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Motivations

Multimarginal OT

ir;)f/xc(xl,~~-  Xm)AP(x1, -+ Xm), (1)

satisfying all given marginals (p;),

Figure: SAR images on the Beaufort Sea from the Sentinel-1 satellite.
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Motivations

Wasserstein Barycenter

Find the barycenter p* of ()7 ;:

p* = argmin Yy -\ W3 (ui, 1) (2)
b=t

® double-minimization.

® [t is equivalent to

inf / Z%\X,_Xj‘z P, (3)

Per(ﬂl,'-',ﬂm) I<_[

and then u* = (T)xP* where T(xy, -+ ,Xm) = > \ix; is the
Euclidean barycenter map.
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Problems from entropy regularizations

Compute MMOT

Original MMOT:

inf / (s xm)dP(xt, - xXm), (4)
P Jx

Regularized MMOT:

ir;f/)(ch—i—a/Iog(P)dP— inf KL(P | K). (5)
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Problems from entropy regularizations

Blurred Wasserstein barycenter

Convolutional Wasserstein Barycenters in POT




MMOT
00

Motivation
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arizations

Problems from entropy regul.

Naive deblurring by total variation
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Back-and-forth on 2-marginal

Sharp Wasserstein interpolation

e

Vb | Vi .

Figure: Jacobs and Léger [JL20]



Motivations, Problems and BFM MMOT

References
[e]e] [e]e]
000 00000
0000 00000

Back-and-forth on 2-marginal

Dual formulations

sup /fl(Xl)d,u1+/ f(x2)dp;
X1

fi(x1)+h(x2)<c(x1,x2) X2

sup / ﬂ(Xl)dM1+/ i (x2)dpz;
fi is c-concave J X Xo

sup /fzc(Xl)dMl-i-/ f(x2)dp2,
Xi X

f, is c-concave
Recall for c(x1, %) = 3|x — x2|?:

(1= VA(a)) g =p2  and (e — VA (x))ppe = pa.
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Back-and-forth on 2-marginal

Two ingredients

I(f):/fd,ul—l—/fcd,ug,

We want to do gradient ascent in the class {f | fis c—concave}:

For the functional:

FUFD) — £ 4 5w (F0).

o H! gradient: V. /(f) = (—A) " (s1 — (Sre)pio) for
S¢(x) = x — VF(x).
® Back-and-forth between two spaces for f; and f,.
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Back-and-forth on 2-marginal

BF pipeline
H1 2

/. /. 1. Initial guess on f1,
get fo < f.

£ = (FM)e
1
f‘2(n+2) — f(n) + O'le l2(f2(n))
D = (e

n+3z nt+1
(D — () 4 g (£
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Back-and-forth on 2-marginal

BF pipeline
M1 H2 check if pp = (5)‘25)#,U1

/ / 1. Initial guess on fi,
O—@ get fo « ff.
fi f 2. Gradient ascent
on f.

£ = (FM)e

n+ L
£ = 60 4 oV b (A7)
D = (e

n+3z nt+1
(D — () 4 g (£
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Back-and-forth on 2-marginal

BF pipeline
M1 M2

f2(n) — (fl(”))c
1
f‘2(n+2) — f(n) + O'le l2(f2(n))
D = (e

n+3 ntx
(D — () 4 g (£

. Initial guess on f1,

get fo < f.

. Gradient ascent

on f.

. Bounce back to

fi < f5.
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Back-and-forth on 2-marginal

BF pipeline
M1 H2 check if pg = (Sff)#m

/ / 1. Initial guess on fi,

h f 2. Gradient ascent
f2(n) — (fl("))c on f2
(ntd) (n) (n) 3. Bounce back to
2 =h" +oVub(h") fi  f5.
fl(”ﬂ (f(”b )¢ 4. Gradient ascent
on fi.

n+3 nt+1
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Preliminary

MMOT duality
Dual form:
Per(;it?f-- JHm) /X clxt, - xm)dPOa, - X
= o 3 [

Conjugate tuples:

?,(x) =inf<clyr, X, ¥it1, " s YN) — Z?J(yj)
JFi
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Problems of BFM

General c-transform in high dimension is hard;

No longer bounce between two spaces.

