2 — 2%z + 2\/§xyz . 22222 + yz2,
By = 2%y 4+ V2xy? — 2222 — 2V22yz — 22 + 2V2222 + y22.
We remark that these cubics are quadratic twists of the elliptic curve
y?=a%—22 - 92 +9.

Modulo 13, a prime of good reduction of X, we compute that the characteristic

polynomial of Frobenius acting on Hgt(XEB,Qg) is (z — 13)2°(2% + 222 + 169).
Modulo 37, also a prime of good reduction of X, we compute that the characteristic
polynomial of Frobenius is (z — 37)2%(22 + 38z + 1369). The Weil polynomials and
Frobenius traces of X at all primes up to 37 can be found in full at [57].

The Tate conjecture for K3 surfaces over a finite field, together with Magma’s

Artin—Tate formula procedure, yield that

p(X5,) =20, disc(Pic(Xg, ) =3 € Q% /Q*2
and ~ ~

p(Xg,,) =20, disc(Pic(Xg,,)) = 7€ Q"/Q"*.

The discriminants of the geometric Néron—Severi lattice of X modulo 13 and 37
differ in Q* /Q*2, the smallest such primes yielding differing square classes. This
suffices to give an upper bound of 19 on p(X@) by [63, Proposition 2.17]. O
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Remark 4.9. Using the same methods as Proposition 4.8, we compute the geo-
metric Picard rank of each of the magic octic K3 surfaces, and they are listed in
Table 2. As previously mentioned, Bremner [11, Section 3] showed that his octic K3
surface (corresponding to orbit 3) has maximal geometric Picard rank 20. Through
personal communication, the authors were made aware that Damiano Testa and
Tony Varilly-Alvarado had independently computed the geometric Picard ranks of
all the magic octic K3 surfaces in 2014 using the same method of van Luijk.

Using the geometric construction in Mukai’s degree 8 to degree 2 isogeny [49, 50],
the magic octic K3 surfaces naturally determine (singular models of) degree 2 K3
surfaces. We briefly recall this construction. Let S be a degree 8 K3 surface defined
by a complete intersection of 3 quadrics in P> = P(V) for a 6-dimensional vector
space V. The quadrics generate a net P2 C P(SmeV). The determinant of the
Gram matrix of this net of quadrics is a sextic curve C in P?. The discriminant
double cover associated to this net of quadrics is a degree 2 K3 surface S’ — P2,
When both S and S’ are smooth, this construction identifies S as a moduli space
of twisted sheaves on S/, which is twisted derived equivalent to it, cf. [13],[34], [47,
Section 5).

Although the magic octic K3 surfaces may be singular, the construction still
produces intriguing degree 2 K3 surfaces whose arithmetic may reflect that of the
original degree 8 models. In our running example X above, the branch locus of the
Mukai double cover is given by

xyz(2x +2y — 2)(y — 2)(x — 2) =0,
a union of 6 lines, with two pairs of three lines that have a triple intersection. The
lines y =0, y — z = 0, and z = 0 meet at the triple point [1,0,0], and the lines
x=0,z—2=0, and z = 0 meet at the triple point [0, 1, 0].

The discriminant double covers associated to the magic octic K3 surfaces all have
branch sextics decomposing into unions of 6 lines; except in the case of Bremner’s
octic K3 surface, these sextics admit triple points. Degree 2 K3 surfaces that are
ramified double covers of six lines in general position have been studied before
[32, 44, 43, 35], but degree 2 K3 surfaces that are ramified double covers of six
lines arranged with triple points seem less studied. Whether the magic K3 surfaces
and their associated degree 2 covers are twisted derived equivalent (possibly after
resolution) is an interesting question.

Remark 4.10. K3 surfaces of high geometric Picard rank are known to have a
modular transcendental part of their ¢-adic cohomology [24, 40, 19]; exploring these
properties in full with the magic K3 surfaces would deepen our understanding of
the ¢-adic cohomology of V and its associated Galois representation.

In summary, we have the following.

Proposition 4.11. Up to automorphism, there are 14 magic octic K3 surfaces
arising from magic squares with 6 square entries. All of their associated discrim-
inant double covers are branched over arrangements of sixz lines in P2. Except for
Bremmner’s octic K8, which is smooth, all the rest have at worst ordinary double
points and their associated discriminant branch sextics contain triple points.

Proof. The equations for the magic octic K3 surfaces and their singularities were
computed via explicit projection from V in Magma. Code to compute the branch
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sextic of the associated double cover and to check its number of triple points is
provided at [57]. We note that there is an isomorphism between the K3 surfaces
corresponding to orbits 7 and 14, as well as between the K3 surfaces corresponding
to orbits 2 and 13, given in [11, p. 296]. All of this information is summarized in
Table 2, with the resolution of each K3 denoted as S.

Orbit Equations # Nodes p(g@) Branch Sextic Factorization # Triple Points
1 2+ as —3x3 a2 =0 4 19  zyz(y—2)(x — 2y + 2) 1
3 — 24225 — 222 =0 (2 — 2y + 3z)
x5 —22i + 22 =0
2,13 202 — 22 — 22 =0 8 20 ayzlz—y—z)(x—y+2) 2
203 — a3+ i — 222 =0 (z+y)
225 4+ 22 — 22 — 222 =0
3 328 — 222 — 223 + 22 =0 0 20  ayz(x — 2y —22) 0
3% — 20k + a2 — 202 =0 2z —y+2)
325 423 — 225 — 222 =0 (22 +2y - 2)
4 203 — a2 — 22 =0 12 20 zyz(z +y)(2x + y) 2
P a2 — 223 =0 (dx 42y — 2)
2x§+x§ —Qxi—xg =
5 22—t ai—ai= 4 20 zyz(2y—z2)(z+y— 2) 1
22 + 223 — dad 42k = -2z + 4y — 2)
r3— 225 + k=
6 208 — a3 — 22 =0 12 20 zyz(2y — 2)(z+y)(2z — 2) 3
22— 222 a2 =0
x5 — 223+ 25 =0
7,14 aidai—at—a22=0 8 19 xyz(x — 2)(y — 2) 2
22— 222 422 =0 -2z 42y — 2)
T2 — 203+ 23 =0
8 3 —2rF +22=0 8 18 zyz(z+2z)(x —2y+2) 2
23+ i —222 =0 (z—y)
i -t —aitai=0
9 203 — 23 — 325 + 222 =0 4 18 xyz(z — 2y + 2)(2z + 2) 1

r] + ] — 222 =0

2 2 2 2

(22 — 2y + 32)

