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ABSTRACT. We count by height the number of elliptic curves over QQ that
possess an isogeny of degree 3.

1. INTRODUCTION

Torsion subgroups of elliptic curves have long been an object of fascination for
mathematicians. By work of Duke [1], elliptic curves over Q with nontrivial torsion
are comparatively rare. Recently, Harron—Snowden [3] have refined this result by
counting elliptic curves over Q with prescribed torsion, as follows. Every elliptic
curve FE over Q is defined uniquely up to isomorphism by an equation of the form

(1.1) E:y =f(x)=2%+A2+B

with A, B € Z such that 443 + 27B? # 0 and there is no prime ¢ such that ¢4 | A
and (5 | B. We define the height of such E by

(1.2) ht(E) := max(|44?|,|27B?|).

For G a possible torsion subgroup (allowed by Mazur’s theorem [5]), Harron—
Snowden [3, Theorem 1.5] prove that

#{E:ht(E) < X and E(Q)ors ~ G} =< X4

for d(G) € Q explicitly given, and f(X) =< g(X) means that there exist a1, az € Rsg
such that a19(X) < f(X) < ag9(X) for X large. In the case G ~ Z/2Z, i.e., the
case of 2-torsion, they show the count is ¢X/2 + O(X'/3) for an explicit constant
¢ = 3.1969 [3, Theorem 5.5]. (For weaker but related results, see also Duke [1, Proof
of Theorem 1] and Grant [2, section 2].)

In this article, we count elliptic curves with a nontrivial cyclic isogeny defined
over Q. An elliptic curve has a 2-isogeny if and only if it has a 2-torsion point, so
the above result of Duke, Grant, and Harron—-Snowden handles this case. The next
interesting case concerns isogenies of degree 3.

For X € R>q, let N3(X) count the number of elliptic curves E over Q in the
form (1.1) with ht(E) < X that possess a 3-isogeny defined over Q. Our main
result is as follows.
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COUNTING 3-ISOGENIES 29

Theorem 1.3. There exist c1,co € R such that for X > 1,

2 ;
Ny(X) = —=—— X2 4 ¢, X3 log X + ca X3 4+ O(XT/24).
3v/3¢(6)
Moreover,
0 = =% = (.107437
LT 8r2c(a)

where ¢y is an explicitly given integral (4.8) and the constant co is effectively com-
putable.

We obtain the same asymptotic in Theorem 1.3 if we instead count elliptic curves
equipped with a 3-isogeny (that is, counting with multiplicity): see Proposition 2.9.
Surprisingly, the main term of order X'/2 counts just those elliptic curves with
A = 0 (having j-invariant 0 and complex multiplication by the quadratic order of
discriminant —3). Theorem 1.3 matches computations performed out to X = 10%°;
see section 6.

The difficulty in computing the constant cs in the above theorem arises in ap-
plying a knotty batch of local conditions; our computations suggest that co = 0.16.
If we count without these conditions, for the coefficient of the X1/3 term we find
the explicit constant cg = 1.1204.. ., given in (5.4); it is already quite complicated.

Theorem 1.3 may be interpreted in alternative geometric language as follows. Let
X0(3) be the modular curve parametrizing (generalized) elliptic curves equipped
with an isogeny of degree 3. Then N3(X) counts rational points of bounded height
on X(3) with respect to the height arising from the pullback of the natural height
on the j-line X(1). From this vantage point, the main term corresponds to a
single elliptic point of order 3 on X(3)! The modular curves Xo(N) are not fine
moduli spaces (owing to quadratic twists), so our proof of Theorem 1.3 is quite
different from the method used by Harron—Snowden: in particular, a logarithmic
term presents itself for the first time. We hope that our method and the lower-
order terms in our result will be useful in understanding counts of rational points
on stacky curves more generally.

Contents. The paper is organized as follows. We begin in section 2 with a setup
and exhibiting the main term. Then in section 3 as a warmup we prove the right
order of magnitude for the secondary term. In section 4, we refine this approach to
prove an asymptotic for the secondary term, and then we exhibit a tertiary term
in section 5. We conclude in section 6 with our computations.

