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Cubic Fourfolds

✗ c- Ps smooth cubic hypersurface

E ⇐ p(H°( IPs, 013 ) )) /PGL , coarse moduli space
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H
" (X

,
Z ) = ( i >

⑦"

④ g- ,>
④ 2

Integral polarized weight 4 Hodge structure

with distinguished class tie It"( ✗)

Torelli theorem (Voisin )
IPHS on H

"

(✗ , 2) recovers ✗ up
to isomorphism

G c-☒



Algebraic cohomology
Citi (X ) → H

"
(×
,
2) n Hii ( x) cycle class nap

[=L] 1→ clltt])

Hodge conjecture ✗ smooth pipeline /a

chili ) ④ A → H
"
(✗
,
a) n Hiilx)

( Conte /Murre /Zucker) True for rationally
connected Holds



Integral Hodge Conjecture
CHI (X ) → H

"
(×
,
2) n Hii ( x)

( Atiyah - Hirzebruch ,
Totaro

,
Kollar

,

- .
. ) counterexamples

( Voisin ) True for cubic four folds
!

CH
' (X)→ It

"
(X

,
Z) n H

"Tx ) = : A 1×1

A 1×1 is positive detiuite lattice
with hi c-Atx )

Fact A 1×1=21 hi for ✗ very general



K3 Surfaces
S smooth projective surface with Ws Eos

and H' (✗ ,0×1=0 i. e. S not abelian surface

0

\

0

Hodge diamond I 20 I

0 0
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Pic ( s) = CH
'

( s ) → HTS
,
-6)nH

" ' (s ) Lefschetz CH)

Fact Picts)=ZH ,
H ample, for very generals



H2 ( 5,2 ) signature ( 3,19 ) unirwduler
even lattice

Integral polarized weight 2 Hodge structure

Torelli theorem
IPHS on H

' ( S
,
Z ) recovers S up

to isomorphism

Moduli spaces d > 2 even

Kd moduli space of polarized K3 surface

of degree d i. e. objects are

( S
,

H )
,
S k3

,
It c- Pics primitive, H.lt =D

ample



From Cubic Four folds to K3s

✗ cubic fourfold with rkz AG ) > 1

then < h
'

,T > c- Atx ) primitive
sub lattice Me 2

( Hasselt ) let D= disc 4h2 , T) .
If 4td , 9td , P¥→ , , ,

then

< hi,THE (A)
+
til for some polarized k3

ni
^ ' ( S

,
H ) of degree d

H
" (✗ ik) 1+45,2/7

Get embedding of moduli spaces

Lamar- Kd



From k3s to curves

( S
,
H ) polarized f- 3 of degree

D= 2g - z

s , pg
V1 V1

( = Snps
" -1%1 pg

-1

Hyperplane sections of projectile
models at

k3 Surtees. are canonical curves .

C c- 1 HI general is smooth prig .

cane gears g.
and Htc = Kc



Example
✗ c- 1ps cubic fourfold containing
disjoint planes P

, ,
P
,

c-

Psp
,
= { ✗o=✗ ,

= ✗2=0 }
,

P
,

= { ✗ 3--114=115--0 }

then we can write

✗ = { F , -11=2--0 } F
, ,
F
, homogeneous

forms on P
,
✗ Pz of bi degree ( 1,2 )

and 12,1 )



Hare a binational map

P
,
✗ Pz - - → ✗

Pi . Pa
'→ third point on

line though p , .pe

Indeterminacy
locus

S = { F , -_ 1=5-0 } I P ,
✗ Pz

Complete intersection
of bidegree 44 and Cz , , ) in

115×11>2

Adjunction ⇒ S is a 1--3 surface

Segre
defines degree 14 polarizationS E p

-

xp
'
→ p

8

It c- Pics



✗ very general ⇒ rhztcx) =3 and

the pics
= 2

A¥# Pi÷f¥=oc
" " Is

L 7 2

¥ !
3 0

0 3

and 1h:P ,
>
+
I (A)

+

C- il

ce IHI is genus 8 curve and 1- / c=gIFinally "

Brix - Noether special
"
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Cubic Fourfolds

✗ c- Ps smooth cubic hypersurface

E E p(H°( IPs, 013 ) )) /PGL , coarse moduli space

Torelli theorem (Voisin )
IPHS on H

"

(✗ , 2) recovers ✗ up
to isomorphism

Integral Hodge Conjecture (
Voisin)

CH
'

(X ) → HYX , -4 ) n H
"4×1=-1-1×1 isomorphism

Fact A 1×1=21 hi for ✗ very general



the Noether - Lefschetz locus

{ ✗ c- E : rkz A 1×1 > I } = Ud Ed

✗ c- Id ⇐> 3- TEACH with { hi, T> c- ACXI

primitive suits lattice of discriminant d

✗ special Cubic fourfold of
disc . d

them ( Hasselt) Ed =/ 0 irreducible divisor

⇒ d > 6 and D= 0,2 (mod 6)

Hassett divisors



Description of Special Cubic Fourfolds

|
""

12 cubic scroll

14 quartic scroll

18 sextic elliptic ruled surface
( Addington , Hasselt, Tschiuhel, Vasiliy

- Alvarado)

20 Veronese surface

12£ ds38 blow -ups at PZ (Nuur )
42 monic scroll ( Loui )

44 Farm model of an Enriques surface (Niner)
d > 158 Gd is of general type (Tanimoto

, Vanity
-Alvarado)