Continued on next page
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Table 2 continued from previous page

Orbit  Equations # Nodes p(§@) Branch Sextic Factorization # Triple Points
10 203 +x3 — 225 — 22 =0 8 19 ayz(2y+2)(z —2) 2
x} — 223+ 22 =0 (z—2y+2)

205 — a3 — 22 =0
11 rh— 223 + 2k = 12 19 2yzQ2y —2)(x —y)(z —y + 2) 3
2?4202 — 2% — 222 =0
x5 — 223+ 25 =0
12 208 — a7 — 22 =0 8 19 zyz(2y+2)(x — 2y + 2) 2
v — 23—t +ai=0 (z+2y)

2 2 2 _
225 —x3 —x5 =0

15 R R S ) 8 18 zyz(2y + 2)(z + 22) 2
o]+ a3 — 222 =0 (x—2y —22)
202 — 22 — 22 =0

16 x2 — 222 — 227 + 322 =0 4 19 ayz(x +2y)(2x — 2y + 32) 1

r3— 223 — 22+ 222 =0

TABLE 2. Magic octic K3 surfaces organized by coordinate projec-
tion orbit (Figure 2), equations in P?, number of nodes, geometric
Picard rank of the resolution, factorization of the branch sextic
of the associated double cover, and the number of triple points of
the branch sextic. Orbits are labelled and ordered following the
sixteen orbits of Bremner [11].

4.2.1. Product Coordinate Projections: Magic Dodecic K3s. We can use products
of coordinate projections to P! x P* x P! to produce magic dodecic (degree 12)
K3 surfaces associated (and twisted derived equivalent, as we prove) to each magic
octic K3 surface. In the case of Bremmner’s octic K3 surface, we prove that the
associated magic dodecic K3 surfaces are obtained by resolving the quotient of Y
by a Klein four group of symplectic involutions.

The construction of the magic dodecic K3 surfaces is as follows. After projecting
to P°, which involves a choice of 6 coordinates determined by a choice of orbit (in
Figure 2), we compose with a dominant rational map

(6) ¢: P> — P! x P! x P!
determined by a choice of one of the 15 partitions of the 6 coordinates of P? into 3
pairs. The degeneracy locus is the union of three linear 3-dimensional subspaces of

P> determined by the partition. A Magma, calculation verified that this degeneracy
locus intersects the corresponding magic octic K3 surface in dimension 0.
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One such choice of partition gives
¢ :P° ——> P x P! x P!
[A:B:C:F:G:H|— ([A: H],[B:G],[C: F))

whose degeneracy locus is the union of the 3-dimensional subspaces {A = H = 0},
{B=G =0}, and {C = F =0}.
To each partition, we consider the composition of dominant rational maps

(7) 7P -5 P55 P x P! x PL.

A Magma computation shows that the image of 7 on V C P® is a (2,2, 2)-divisor in
P! x P! x P!, whose further image under the Segre embedding P' x P! x P! « P7
is a degree 12 nodal K3 surface in P7. We refer to these as the magic dodecic K3
surfaces; there are 15 for each choice of orbit in Figure 2.

We now explain the relationship between each magic octic K3 surface and its
associated magic dodecic K3 surfaces.

Proposition 4.12. Let S be a magic octic K3 surface. Then any associated magic
dodecic K3 surface S’ has at worst ordinary double point singularities and its min-
imal resolution is twisted derived equivalent to the minimal resolution of S over C.

We recall that K3 surfaces X and Y are twisted derived equivalent if there
is an equivalence of derived categories D°(X,v) = D®(Y,§) of sheaves twisted by
Brauer classes v € Br(X) and 6 € Br(Y). Motivated by work of Orlov, Huybrechts
and Stellari refined and proved a conjecture of Caldararu, that K3 surfaces X and
Y are twisted derived equivalent if and only if there exists a Hodge isometry be-
tween rational transcendental cohomology T'(X)g = T'(Y)q, see [33, Chapter 16.4].
Before proving Proposition 4.12, we record a general fact about rational maps of
K3 surfaces and twisted derived equivalence. This is known, but lacks a citable
reference, so we provide a proof for the convenience of the reader.

Lemma 4.13. Let f: X --+ Y be a dominant rational map of generic degree d = e?
between K3 surfaces over C. Then f induces a rational Hodge isometry

T(Y)g — T(X)q,
given by % f*. In particular, X and Y are twisted derived equivalent.

Proof. Since X is a smooth projective surface and Y is smooth and projective, by
elimination of indeterminacy for rational maps from a smooth surface to a smooth
projective surface [4, I1.7], there is a composition of blow-ups at points «: XX
such that 8 := foa: X >Yisa morphism. Since f is dominant, 3 is surjective
and generically finite of degree d.

We first observe that a* identifies the transcendental parts of X and X. Since
« is a composition of point blow-ups, there is an orthogonal decomposition

H*(X,Z) = a"H*(X,Z) & P Ze;,

where the e; are the classes of exceptional divisors of the blowup, with e? = —1
and e; -e; = 0 for ¢ # j, and o™ is an injective morphism of Hodge structures

compatible with the intersection forms. If v € T(X)g and D € NS()A()Q, then

~

(o*v, D) = (v,a.D) = 0 because . D € NS(X)g. Hence, a*T(X)gp C T(X)g.