2. SETUP

In this section, we set up the problem in a manner suitable for direct investiga-
tion. We continue the notation from the introduction.

Let & denote the set of elliptic curves E over Q in the form (1.1) (minimal, with
nonzero discriminant). For X € R>q, let

(21) 5SX = {E c&: ht(E) < X}

be the set of elliptic curves E over Q with height at most X. We are interested in
asymptotics for the functions

00 N3(X) :=#{F € E<x : E has a 3-isogeny defined over Q},
(22) Ny(X) :=#{(E,+¢): E € é<x, ¢: E — E' is a 3-isogeny defined over Q}.
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30 MAGGIE PIZZO, CARL POMERANCE, AND JOHN VOIGHT

In defining N5(X), we note that we may always post-compose (or pre-compose)
a 3-isogeny by the automorphism —1, giving a different isogeny (negating the y-
coordinate) but with the same kernel. To avoid this overcounting, we count unsigned
isogenies (counting an isogeny and its negative just once).

To that end, let = E4 p € £, with A, B € Z. The 3-division polynomial of £
[7, Exercise 3.7] is equal to

(2.3) Y(x) = a p(z) = 32* + 6A2? + 12Bx — A%
the roots of ¢ (z) are the xz-coordinates of nontrivial 3-torsion points on E.

Lemma 2.4. The elliptic curve E has a 3-isogeny defined over Q if and only if
¥(z) has a oot a € Q.

Proof. For (=), let ¢: E — E’ be a 3-isogeny defined over Q. Then kerp =
{00, £P} is stable under the absolute Galois group Galg, so o(P) = £P. Thus,
o(x(P)) = z(P) for all o € Galg, and hence a = z(P) € Q is a root of ¥(z) by
definition. For (<), if ¥(a) = 0 with a € Q, then letting £P := (a,++/f(a)) we
obtain C' := {oco0,+P}, a Galois stable subgroup of order 3, and accordingly the
map p: E— E/C = E’ is a 3-isogeny defined over Q. O

Lemma 2.5. If a € Q is a root of ¥(x), then a € Z.

Proof. By the rational root test, ag = 3a € Z, and so

(2.6) 0 =27y (a) = af + 184a2 4+ 108Bay — 27A2,

whence 3 | ap and a € Z. O

Although the polynomial ¢(z) is irreducible in Z[A, B][x], the special case where
A =0 gives 19 g(z) = 3z(23+4B), and so a = 0 is automatically a root. We count
these easily.

Lemma 2.7. Let N3(X)a—o and Ni(X)a—o be defined as in (2.2) but restricted to
E e &<x with A=0. Then

Ny(X) Ao = %C(G)XW +OXY12) and NY(X)aco = Ns(X)aco + O(X/9).

Proof. In light of the above, we have
N3(X)azo=#{B€Z:|27B* < X and (°¢ B for any prime ¢}.

2
A standard sieve gives this count as ————X1/2 4+ O(X1/12); see Pappalardi [6].

3v/3¢(6)
If such an elliptic curve had another unsigned 3-isogeny over Q (i.e., a 3-isogeny
other than 4¢), it would correspond to a root of ¥ (x)/x = 23 + 4B, in which case

—4B is a cube; the count of such is O(X1/9). O

With these lemmas in hand, we define our explicit counting function. For X > 0,
let N(X) denote the number of ordered triples (A, B,a) € Z* satisfying:

(N1) A # 0 and ¢4,5(a) = 0;

(N2) |443] < X and |27B2| < X;

(N3) 443 4 27B? # 0; and

(N4) there is no prime ¢ with ¢4 | A and (5 | B.
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COUNTING 3-ISOGENIES 31

That is to say, we define
(2.8) N(X) := #{(A, B,a) € Z* : all conditions (N1)-(N4) hold}.