The dual variables (f;) are not the right one to define
pushforward maps between marginals [ZP22].

The close form of 0;l(f;; fi,--- , fy) is hard to find.
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Graphical representations of MMOT

Pairwise cost

For c =3, cij(xi, x;) and cjj = hjj(x; — x;) for strictly convex
function hj;.

& B (&
{2 @) ) (@) @1‘@
) ) )

(a) Four-marginal (b) Four-marginal (c) Four-marginal
problem with problem with problem with
C=cC2+C3+cu. C=cCr2+Cat 3+ CZZ,-<J- Cij-
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Graphical representations of MMOT

Why pairwise cost?

® High dimension c-transform into 1D c-transform:

(2(x2) + f3(x3))“(x1)

= inf c0x,x2,23) — R(x2) — f3(xs)

= igf <C12(X1,X2) — h(x) + angf c23(x2, x3) — fsx(X3)>

® A natural graph structure to update nodes.
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Graphical representations of MMOT

Applications
® Wasserstein barycenter:
Z )\,-)\j|x,- - Xj}2 (Gangbo-Swiech)
1<i<j<m

® Brenier's discrete least action:
m—1
E Ailxi — Xit1 2 (Brenier)
i=1

® Density Functional Theory

1
Z T (Coulomb interaction)



Graphical representations of MMOT

Decycling
By duplicating marginals:

(i ()
D D
@ becomes @ .

It turns into a new MMOT in terms of dual variables:

(") (A)
(f) & @
@ becomes @ .

®

&)
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Graphical representations of MMOT

Equivalence Theorem

Theorem (Z. and Parno, Preprint)

Given a cost c(x1,- -+ ,Xm) that corresponds to an undirected
graph G = (V, E) with possible cycles (m = |V/|), there exists a
cost €(x1,- -+ ,xn) that corresponds to an undirected tree

G = (V,E) with n = ‘\7‘ — |E| +1.
The MMOT of ¢ is equal to MMOT of ¢, and the optimal dual

solutions (f;)?_, can recover the optimal dual solution (f;) .
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Tree represetantion of MMOT

MMOT on a rooted tree: Pipeline

1. Generate (out)-fluxes:

fs = ()=
fs ¢ f3— o(A) " (p3 — (Sg)hia)-
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Tree represetantion of MMOT

MMOT on a rooted tree: Pipeline

1. Generate (out)-fluxes:
A= (B)™;
fs ¢ f3— o(A) " (p3 — (Sg)hia)-
@ 2. Generate net (out)-fluxes:

fi=(h— > )™

all in-fluxes

® @) fo i fo— (L) (2 — (Sg)pm)-
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Tree represetantion of MMOT

MMOT on a rooted tree: Pipeline

1. Generate (out)-fluxes:

A= (B)™;

fs ¢ f3— o(A) " (p3 — (Sg)hia)-
2. Generate net (out)-fluxes:

® ® B=(- >, ™

all in-fluxes
® ® fo = o — (D) (p2 — (Sg)ha)-
3. Get the root node by c-transform:

e > f

all in-flues
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Tree represetantion of MMOT

Pushforward of measures

f(x) = x g(x) = x + 10> sin(100x)
(F)pZ = puZ (8)4Z =pZ

Figure: Example by Ditkowski-Fibich-Sagiv [DFS20]
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Healing by the inverse of Laplacian
Vinh(f) = (—A)*1<ul - (Sff)#uz>
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(a) 10-step gradient ascent (b) 500-step gradient ascent
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Tree represetantion of MMOT

Take-aways

An efficient and exact method to MMOT with pairwise costs.

Python package will be available after submission.

Possible improvement from computing pushforward of
measures and picking stronger norm.

Lack of convergence analysis except under strong assumptions.
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