~

Conversely, write w € T(X)g as w = a*v + ), ¢;e;. The classes e; are algebraic,
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so pairing with e; gives ¢; = 0, and then (v, D) = (a*v,a*D) = 0 for every
D € NS(X)g. So, v € T(X)g, and o*: T(X)g — T()/f)@ is an isometry of Q-
Hodge structures.

Next, 8*: H2(Y,Z) — H2(X,Z) is a morphism of Hodge structures, and /3, 3*

d - id by the projection formula. So, we get
(B0, B*w) g = (v, BB w)y = d (v,w)y  for v,w e H*(Y,Q).
In particular, 8* is injective. Exactly as above, (8*v, D) = (v,3.D) = 0 for v €
T(Y)Q and D € NS(X)Q, SO ﬁ*T(Y>Q - T(X)Q = a*T(X)Q.
Therefore,

fr=(a") o T(Y)g = T(X)e
is an injective morphism of Q-Hodge structures satisfying (pv, pw) = d{v,w) =
e?(v,w). However, it is a general fact that the transcendental lattice of a K3
surface is an irreducible Q-Hodge structure, see [33, Chapter 3.3]. Since ¢(T'(Y)q)
is a nonzero sub-Hodge structure of T'(X)g, it is all of T(X)gq, so that ¢ is an
Hodge isomorphism, and then % f* is a Hodge isometry. Finally, K3 surfaces are
twisted derived equivalent if and only if there is a rational Hodge isometry between
the transcendental parts of their Hodge structures, see [33, Chapter 16.4]. O

Proof of Proposition 4.12. Let S C P be a choice of magic octic K3 surface, let
S’ Cc P! x P! x P! denote a choice of dodecic K3 surface associated to S, and let
p: S --» S’ denote the dominant rational map defined by restricting ¢ from (6)
to S. This is summarized as

P® -5 P° -5 P! x P! x P!
V-->sS5--55

A computation in Magma [57] shows that S and S” have at worst nodal singular-
ities. For S’, this uses the fact that S’ is a hypersurface in the threefold P! x P! x P!,
so a singular point is an ordinary double point precisely when the 3 x 3 Hessian of a
local equation is nonsingular there. Ordinary double points are resolved crepantly,
so the minimal resolutions S — S and S’ — S’ are smooth projective K3 surfaces.

The base locus of p: S --+ S’ is contained in the degeneracy locus of ¢, namely
the intersection of S with the three 3-dimensional linear subspaces whose union is
that degeneracy locus; as mentioned above, a Magma computation shows this is a
finite set of points. Hence p induces a rational map

fi8-- 9
between smooth projective K3 surfaces, which is dominant of the same generic
degree as p. By Lemma 4.13, we are reduced to proving that p is generically of
square degree. In fact, we prove that p is generically of degree 4.

Write the three defining quadrics of S as @1, @2, @3 and group each into the
parts supported on the three pairs of chosen coordinates,

Qj = gj1 + g2 + 53,
so that g;; is a diagonal binary quadratic form in the two coordinates of the kth
pair. Let T = G32,/G,, act on P by scaling each pair independently. Away from
the degeneracy locus of ¢, the fibers of ¢ are exactly the T-orbits, so the fiber of p
through a point x is (T'- ) N S.
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For z € S(C) with all coordinates nonzero, let
N(z) = (ij(l"))j’k € Matgx3(C).

Each row of N(z) sums to Q;j(z) =0, so (1,1,1)T € ker N(z) and rank N(z) < 2.
Suppose rank N (z) = 2, so that ker N (z) is spanned by (1,1, 1)T. Ift = (A1, Mg, A3) €
T satisfies t - ¢ € S(C), then setting u = (1, 2, u3) = (A}, A3, \3) we have

3
0=0Q;(t-x) = mequ(x) forj=1,23,
k=1

so p € ker N(x), and is thus a nonzero multiple of (1,1,1). Up to rescaling the Q;
and ¢ by global scalars, we may assume that y = (1,1,1), i.e. Ay = %1 for each k.
Thus, the fiber of p at z is the orbit of x under G' = (u3)3/pa, which has order 4.
This action is free at z; indeed, the fixed locus in P® of a nontrivial sign change is
the union of the two linear subspaces cut out by the vanishing of the coordinates
it negates, respectively of the coordinates it fixes, and z lies on neither since all of
its coordinates are nonzero.

It remains to check that rank N = 2 at a general point of S. Since S is irreducible
and the condition rank NV < 1 is closed, this amounts to exhibiting, for each magic
octic K3 surface and each of the choices of pairs, a 2 X 2 minor of IV that does not
lie in the ideal of S. This is a direct computation, see [57]. O

We wonder whether for any given choice of magic octic K3 surface S and any
choice of associated magic dodecic K3 surface S’, the rational map S --» S’ yields
an isogeny of the full Hodge structure.

In the case of Bremner’s octic K3 surface Y, which is already smooth, we can
see the above as an byproduct of the existence of symplectic involutions.

Proposition 4.14. LetY be Bremner’s octic K3 surface. Then, the resolutions of
each of the corresponding magic dodecic K3 surfaces are isomorphic to the resolution
of the quotient of Y by a Klein-four group acting by symplectic involutions.

Indeed, the resolution of the quotient of a smooth K3 surface by a finite group
generated by symplectic involutions is itself a smooth K3 surface [51]. Hence, the
images of the projections Y — P! x P! x P! are alternative singular models of the
quotient of Y by finite groups generated by symplectic involutions.