We have excluded from N(X) the count for A = 0 from the function N(X);
we have handled this in Lemma 2.7. To conclude this section, we summarize and
compare N3(X) and Nj(X).

Proposition 2.9. We have
2
N3(X) = Ni(X)+ O(X01log X) = ——— X2 + N(X) + O(X"/1og X).
3(X) 3(X) ( g)3\/§§(6) (X) ( g X)

Proof. For the first equality, the difference N5(X) — N3(X) counts elliptic curves
with more than one unsigned 3-isogeny. Let E be an elliptic curve with 3-isogenies
©i: E — E! such that ¢1 # ¢9 and let ker p; = (P;) for ¢ = 1,2. Then (P, P2) =
E[3], and so the image of Galg acting on E[3] is a subgroup of the group of diagonal
matrices in GLg(F3). This property is preserved by any twist of E, so such elliptic
curves are characterized by the form of their j-invariant, explicitly [8, Table 1,
3D0-3a]

o (t(t+6)(t? — 6t + 36) °
(2.10) J(t)( (t—3)(t2+3t+9) )

for t € Q\ {3}. Computing an elliptic surface for this j-invariant, we conclude that
every such F is of the form y? = 23 + u? A(t)z + v®B(t) for some t,u € Q, where

A(t) = =3t(t + 6)(t> — 6t + 36) = —3t* — 648t,
B(t) = 2(t? — 6t — 18)(t* + 6> + 541> — 108t + 324) = 2¢° — 1080¢> — 11664 .

Then by Harron-Snowden [3, Proposition 4.1] (with (r,s) = (4,6) so m = 1 and
n = 2), the number of such elliptic curves is bounded above (and below) by a
constant times X /6log X, as claimed.

The second equality is immediate from Lemmas 2.4, 2.5, and 2.7. O

In light of the above, our main result will follow from an asymptotic for the
easier function N(X) defined in (2.8), and so we proceed to study this function.

3. ORDER OF MAGNITUDE

In this section, we introduce new variables u, v, w that will be useful in the sequel
and provide an argument that shows the right order of magnitude. This argument
explains the provenance of the logarithmic term in a natural way and motivates
our approach. We recall (2.8), the definition of N(X).

Theorem 3.1. We have N(X) =< X'/31log X.

Before proving Theorem 3.1, we begin with a few observations and lemmas. If
A,B,a € Z with A # 0, and 14 g(a) =0, then a # 0 and
2

(3.2) 12B = A 6Aa — 3a>.
a

Lemma 3.3. Let A,a € Z with a # 0. Then (A?/a) —6Aa —3a3 € 127Z if and only
if all of the following conditions hold:

(B1) a| A% and 3 | (A%/a);
(B2) A,a have the same parity; and
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32 MAGGIE PIZZO, CARL POMERANCE, AND JOHN VOIGHT

(B3) if A,a are both even, then 4 | (A%/a).
Proof. The verification is straightforward. O
Lemma 3.4. Let A, B,a € Z satisfy conditions (N1)~(N2). Then

(3.5) la) < XY6 and A?/|a| < X'/2.
Proof. Let a :=a/X'/. Since |A] < 47Y/3X1/3 we have
A?/|a) < 47| TT XY |Aa| < 473 X1/

The inequality for B and (3.2) imply that

4 A?
3 1/2
3lal® < 31/2X + 6|Aal + fa]’

so that

3 4 6|Oé| 1

The inequality (3.6) fails for |a| large—in fact, we have |a| < 11/8—which proves
the first part of (3.5). To get the second part, note that the first part and condition
(N2) imply that |Aa| < X'/2. And since (3.2) implies that

A?/la] < 12|B| + 6|Aa| + 3|a?,
we have A?/|a| < X1/2. O

Proof of Theorem 3.1. We first prove the upper bound. Every nonzero a € Z can
be written uniquely as a = uv?, where u € Z is squarefree and v € Z~¢. Replacing
a = uwv?, we see that a | A? if and only if uv | A. Therefore A = uvw with w € Z
arbitrary. The inequalities in (3.5) imply that there exist c3,cs > 0 such that