Associated K3 surface

(X
,
Ka ) marked cubic fourfold kd↳A(✗ I dcka/ =D

( S , H ) polarized k3 surface
It c- Pic /s ) H' =D

HIS ,z) wt 2 Sig ( 3,19 ) I 201

H
"
( ✗ 121 ) wt 4 Sig (21,2 )

0 I 21 I 0

HTS ,
-610=11-1 wt 2 Sig (2,19 ) I 19 I

H
"

(4,21 )o= Kat wt 4 Sig ( 19,2 )
0 I 19 I 0

Thm (Hasselt) there exists 15,1+1 of degree d with

H
"

111,211 , = H' (5,21101-1) ⇐ 4td.9td.pl/dfrp-=zCs )
admissible D= 14,26 , 38,42 , 62,74, - - -



Rationality
conjecture the very general ✗ is not rational .

Some rational cubic fourfolds
- P

, ,
Pa c- ✗ disjoint planes P

,
xp
,

-→✗

indeterminacy
.

locus S =P
,
✗ Pz deg 14 k3

lattice polarization
It = 0411 Is 1=011,01 Is

It 14 7

L 7 2

- ( Deauville , Douagi ) general ✗ c- 6,4 is pfaltian
✗ = Pf n p5 c- 1PM = Plies)

S = GG,6) np8 e- 1PM associated deg 14 k3



Brill-Noether theory C carve genus g.

How
"

special
"
is C c-kg ?

Measured by existence at unexpected C Pr

Brill -Noether thru the general c
c- leg

does not admit a gre whenever
p ly ,

r
, e) = g

- Cr+ 1) ( g
- e + r ) < 0

otherwise ,
we call C Brill -Noether special

Example C has geniality
e ⇐ C admits gie and nog!,

Brill - Noether special for g
> 2 e- 2



Def Clifford index 8cg:/ = e - ar

r (c) = min { 01g :) I r=i ,
d ← g- i }

theorem o ⇐ occ) a- 18¥ ]

Example In g- 8 the Brill
- Noether special

linear systems are ( up to A ↳ We ④ AM

g : gig : g 's g 's gf gig;giveIT T.ir#



Brill -Noether for K3s (Mukai )

Def A polarized k3 surface
( S
,
H ) of

degree D= 2g
-2 is Brill- Noether general if

h° ( S , N ) . hols
, M ) < hols , A)

= g
-11

for any
nontrivial decomposition H = N ④M.in Pics)

Analogy C is Brill - Noether general if

til C ,
L ) . h°( c. L'④Wx) £ h°(c. wx )

= g

for enemy
L c- Pic (c) .



Example Pic ( s ) = ZH ⇒ ( SH ) is BN -general

theorem (Lazarsfeld)

pic ( s ) = ZH ⇒ general ce IHI is BN
- general

observation
c. c- IHI is BN - general ⇒ ( SH ) is BN -general

Theorem (Mukai)
"

⇐
" holds for g

£10 org
-42

( R .

Haburcak)
"

⇐
"

holds for g
← 14

( Saint -Donat , Reid , Green -Lazarsfeld, Mertens, Knutsen ,
Leti - Chiesa )



the Noether - Lefschetz locus in 2nd

{ ( SH) c- Kd 1 the Diels ) > I } = e.vn Red,

where (5,1-1) c-K&n admit primitive -1µL c- Picts )

L e n

them ( Greer , Li , Tian)
the Brill -Noether special locus KDBN c- Kd is the

union of kde.in Where

✓di < e < win { E ,
i + d÷ -1¥, }



Example KIF has 6 components

Ki
,

! K¥o KY.co KY, KY, K¥z

1
" '

Ii: :H¥:H¥:H¥÷H:±¥Et
2

µ , , y , , ,g:| , , , , ,g;) , , , ,g, y , , .gg/y,isg ,w/ section

8=0 8=1 8 = 2 8--3

It has

nontrivial
fixed part H base point free ⇒ general C. c- IHI smooth



Brill -Noether Special Cubic Fourfolds
A cubic fourfold ✗ is Brill -Noether special if

it admits a Brill -Noether special associated ¥3 .

LYN marked cubic four folds (✗
,
Kd ) with

H
"
IX.2) 0=-1+45,21101-1 ) and (SH) BN - special .

qamar → Kd

g g
e.% ↳ iii.

Program Relate the geometry of ✗ c- TIN with ( SH)



Question which BN - special K3s are
associated to (smooth ) cubic fourfolds ?

Theorem the image at e.BY, → KIT is K¥z
and EY

"
coincides with the locus at cubic

four folds containing disjoint planes
.

Consequences
- If ( S, H ) is associated

to ✗ c- fu, then

C c- 111-1 has geniality = 5 ( r (c) =3)

- ✗ c- Giy is BN - general ⇐ ✗ is pfaffian



Why are (smooth) cubic fourfold s
not very

Brill -Noether special ?

Lamar - Kd

( X
, Kd ) → ( S, H )

BN - special latticelattice
plantation

⇐
" "

polarization
Kd a- 1--1-1×1 He [ c- Pics

Accident ? 3- roots in A ⇐ riow "

I
✗ singular



Questions
- Define BN -special cubic fourfolds

intrinsically ? In terms of 1-✗=D
4×1 ?

- Lazarsfeld-Mukai bundles
Ec
,
L on S

Can we see them naturally in DbG) c- Db (x) ?

-
Loner bounds on the gonality (or Clifford
index) of BN -special ✗ c- Ed for d→x ?