Proof. Let Y’ be a magic dodecic K3 surface associated to Bremner’s octic K3
surface with projection p: Y --» Y’ and resolution Y’. Since the generic fiber of p
contains the orbit of a point under the group G = (uz2)3/u2 of sign changes on the
pairs as in the proof of Proposition 4.12, the projection p: Y --» Y” factors through
the quotient rational map 7': Y --» Y/G as p = pon’ for a dominant rational map
p:Y/G --» Y'. We let Z denote Y/G. Then Z has nodes at the images of the
degeneracy points of p, where G acts non-freely, and we let Z denote its resolution.
Now, by the proof of Proposition 4.12, p has generic degree 4. On the other hand,
7’ has degree 4, so that p has degree 1. Hence, p is birational. This implies that
the induced map on resolutions p: Z — Y is birational.

To conclude, we need to show that G acts by symplectic involutions on Y. By
Nikulin’s theorem, this will show that Z is a smooth K3 surface. Since Z is a smooth
K3 surface and a birational map between smooth minimal surfaces of non-negative
Kodaira dimension must be an isomorphism, ]:3 is an isomorphism.
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Denote the generators of G as o1 and os. As the statement is geometric, we
will assume that Y is over C. Denote by @1, @2, and @3 the diagonal quadratic
forms generating the ideal of Y and by zo,..., 25 a set of coordinates on C%. By
the adjunction formula, we can describe the global symplectic 2-form on Y as the
restriction to Y of the descent of the iterated Poincaré residue

Q > 4 -
w=Res| 5—=—- ] Q= —1)'zidzog A -+ ANdzy N+~ Ndz
<Q1Q2Q3> ;( ) 0 g

to IP°. Explicitly, on an open subset U of P?, we have

<dQ1/\dQ2/\dQ3/\L~u) :Q|U7

U

where W]y = w. Since the Q;’s are diagonal quadratic forms, coordinate sign-
changes do not affect d@1, dQ2, or dQ3 under pullback. Hence, the pullback of €2
under o1 and o9 will determine the pullback of w, which in turn determines the
pullback of w on Y by 01|y and o2|y. By the explicit formula for 2, we see that
a3(Q) = 05 (Q) = (—1)2Q = Q. This implies 02|} (w) = o1} (w) = w, so that 01|y
and o3|y are symplectic involutions of Y. O

4.2.2. Product Coordinate Projections: Magic Enriques Surfaces. Finally, we can
use coordinate projections to P2 x P? to produce other magic surfaces admitting
dominant rational maps from the magic octic K3 surfaces. In the case of Bremner’s
octic K3 surface Y, these turn out to be Enriques surfaces with Y as their K3
double cover.

The construction of these magic surfaces proceeds in a similar fashion as for the
magic dodecic K3 surfaces. After projecting to P°, which involves a choice of the 6
coordinates determined by a choice of orbit (in Figure 2), and determines a magic
octic K3 surface, we compose with a dominant rational map

W P5 — P? x P?
determined by a choice of one of the 10 partitions of the 6 coordinates of P® into
disjoint triples. The degeneracy locus of v is the union of two disjoint linear 2-
dimensional subspaces II; UIl; C P® determined by the partition. A Magma calcu-
lation verifies that this degeneracy locus intersects the corresponding magic octic

K3 surface in at most dimension 0.
Hence we consider the composition of dominant rational maps

7P -5 P% ——s P2 x P2

The geometry of the surface that is the image of 7 restricted to V' C P® depends
on the choice of magic octic K3 surface and also on the choice of partition.

To each partition (of the coordinates of P® into disjoint triples) there is an
associated linear involution o : P> — P® changing the signs on the three coordinates
in one of the triples of the partition. While there are (g) = 20 involutions changing
the signs of three coordinates, each is projectively equivalent to the involution
changing the signs of the complementary three coordinates, so we only have 20/2 =
10 unique such involutions, which are in bijection with partitions. The fixed-point
locus of o on P? is the same disjoint union of planes as the degeneracy locus of 1.
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As an example, we can choose
¥: PP —-5 P? x P?
[A7 B7 C? F7 G7 H} H ([A’ B7 O]? [F7 G7 H])

whose degeneracy locus is the union on disjoint planes {A = B = C = 0} and
{F = G = H =0}, and with corresponding involution

o: P° — PP
[A,B,C,F,G,H] — [A,B,C,—F, -G, —H].

In the case of Bremner’s octic K3 surface Y C P? (corresponding to orbit 3 in
Figure 2), we can precisely identify the geometry of the image surface.

Lemma 4.15. Let Y C P5 be Bremner’s octic K8 surface. For a fized partition of
the coordinates of P° into disjoint triples, consider the associated dominant rational
map : P> — P2 x P2, image surface ¥(Y) = S, and involution o. Then S is an
Enriques surface and its image S C P®, under the Segre embedding P? x P? — P8,
has degree 16. The rational map v restricts to a morphism ¥:Y — S, and the
involution o restricts to a fized-point free involution oc: Y — Y.

Proof. A direct Magma computation verifies the fact that, for any choice of par-
tition, S is a (smooth) Enriques surface and computes its degree under the Segre
embedding.

To verify the remaining claims, we need to check that the degeneracy locus of
1 on P?, equivalently, the fixed-point locus of o, is disjoint from Y. To this end,
write the three defining quadrics of ¥ as @; = gj1 + gj2, where g;; is a diagonal
quadratic form in the coordinates of the kth triple in the chosen partition, and
let Mj, € Mats(Q) be the matrix expressing (g1, g2k, ¢3x) in the squares of those
coordinates. A direct computation shows det My # 0 for k =1, 2.

Let IT;, II, C IP® be the planes cut out by the vanishing of the first, resp. second,
triple of coordinates. Then II; UII; is the degeneracy locus of 1) and the fixed locus
of o on P°. If x € YNII; then g1 (z) = 0 for all j, hence gj2(z) = Q;(z)—gj1(x) =0
for all j, and det Ms # 0 forces the remaining three coordinates of x to vanish as
well. So, Y NII; = &, and symmetrically Y N1l = &. (]

In fact, in the case of Bremner’s octic K3 surface, the multihomogeneous ideal of
each Enriques surface S is generated by three (2,2)-forms in P2 x P2. We refer to
these 10 surfaces as the magic Enriques surfaces. The projection of S C P? x P2
to one of the factors P? is a Cossec—Verra polarization of the Enriques surface S,
see [17, 65], cf. [39, Section 3.2], [18, Chapter 3.4.2].