(3.7 0 < |ujv? < es X0 and 0 < Julw? < es X2,
Thus,

N(X) < #{(u,v,w) € Z3 : u squarefree, v > 0, and the inequalities (3.7) hold}.
For X > 2, we have

1/4
NX)< Y Yoo > é—m

|ulv2<eg X1/6 |ujw2<cy X 1/2 |ulv2<cz X1/6

1
1/4
(3.8) <X Z Z |u|1/2
O<v<cl/2X1/12 |u|<esX1/6 /02
1
<<X1/3 Z _<<X1/310gX.
v
0<v<cs/?Xx1/12

For the lower bound, we let u, v, w range over positive, odd, squarefree numbers
with 3 | w and let @ = uv? and A = uvw as in the previous paragraph. These ensure
that conditions (B1)-(B3) hold, so by Lemma 3.3 we have B € Z. Conditions (N1)
and (N4) are also satisfied, and condition (N3) is negligible. To ensure (N2), we
choose

1
(3.9) v < XY < §X1/6, w < uv®.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



COUNTING 3-ISOGENIES 33
Then A = wvw < u?v* < 2X1/3 50 |443| < X. Moreover,

. 1 2
—12B = 3u30% + 6003w — uw? = 30308 (1 + 2i - = (i>
wvd 3 \uovd
(3.10) ) 3 g
_X1/6 g X1/2
<3 (2 3

since 0 < w/uv® < 1 and the polynomial 1+ 2t — £t? on [0,1] is positive and takes
the maximum value %. Thus, all conditions are satisfied.

We now count the choices for u, v, w with the above conditions: we have

(3.11) NX)= D>y D> > > wh

,ngl/24 7“)2<%)(1/6 w<uv3 ,ngl/24 u<%X1/6/v2

The inner sum on u is > X'/3/v, so that N(X) > X'/3log X, which completes
the proof of the lower bound. O

4. AN ASYMPTOTIC

In this section, we prove an asymptotic for N(X). We recall some notation
introduced in the proof of Theorem 3.1. Let (A, B,a) € Z3 satisfy (N1), so a # 0
and B is determined by A, a as in Lemma 3.3. Write

a = w?,

4.1
(4.1) A = uvw,
with u € Z squarefree, v € Zx¢, and w € Z»o. Then
(4.2) 12B = uw? — 6u*v3w — 3u30®.

We rewrite condition (N4) and the conditions in Lemma 3.3 in terms of the quan-
tities u, v, w as follows.

Lemma 4.3. Conditions (B1)—(B3) and (N4) hold if and only if all of the following
conditions hold:

(W1) wv =w (mod 2);

(W2) not both 2% | v and 2* | w occur;

(W3) not all of 21 u, 2| v, and 23 ||w occur;

(W4) not all of 2 | u, 2||v, and 2* | w occur;

(W5) 3| uw;

(W6) not both 3 | v and 3* | uw occur; and

(W7) for each prime € > 3, not both { | v and €3 | w occur.

Proof. This lemma can be proven by a tedious case-by-case analysis. Alternatively,
the conditions (B1)—(B3) are determined by congruence conditions modulo 16 and
81, so we may also just loop over the possibilities by computer. ([l

Lemma 4.4. The proportion among (u,v,w) (with u squarefree) satisfying the
conditions (W1)~(WT) is (4¢(4))~ .