Finally, we prove the following.

Proposition 4.16. FEach magic Enriques surface S has Bremner’s octic K3 surface
Y as its K3 double cover ¢: Y — S.

Proof. Composing ¢: Y — S with the Segre embedding P? x P2 — P® we get
that ¥*0g(1,1) = Oy (2). This is ample, so ¢: ¥ — S contracts no curves and is
therefore a finite morphism. Moreover, we have

(v*Os(1,1))° = 4deg Y = 32,
and since deg S = 16, we have that 1 is finite of degree 2.
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By the computation in the proof of Proposition 4.14, applied now to the associ-
ated involution o, changing the signs of three coordinates, we have 0*Q = (—1)3Q =
—Q. Since the @; are diagonal, this gives o|jw = —w. As 0: Y — Y is free, the
quotient Z = Y/o is a smooth Enriques surface with ¢ : ¥ — Z its K3 double
cover.

Finally, v is o-invariant, so it factors as 1) = 1 o ¢ and : Z — S is finite.
Then 2 = deg1) = degq - degt = 2deg1), so v is birational. Since S is smooth,
and a finite birational morphism onto a normal variety in characteristic zero is an
isomorphism, we have that S = Z so that Y is the K3 double cover of S. (]

5. THE P1CARD LATTICE OF V

In this section, we establish the bounds on V’s geometric Picard rank stated in
Theorem 3. We exhibit an explicit collection of 1204 divisor classes: 256 exceptional
divisors arising from the resolution of the A; singularities, 416 irreducible compo-
nents of split hyperplane sections defined over various number fields, 384 preimages
of lines on quartic del Pezzo surfaces admitting a projection from V', and 148 preim-
ages of lines on cubic surfaces admitting a projection from V. We show, via a direct
computation of their intersection matrix, that they span a sublattice of rank 518
in Pic(f/@). We begin in Proposition 5.1 by verifying that Pic(f/@) = NS(‘N/@) is
torsion-free. We then provide a summary of all of the divisors produced in sections
3 and 4. Finally, we assemble the intersection-theoretic data, carefully accounting
for the contribution of the A; singularities to the intersection pairing on V. This
completes the proof of Theorem 3 with the help of Magma [7].

To begin, it is known that linear and numerical equivalence agree for divisors
on complete intersections. However, since we are working with a resolution of a
complete intersection, it is important to spell out a proof:

Proposition 5.1. Pic(V; o) = NS(V §)- Furthermore, NS(Y~/@) is torsion-free.

Proof. By GAGA [55] and the fact that Néron-Severi and Picard groups are insen-
sitive to algebraically closed extension of algebraically closed fields [46], the Picard
group of Ven and the geometric Picard group of 1% agree. So, we can use the
exponential exact sequence in the analytic category

0 — 2miZ — ﬁvm

— G,, — 0
and extend to the long exact sequence of cohomology. Since h':* = 0 by Theorem 2,

the long exact sequence decomposes to the exact sequence

0 — Pie(V™") — KAV, 2) — HAV™", Gp,) — BV, G) —

This shows that Plc(V‘m) injects into H2, so Pic®(V") is trivial and Pic(V ") =

NS(Van). Since H2(V", 7) is torsion-free by Theorem 2, NS(V"), is torsion-free.
O

In total, counting the 416 split hyperplane sections we constructed in Sec-
tions 3.1, 3.2, and 3.3, the 384 preimages of lines on magic quartic del Pezzo sur-
faces constructed in Section 4, the 148 preimages of lines on magic cubic surfaces
constructed in Section 4, and the 256 exceptional classes, we have produced 1204
divisors on V. They are distributed as follows:
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Method Number of Divisors
Irreducible Component of Z over Q 176
Irreducible Component of Z’ over Q(i, v/2) 64
Irreducible Component of Z” over Q(i,v/2,v/3) 176
Preimages of Lines on dP4s over Q(i,v/2,v/3,/5) 384
Preimages of Lines on Cubic Surfaces over Q(i, v/2, v/3,v/5) 148
Exceptional Divisors over Q(i, v/2) 256
Total 1204

In order to understand the sublattice of the Néron—Severi group generated by
these 1204 divisors, we compute the intersection matrix between them. The rank
of this symmetric matrix then coincides with the rank of the sublattice generated
by these divisors. Before computing the intersection matrix, we need to give some
details on how intersection theory behaves on V' and V.

Let S be a surface with an A; singularity p and 7 : S — S the resolution of S at
p with exceptional divisor E. For a curve C C S the divisor class of 7*C' is given
by B

m™C =C+aF
where C is the strict transform, and a is some integer. This class is subject to the
relation 7*C.E = 0, meaning that C.E + aE? = 0. Denoting the multiplicity of
C at p as m,(C), this yields C.E = m,(C) = 2a since E2 = —2. So, a = m”T(C)
Fractions are admissible since we work with Weil divisors that may not be Cartier
on S. Furthermore, for any curves C' and D on S that intersect transversally, their
intersection can be computed as

cp="Tr

via the above formula.

For self-intersection, we recall that the self-intersection formula for a curve C on

a smooth surface S is

C? =2¢(C) -2 - Kg.C
by adjunction formula. When S has A;-singularities, this remains the same when
we consider the self-intersection of the strict transform of a curve C C S to the
resolution 7 : § — S.

However, computing the intersection numbers for our list of divisors is easier
than the above formula suggests. We verified that whenever two distinct curves
in our list of 1204 intersect nontrivially, their scheme-theoretic intersections are
transverse. Each curve was also verified to meet the singular points with multiplicity
one. Moreover, at each node p lying on two of our curves C' and D, we verified that
C and D have distinct tangent directions at p. Equivalently, the strict transforms
C and D meet the exceptional divisor F), in distinct points.

Hence, C and D are disjoint over the singular locus Sing(V) and meet transver-
sally elsewhere, so each point of C' N D \ Sing(V) contributes 1 to C.D, and each
node of C'N D contributes 0. We thus can compute

C.D = #(C N D) — #(C N DN Sing(V)).
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For the self-intersection, we know that Ki; = 3H. Additionally, since each curve
meets the singular locus transversally with multiplicity one, blowing up the A;-
points does not alter the arithmetic genus of the strict transform. From this and the
adjunction formula above, we derive that for a curve C' on V', the self-intersection
of its strict transform is

C? =2¢(C) — 2 — 3deg(C) = 2¢(C) — 2 — 3deg(C),

where g(C) is the arithmetic genus. Using this, we compute that the 1204 x 1204
intersection matrix of the strict transforms of the 1204 curves we have produced has
rank 518. This sublattice contains H, since it contains all the components of various
hyperplane sections. By the Hodge index theorem, the orthogonal complement of
H is negative definite, and thus by a lattice-theoretic argument, the rank of the
Gram matrix of the collection of divisors coincides with the rank of the sublattice
it generates. Hence, p(Vg) > 518.

More precisely, the 948 divisors given by split hyperplane sections and preimages
of lines contribute rank 262, as the exceptional classes give 256 independent ele-
ments. Theorem 2 and the Lefschetz theorem on (1,1)-classes then give the upper
bound p(‘N/@) < 544. All computational data and Magma code used to construct
the divisors and verify the intersection-theoretic computations are available in the
accompanying repository [57]. In particular, the repository contains the complete

1204 x 1204 matrix and code to reproduce the rank computation.

Remark 5.2. We expect the geometric Picard rank of V to be maximal. Indeed,
any new nontrivial divisor classes will yield many more via the action of the auto-
morphism group. The methods of Sections 3 and 4 appear to be saturated: every
divisor produced by our final constructions, including lifts of divisors from the magic
K3 surfaces, already appeared in the span of the 1204 classes above. We therefore
expect producing the remaining classes to require Hodge-theoretic methods. The
sublattice L spanned by our 1204 classes is stable under the automorphism group
G, and the intersection form is nondegenerate on L, so L* N NS (‘7@) is a G-stable
complement. If Py 1s maximal, this complement is a 26-dimensional representation

of G, compatibly with the Galois action.

APPENDIX A. LINES ON V

In this appendix, we show that V’s Fano scheme of lines is empty, meaning
that V contains no lines over Q or C. The algorithm used for these calculations
builds on a method of Elsenhans—Jahnel [25] via Schubert cells of Grassmannians to
parametrize the Fano scheme of lines. To describe this approach, let G(1,8) denote
the projective Grassmannian of lines in P®, and let F(V') C G(1,8) denote the Fano
scheme of lines on V. For a single quadric Q C P®, the Fano scheme F(Q) is cut
out in G(1,8) by a section of & = Sym?(.”V), where .¥ is the tautological rank-2
subbundle on G(1,8). The bundle & has rank 3, so F'(Q) has expected codimension
3. Since V is a complete intersection of six quadrics Q1,...,Qs, the Fano scheme
of lines is the intersection

F(V)=F(Q)N---NF(Q) C G(1,8),

and has expected codimension 6-3 = 18 in a Grassmannian of dimension 2-7 = 14.
The expected dimension is therefore negative, so we expect F(V) = &. This turns
out to be true:
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Proposition A.1. The Fano scheme of lines F(V) of V, the variety of 3 x 3 magic
squares of squares, is empty.

Proof. The idea is to stratify G(1,8) by Schubert cells, parametrize lines in each
cell by an explicit affine chart, and verify on each chart that the ideal cut out by the
six quadrics has no solutions using Grobner bases. Fix the standard complete flag
PO C P! C ... C P8 in P8 The Schubert cells of G(1,8) are indexed by partitions
Cay.ap = (a1,a2) wWith 7> a3 > ag > 0; there are 36 such cells with respect to our
given flag. The open cell o o parametrizes lines avoiding P6 = span(ea, . . ., eg) and
is isomorphic to A'4. The closed cells have lower dimension.
On the open cell 0g 9, a line is uniquely written as the row span of a matrix

1 0 Xo X1 X2 XT3 X4 T g
001 yo vi yv2 ys ya Y5 Ys)’

giving an isomorphism oo = A%, A line of this form lies on V if and only if each
defining quadric @); vanishes on the parametrized family

[s:t:sxog+tyo: - : swe+ tyg)

for all [s : t] € PL. Writing Q;(s,t) as a homogeneous polynomial of degree 2 in (s, t)
with coefficients in Zxy, ..., Zs, Yo, - -, Ys], we obtain three equations per quadric
(the coefficients of s2, st, t2), for a total of 18 equations in 14 variables, defining
the restriction F(V)Nag o as a subscheme of A%, A Grébner basis computation in
Magma [7] shows that this ideal contains 1, so F(V)Nogo = &. Analogous charts
and calculations cover each of the remaining 35 Schubert cells. Since F(V)No = &
for every Schubert cell o, we conclude F(V) = &, so V contains no lines. The
full Magma code, including the explicit affine charts on each Schubert cell and the
Grobner basis verifications, is available at [57]. O

Remark A.2. This trivially implies that no lines meet the distinct locus U. We
record it because the question of low-degree rational curves on U — rather than on
all of V' — is what is directly relevant to the Diophantine problem. By contrast,
V' contains many conics. The 128 rational conics arising from the 3-distinct-entry
locus Z3 in Section 3.1 are all contained in the closed locus Z3 C V . U. We leave
open the question of whether these are all the conics contained in V'; we know there
are finitely many by [12].