Proof. For the conditions (W1)—(W6), we just count residue classes (as in Lemma
4.3): we find proportions 15/32 for conditions (W1)-(W4) and 40/81 for (W5)-
(W6). For condition (W7), the proportion of cases where ¢ | v and £3 | w is 1/¢%,
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34 MAGGIE PIZZO, CARL POMERANCE, AND JOHN VOIGHT
so the correction factor is

1 16 &1 1 27
(- 4)=5 % = m

£>3

Thus, the total proportion is
15 40 27 1

32 81 25¢(4) 4¢(4)”
O
Let X > 0, and suppose (A, B, a) is counted by N(X). Define a, § € Rsq by
(4.5) a=wu?= aXl/G,
w = fuv’.
(The quantity « arose in the proof of Lemma 3.4.) Moreover, define the functions
F6) = s
T 21/3|6|1/2’
1/3
(4.6) 9(B) = AT ;LB — T
h(B) :=min{f(8),9(8)}.

The function h(f) is plotted in Figure 1.
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FIGURE 1. Graph of the function h(f), defined in (4.6)

The transition points for the piecewise function h(8) occur at

1
(4.7) Br = 3237198796, fp = LTLLIOISS ... By = —, By = —3;
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COUNTING 3-ISOGENIES 35

the transition points 1, 82 are algebraic numbers. Then A(5) = g(f) on the in-
tervals (—oo, 84), (83,02), and (B1,00) and h(B) = f(B) on the complementary

intervals (B4, 83) and (B2, 51).
We compute numerically that

(4.8) co = /Oo h(B)%dp = 9.1812458638.. . ..

The relevance of these quantities (as well as their weighting) is made plain by
the following lemma.

Lemma 4.9. The triple (u,v,w) satisfies (N2) if and only if
la] < h(B).
Proof. Since A = uvw = fuv* = a?BX/3, the first inequality in (N2) is equivalent
to
(4.10) la?8| < 4713,
In addition, we have
1 2 1
—12B = 3u3v® 1+2w/uv3——(i> =3a*X"? (1428 =8%),
3 \uw? 3

so that the second inequality in (N2) is equivalent to

4
(4.11) lo®(1+28 - %32)\ < 7

The result then follows from (4.10) and (4.11). O
We then have the following first version of our main result.
Theorem 4.12. We have
N(X)~c X3 log X

where .
0
= =0.10743725502. . .,
TR

and cq is defined in (4.8).

Proof. Via (4.1)~(4.2), N(X) counts (u,v,w) € Z3> with u squarefree, v positive,
w # 0, such that conditions (N2)—(N3) hold as well as the local conditions (W1)—
(W7) (which implies (N4)). We may ignore condition (N3) as negligible: for each
choice of u,v there are O(1) choices of w where (N3) fails, subtracting at most
O(X'/6) from the count.

We first show how to count triples u, v, w satisfying (N2), not necessarily the
local conditions, and define

(4.13) No(X) == #{(u,v,w) € Z* : u squarefree, v > 0, and (N2) holds}.

We suppress the reminder that v is taken to be squarefree. The number of triples
with w = 0 is negligible, so we ignore this condition.

Let X > 0. For (u,v,w) counted by No(X), we organize by the value of § =
w/uv® € Q. Taking f in an interval I that does not contain a transition point in
its interior, the integers u, v are constrained by

la| = |u\v2 < \a\Xl/G < h(ﬁ)Xl/6
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(with h(B8) minimal on I, taking left or right endpoint) by Lemma 4.9. Given
u,v, we have w = Buv® € uv3l, giving approximately uv® |I| possible values of w.
Repeating this argument with Riemann sum estimates, we obtain

(4.14) NO(X)N/OO S uktds

T Julv? <h(8)X1/®
v>0

as X — oo. (For a more refined approach with an error term, see (5.7) below.)
We now evaluate this integral. Recall that

> Jul ~ %t?

ul<t

Inputting this into (4.14) and letting X — oo, we obtain

Z v? Z |u| dB

TOW<h(B)XE |ul<h(B) X1/ fv2
v>0

6 [ h(B)2x1/3
cwfl Y M

TP u<h(B)1/2X1/12
1/2x1/12

(4.15) x1/3 oo h(B)
O / h(,B)Q/l " dvdp

™ —0o0

/ [e'e]
= T o2 x 72 a5

™ —0o0

REPSVE o 2ag — S0 13
27r2X logX/_oo h(B)“dp = 27r2X log X.

Finally, we impose the local constraints (W1)-(W7). The first 6 of these are
clear. To impose (W7) note that

27 1y p(d)
25¢(4) =11 <1_ £_4) = 2 dt

£>3 ged(d,6)=1

The sum converges rapidly; in fact, for Z > 1,

27 p(d)
- Z 1
25<(4) ged(d,6)=1 d
d<Z

Further, the proportion of triples u,v,w with d | v and d* | w for some d > Z tends
to 0 as Z — oo. So, imposing (W7) introduces the factor 27/(25¢(4)) as in Lemma
4.4. We conclude that

—Ny(X) ~ 1 X3 log X

as X — oo, as claimed. O
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5. SECONDARY TERM

In this section, we work on a secondary term for N(X) (giving a tertiary term
for N5(X)).

We start by explaining how this works for the function Ny(X) defined in (4.13),
namely, the triples (u,v,w) € Z3 such that u is squarefree, v > 0, and |a| < h(f)
where a, 8 are defined by (4.5). We discuss the modifications to this approach for
N(X) below.

We begin by working out an analog of Euler’s constant for the squarefree har-
monic series.

Lemma 5.1. For real numbers x > 1 we have
1 1
Z — = _——logz+ 70+ O(z"?log ),
O<u<zx u <(2)

u squarefree

where

_6(2) —2¢'(2) _
(5.2) e PR 10438945157 . ..

and vy is Euler’s constant.

Proof. The integer variables u, v, d in this proof are positive. We have

1 d d 1
> oLeyyHoy sl oyl

u<z u<z d?|u d<z1/2 v<z/d?
u squarefree
_ p(d) d
=2 E (l s () +7+O( )
d<zl/2

The O-terms add up to O(z~/2). Since

pd) il o) 1,
DD D Dl o TOE)
d<zl/2 d d>axl/2
and
2p(d)logd <~ 2u(d) logd 2pu(d)logd _ 2¢"(2) _1)2

> 2 =D 2 > &2 T 22 +0 (m Ing) ’
d<x1/2 d d>xl/2
the result follows. O

Theorem 5.3. There exists cg € Rsqg such that
No(X) = 20—02)(1/3 log X + e X3 + O(XT/%)
T

where ¢q is defined in (4.8). More precisely, we have

(54) cgi= (20497 _ o+ = )21og h(8) dB = 1.1204281987 . . .,
2 72 2 2072

where yo is defined in (5.2) and v is Euler’s constant.
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Proof. We return to the derivation of the integral expression (4.14) and consider
the contribution of a single term a = uv?. With o = a/X /%, the contribution of a
to the integral is

(5.5) / lulv® dB = |u|v3/ ds.
h(B)=]al h(B)=]al

Note that h is continuous. Let hy := h|(_o,—1/3) and hg := h|[_1/3,0c). Then hy
is strictly increasing and hg is strictly decreasing. Letting j1,jo be the inverses of
h1, ha, respectively, we have for any ¢ € (0, h(—1/3)] that

(5.6) {BEeR:A(B) =t} = [j2(t), 51 (1)].
Plugging (5.6) into the integral (5.5), we obtain ji (|a|) — j2(|al).
For a choice of a = uv?, we count the number of nonzero integers w with
w/(Julv®) € [j2(|a]), j1(Ja])]: this is equal to
ulv®(ji(lal) = ja(Je)) + O(1).
So, the error when considering the integral in (4.14) is O(X'/9), i.e.,

(5.7) No(X) = > lulv® dB + O(X /).
"% Julv? <h(8) X1/
v>0

We next consider the evaluation of the integrand

(5.8) S = Z ulv®

lulv?<h(8)X1/C
v>0

(with the continued understanding that u is squarefree). Let H(S) := h(B)/*X1/24
so that if |u|v? < h(B)X'YS, then either |u| < H? or v < H. Let S; be the
contribution to the integrand when |u| < H?, let Sy be the contribution when
v < H, and let S3 be the contribution when both |u| < H? and v < H. Then