REFERENCES

1. Michael Francis Atiyah, On analytic surfaces with double points, Proceedings of the Royal
Society of London A Mathematical and Physical Sciences 247 (1958), 237-244.

2. Asher Auel and Henry Scheible, Noether—Lefschetz general complete intersection K3 surfaces
over the rationals, arXiv:2603.03253, 2026.

3. Dan Avritzer and Herbert Lange, Pencils of quadrics, binary forms and hyperelliptic curves,
Commun. Algebra 28 (2000), no. 12, 5541-5561.

4. Arnaud Beauville, Complex algebraic surfaces, no. 34, Cambridge University Press, 1996.

5. Pieter Belmans, Hodge numbers for complete intersections, 01 2018.

6. Olivier Benoist, Séparation et propriété de Deligne—Mumford des champs de modules
d’intersections complétes lisses, J. Lond. Math. Soc. (2) 87 (2013), no. 1, 138-156.

7. Wieb Bosma, John Cannon, and Catherine Playoust, The Magma algebra system I: The user
language, J. Symb. Comput. 24 (1997), no. 3-4, 235-265.

8. Christian Boyer, 3 X 3 magic square of squares search, website.

, Some notes on the magic squares of squares problem, Math. Intell. 27 (2005), 52-64.

10. Andrew Bremner, On squares of squares, Acta Arith. 88 (1999), no. 3, 289-297.



http://www.multimagie.com/English/SquaresOfSquaresSearch.htm

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

3 x 3 MAGIC SQUARES OF SQUARES 42

, On squares of squares. II, Acta Arith. 99 (2001), no. 3, 289-308.

Nils Bruin, Jordan Thomas, and Anthony Varilly-Alvarado, Explicit computation of symmet-
ric differentials and its application to quasihyperbolicity, Algebra Number Theory 16 (2022),
1377-1405.

Andrei Caldararu, Nonfine moduli spaces of sheaves on K3 surface, Int. Math. Res. Not. 2002
(2002), no. 20, 1027-1056.

Schuyler Cammann, The evolution of magic squares in China, J. Am. Orient. Soc. 80 (1960),
no. 2, 116-124.

Xi Chen, Xuanyu Pan, and Dingxin Zhang, Automorphism and cohomology II: Complete
intersections, Int. J. Math. 35 (2024), no. 08,2450028.

Jean-Louis Colliot-Thélene and Alexei Skorobogatov, The Brauer—Grothendieck group,
Springer Nature, 07 2021.

Frangois Cossec, Projective models of Enriques surfaces, Math. Ann. 265 (1983), no. 3, 283—
334.

Francois Cossec, Igor Dolgachev, and Christian Liedtke, Enriques Surfaces I, 2nd ed., Springer
Singapore, 2025.

Edgar Costa, Andreas-Stephan Elsenhans, Jorg Jahnel, and John Voight, Ezplicit modularity
of K38 surfaces with complex multiplication of large degree, arXiv:2502.15052, 2025.

Pierre Deligne, Cohomologie des intersections completes, Groupes de Monodromie en
Géométrie Algébrique, Springer, 2006, pp. 39-61.

Igor V Dolgachev, Classical algebraic geometry: a modern view, Cambridge University Press,
2012.

Igor V Dolgachev and David Ortland, Point sets in projective spaces and theta functions, vol.
165, Société mathématique de France Marseille, France, 1988.

David Eisenbud and Sorin Popescu, The projective geometry of the Gale transform, J. Algebra
230 (2000), no. 1, 127-173.

Noam D Elkies and Matthias Schiitt, Modular forms and K8 surfaces, Adv. Math. 240 (2013),
106-131.

Andreas-Stephan Elsenhans and Jorg Jahnel, K8 surfaces of Picard rank one and degree two,
International Algorithmic Number Theory Symposium, Springer, 2008, pp. 212-225.

David Gale, Neighboring vertices on a convex polyhedron, Linear Inequalities and Related
Systems, vol. 38, Princeton University Press, Princeton, NJ, 1956, pp. 255-263.

Martin Gardner, The magic of 3 x 3, Quantum, Jan.-Feb (1996), 24-26.

Phillip Griffiths and Joseph Harris, Principles of algebraic geometry, John Wiley & Sons,
2014.

Christopher D Hacon, James McKernan, and Chenyang Xu, On the birational automorphisms
of varieties of general type, Ann. Math. (2013), 1077-1111.

Marc Hindry and Joseph H Silverman, Diophantine geometry: an introduction, vol. 201,
Springer Science & Business Media, 2013.

F Hirzebruch, Topological methods in algebraic geometry, Berlin Springer, 1978.

Shinobu Hosono, Bong H. Lian, and Shing-Tung Yau, K3 surfaces from configurations of
siz lines in P2 and mirror symmetry [I—M\g3-functions, Int. Math. Res. Not. IMRN (2021),
no. 17, 13231-13281.

Daniel Huybrechts, Lectures on K38 surfaces, Cambridge Studies in Advanced Mathematics,
vol. 158, Cambridge University Press, Cambridge, 2016.

Daniel Huybrechts and Paolo Stellari, Equivalences of twisted K8 surfaces, Math. Ann. 332
(2005), no. 4, 901-936.

Remke Kloosterman, Classification of all Jacobian elliptic fibrations on certain K3 surfaces,
J. Math. Soc. Japan 58 (2006), no. 3, 665—680.

Remke Kloosterman, Elliptic K3 surfaces with geometric Mordell-Weil rank 15, Canad. Math.
Bull. 50 (2007), no. 2, 215-226.

Martin LaBar, Problem 270, College Mathematics J. 15 (1984).

Robert K Lazarsfeld, Positivity in algebraic geometry I: Classical setting, line bundles and
linear series, vol. 48, Springer, 2017.