S =51+ 55 —S5;.
Using that o, v3 = 14 + O(t%), for a given value of u with |u| < H?,

Z fufo? = iw (h(3)2Xl/3 N O<h(5)3/2Xl/4)> .

|ul? |ul3/2
v<h(B)1/2X1/12 f|ul1/2

Summing this over squarefree numbers u with |u| < H? and using Lemma 5.1, we
get

1 f 6
S, :Zh(ﬂ)%(w ) (F log H? + 70>

+O(h(B)*X 3 H 2 log H + h(B)*>X'/*H)

= h(B) X (1,3 o
747r2h(6) X" log X 4 h(B) 2’70 + 92 logh(B) | X

+O(h(B)*2X"/*log X) + O (R(8)"/*X7/21).

Next we consider Sy. For a given value of v < H, we have
1 6
3 _o, 2, 2y1/3, -1 3/2 v 1/4

. X et =2 RPN 4 O(h9)IX),
|ul <h(B)X/C/v?
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using that the number of squarefree numbers up to a bound x is (6/7%)x + O(z'/?)
and partial summation. Summing for v < H we get

=S nexus( L L
S2 = —5h(B)2X (24 log X + 7+ ; log h(8) + 0(1/H))
+O(h /8 3/2X1/4H
(5.11) 1 ( (2 )1/3 | 6 2 1 1/3

= (82X log X + —h(8)* (v + 7 logh(8)) X

+O(h(ﬁ)7/4X7/24).
Finally, for S3 we have
1
Ss = S gy OH? ) (-H*+0(H?) ) = 3 gy O(HT)
w2 4 212

(5.12)
= 2Sh(BPX 3 4 O(h(5) /XTI

Since S = S7 + So — S5, combining (5.9), (5.11), and (5.12) we obtain

7h(5)2 1/3 2( | 67 3 3 1/3
(5.13) = opz X T log X+ A(B) (2 Ttz lesh(B) - 2772)X

+O(h(B)*/2 X *10g X) + O(h(B)/*XT/?4).

The expression (5.13) is then to be integrated over all 8 to obtain Ny(X) as in
(5.7). In this integral we may suppose that |3] < X4, since h(8) =< |3|72/3, and
we may suppose that h(ﬁ)Xl/6 > 1. Thus, integrating the first error term gives
O(X'/*(log X)?), and integrating the second gives O(X7/?*). We conclude that
(5.14)
e 6 3
Z |u|v3d6:C—%Xl/BlogX—i-(E—f——v——)coXl/?’

o 2 s
ulv? <h(8)X*/° 5 ~
v>0 1/3 2 7/24
+5X / /_Oo h(B)*log h(B) dB + O(X7/?4).

We compute numerically that

(5.15) / h h(B)?log h(B3) dB = —18.0878968694 . . .,

— 00

and so the coefficient of the secondary term of No(X) is ¢g = 1.12042819875.... O

Before proving our main theorem, we prove one lemma, generalizing Lemma 5.1.
For i | 6 with ¢ > 0, let

(5.16) Hi(z) = Z %

O<u<zx
u squarefree
ged(u,6)=1

Lemma 5.17. We have
1 log x
where
log 432 0% ¢'(2)

T uce) T xR (@
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and v is Euler’s constant. Moreover, H;(z) = *H, (%) fori | 6.
Proof. The proof follows the same lines as Lemma 5.1. (]
We now prove our main result.

Proof of Theorem 1.3. The asymptotic for N(X) was proven in Theorem 4.12, and
a secondary term with power-saving error term for No(X) was proven in Theorem
5.3. To finish, we claim that the local conditions (W1)-(W7) that move us from
No(X) to N(X) can be applied in the course of the argument for Theorem 5.3 to
obtain an (effectively computable) constant.