Christian Liedtke, Arithmetic moduli and lifting of Enriques surfaces, J. Reine Angew. Math.
2015 (2015), no. 706, 35-65.

Ron Livné, Motivic orthogonal two-dimensional representations of Gal(@/@), Isr. J. Math.
92 (1995), no. 1, 149-156.



41.
42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.
54.

55.

56.
57.

58.

59.

60.
61.

62.

63.

64.

65.

66.

3 x 3 MAGIC SQUARES OF SQUARES 43

The LMFDB, The L-functions and modular forms database.

Edouard Lucas, Sur le carre de 3 et sur les carres a deux degres, Les Tablettes du Chercheur
7 (1891).

Keiji Matsumoto, Takeshi Sasaki, and Masaaki Yoshida, The monodromy of the period map
of a 4-parameter family of K3 surfaces and the hypergeometric function of type (3,6), Int. J.
Math. 3 (1992), no. 1, 1-164.

Keiji Matsumoto and Tomohide Terasoma, Thomae type formula for K3 surfaces given by
double covers of the projective plane branching along six lines, J. Reine Angew. Math. 669
(2012), 121-149.

Hideyuki Matsumura and Frans Oort, Representability of group functors, and automorphisms
of algebraic schemes, Invent. Math. 4 (1967), no. 1, 1-25.

Davesh Maulik and Bjorn Poonen, Néron—Severi groups under specialization, Duke Math. J.
161 (2012), no. 11, 2167-2206.

Kelly McKinnie, Justin Sawon, Sho Tanimoto, and Anthony Virilly-Alvarado, Brauer groups
on K3 surfaces and arithmetic applications, Brauer groups and obstruction problems: moduli
spaces and arithmetic, Springer, 2017, pp. 177-218.

John Willard Milnor and James D Stasheff, Characteristic classes, no. 76, Princeton Univer-
sity Press, 1974.

S. Mukai, On the moduli space of bundles on K3 surfaces. I, Vector bundles on algebraic
varieties (Bombay, 1984), Tata Inst. Fund. Res. Stud. Math., vol. 11, Tata Inst. Fund. Res.,
Bombay, 1987, pp. 341-413.

Shigeru Mukai, Symplectic structure of the moduli space of sheaves on an abelian or K3
surface, Invent. Math. 77 (1984), no. 1, 101-116.

Viacheslav V Nikulin, Finite automorphism groups of Kahler K3 surfaces, Trans. Moscow
Math. Soc 38 (1980), no. 2, 71-135.

Miles Reid, Young person’s guide to canonical singularities, Proc. Symp. Pure Math., vol. 46,
1987, pp. 345-414.

John P. Robertson, Magic squares of squares, Math. Mag. 69 (1996), 289-293.

Nick Rome and Shuntaro Yamagishi, On the existence of magic squares of powers, Res.
Number Theory 11 (2025), no. 4, 91.

Jean-Pierre Serre, Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier 6 (1956),
1-42.

, A course in arithmetic, vol. 7, Springer Science & Business Media, 2012.

Benjamin Singer, A geometric approach to 3 X 3 magic squares of squares, 2026, Github
repository.

Richard P. Stanley, Linear homogeneous Diophantine equations and magic labelings of graphs,
Duke Math. J. 40 (1973), 607-632.

, Magic labelings of graphs, symmetric magic squares, systems of parameters, and
Cohen—Macaulay rings, Duke Math. J. 43 (1976), no. 3, 511-531.

Michael Stoll and Damiano Testa, The surface parametrizing cuboids, arXiv:1009.0388, 2010.
Ronald van Luijk, K3 surfaces with picard number one and infinitely many rational points,
Algebra Number Theory 1 (2007), no. 1, 1-15.

, On perfect cuboids, Ph.D. thesis, Mathematisch Instituut, Universiteit Utrecht, Doc-
toraalscriptie 2000.

Anthony Varilly-Alvarado, Arithmetic of K38 surfaces, Geometry over nonclosed fields,
Springer, 2017, pp. 197-248.

Anthony Vdrilly-Alvarado, The geometric disposition of Diophantine equations, Notices
Amer. Math. Soc. 68 (2021), 1.

Alessandro Verra, The étale double covering of an Enriques surface, Rend. Sem. Mat. Univ.
Politec. Torino 41 (1983), no. 1, 131-167.

Bianca Viray, Rational points on warieties and the Brauer—Manin obstruction,
arXiv:2303.17796, 2023.

DEPARTMENT OF MATHEMATICS, DARTMOUTH COLLEGE, KEMENY HALL, HANOVER, NEW HAMP-

SHIRE, F-mail address: asher.auel@dartmouth.edu

DEPARTMENT OF MATHEMATICS, DARTMOUTH COLLEGE, KEMENY HALL, HANOVER, NEW HAMP-

SHIRE, E-mail address: benjamin.d.singer.27@dartmouth.edu


https://github.com/BenSinger2005/A-Geometric-Approach-to-3-x-3-Magic-Squares-of-Squares
https://github.com/BenSinger2005/A-Geometric-Approach-to-3-x-3-Magic-Squares-of-Squares

	Introduction and History
	The History of Magic Squares
	Magic Squares of Squares
	Results and Structure of the Paper
	Acknowledgments
	Statement on AI Usage

	1. The Variety Parameterizing 3 3 Magic Squares of Squares
	1.1. Equations and Basic Details
	1.2. Automorphism Group
	1.3. Trivial and Singular Points

	2. Hodge Numbers and Associated Invariants
	3. Special Hyperplane Sections of V
	3.1. The Locus of Squares with Non-Distinct Entries
	3.2. Coordinate Hyperplane Sections
	3.3. Hyperplane Sections over Number Fields

	4. Magic Surfaces
	4.1. Magic del Pezzo Surfaces
	4.2. Magic K3 Surfaces

	5. The Picard Lattice of V
	Appendix A. Lines on V
	References