Let i,j,k,d € Zsq satisfy: i | 6, d squarefree and coprime to 6, j | 12, and
k| 6% Let N;ja(X) denote the number of triples u, v, w counted by No(X) with
ged(u, 6) = 4, jd | v, and kd® | w. Then with i, j, k running over triples consistent
with conditions (W1)-(W6), a signed sum of the counts N; ;. a(X) gives N(X).
For example, take the case of uwvw coprime to 6, which satisfies (W1)—(W6). The
contribution of these triples to N(X) is

Z Z Z p(g) (k) p(d) N1 j x,a(X).

jl6 k|6 ged(d,6)=1
We have similar expressions for other portions of the w, v, w-domain of triples.

We now estimate V; ; 1 4 and control the contribution to N(X) from large d. For
the latter, since |vw| < A < X'/, we have d < X2, so we may suppose that d
is so bounded. Getting a good estimate for N; ;1 4 follows in exactly the same way
as with Ny. In particular, we have the analog of (5.7):

> |u|v® 1/6
(5.18) NgeaX)= [ > T dB+OXY),
[ulv?<h(B) X'/
ged(u,6)=1
jd|v

where it is understood that w is squarefree and v > 0. The sum here is estimated
in the same way by first considering the contribution when |u| < H?, where H =
h(B)Y/*X1/?4 then the contribution when v < H, and finally the contribution when
both |u| < H 2 and v < H. To accomplish this, we use the following estimates:

12?

3_ 12 3
Z v 4jd+0(x )
O0<v<z
jd|v

1 1 — log(jd 1
S Lo Lioga s 128UD oL,

(5.19) 0%, U I i wid

jd|v

ul = ! I2 1173/2
> = g O,

|u| squarefree
lu|<z
ged(u,6)=1
We also need the sum of 1/|ul|, accomplished in Lemma 5.17.
Putting these ingredients together, we get that

Cijk Ciik X7/
(5.20) Nijaa(X) = “HEX P log X + LHEX15 4 0( = )
where Cz‘,j,kﬂg,j’k = O(1) uniformly, and summing these contributions gives the
result. |
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6. COMPUTATIONS

We conclude with some computations that give numerical verification of our
asymptotic expression.

We computed the functions No(X) and N(X) as follows. First, we restrict to
u > 0 (still squarefree), since this gives exactly half the count. Second, we loop over
u up to L%XUGJ (valid as in the proof of Lemma 3.4) and keep only squarefree

u. Then we loop over v from 0 up to [/ X"/6/u]. This gives us the value of
a = wv?. Then plugging into h gives

x1/3 4 X1/2
(61) Bmax S max W, 3 + 12 + ﬁ? .

Then we loop over w from —Bmaxtt® t0 Bmaxuv®, ignoring w = 0, and we take
A = uvw. We then check that |44%| < X, and letting

= — (= —64a—3d®
12(0, 6Aa 30/)

we check that [27B?| < X and, if so, add to the count for No(X). For N(X),
we further check the local conditions (B1)-(B3) and (N4) (or, equivalently, (W1)-
(WT)).

In this manner, we thereby compute the data in Table 6.2 for X = 10™ with
m < 25. We compute an approximate value for the constant ¢y ~ 0.16 as indicated
in the fourth column.

Table 6.2: Data before and after applying local conditions.

1/3
m || No(X) 26—71(_)2X1/310gX—|—CGX1/3 Ny | XX 7;1)/2/ log X
3 40 43 2 -0.54215
4 106 116 16 -0.24688
5 292 301 54 -0.07352
6 728 755 144 -0.04430
18 20396372 20398344 4615666 0.16276
19 || 46250606 46254289 10476028 0.16226
20 104614810 104622964 23720904 0.16285
21 236105316 236113295 53583854 0.16333
22 531764374 531764568 120772894 0.16335
23 || 1195334414 1195363230 271694240 0.16366
24 || 2682372754 2682431541 610085848 0.16366
25 || 6009687100 6009862508 1367646478 0.16347
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