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Abstract
A Giuga number is a composite integesatisfying the congruencE;l:‘l1 =1
(mod n). We show that the counting functic#tG(z) of the Giuga numbers < z

satisfies the estimatgG(z) = o(m1/2) asx — oo, improving upon a result of V. Tipu.
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1 Introduction

1.1 Background

Fermat’s Little Theorem immediately implies that foprime,
Zj"fl =—-1 (mod n). (1.1

Giuga [3], conjectured that there are no composite integédudfilling (1.1); a counterex-
ample is called a&iuga number With G the set of all Giuga numbers, it is known that
n € G if and only if n is composite and

p*(p—1) | n—p (1.2)

for all prime factorsp of n. In particular,n is squarefree. Furthermore, it is also a
Carmichael numbetthat is, the congruenee® = ¢ (mod n) holds for all integers.

We refer the reader to [5, pages 21-22] and the introductigi]tfor more properties
of the Giuga numbers. In [1], the relation (1.2) is relaxeg*d n—p, and it is shown that
this property is equivalent to the sum of the reciprocalefgrime factors of. beingl/n
mod 1. Call such a composite numbemngak Giuga numbefThere are several examples
known, the smallest one beilg (see sequence A007850 in [6]).
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1.2 Ourresult

For a positive real numberwe putG(xz) = GN[1, z]. While Giuga's conjecture asserts
thatG is empty, the best known upper bound86(z) is

#G(x) = O (x1/2 log x) (1.3)

and is due to V. Tipu [7]. Here, we obtain an improvement o8)1which in particular
shows tha#G(z) is of a smaller order of magnitude that/2.

Theorem. The following estimate holds:

T

#G(x) =0 (ﬁ) .

We follow the approach from [7], which in turn is an adaptatid some arguments due
to Erdds [2] and Pomerance, Selfridge and Wagstaff [4] vihiave been used to find an
upper bound for the number of Carmichael numbers up tdowever, we also complement
it with some new arguments which lead us to a better upperdofye note that it is easy
to show that the counting function of the weak Giuga numbessz is O(z2/3).

2 Proof

2.1 Notation

For a natural number let 7(n), respectivelyw(n), be the number of divisors ef, the
number of prime divisors ofi. We usep andgq for prime numbers and the Landau and
Vinogradov symbol®), o, < and>> with their usual meanings.

2.2 Preparation

We assume that is large. To prove the theorem it is sufficient to shgWj(z) —
#G(x/2) < x'/? /(log x)?, since we can then apply the same estimate witaplaced by
x/2,z/4, ..., and add these estimates. Let

k
n= Hpj €G(2)\G(z/2),

wherep; > po > --- > pi are prime numbers ordered decreasingly. For a squarefree
positive integern we write A(m) = lem[p—1 : p | m]. This function is referred to as the
Carmichael function ofn (or the universal exponent modute). If n is a Giuga number

we havep—1 | n—1 for each primep | n, so thatged(n, A(n)) = 1. Thus, for any integer

d, those possible Giuga numbersvith d | n are in (at most) a single residue class modulo
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d?>\(d), and in the case that= p is prime, we also have > p?(p—1), since the residue
class isp mod p?(p—1) andn > p.

2.3 Large values ofp;

We first consider the case when > z!/4. For a fixed value op:, the number of
Giuga numbers < z divisible byp; is < z/p?(p1—1). Summing this fop; > x'/*log =
gives the estimat® (z'/2/(log )%), so we may assume/* < p; < z'/4logz. Suppose
d | nwith d # p;. Thenn is in a residue class moduigd?\(p;d), and in particular is in
a residue class modujgd?(p;—1). If dis in the interval

I =[logz,z"/*/(logx)?],

then the number of Giuga numbers< z with p1d | n is at most

2 (1 " p%d%fol—l))

w1/4<p1§:r

log x
del
1/4 " 2172
< Vi logz) —— < .
< nw(z ogx)(logx)ng 2/4p%d2(p1—1) (log 2)2
og e

Thus, we may assume thathas no divisors inf. As a consequence, the largest divisor
d of n composed of primes less thdogxz hasd < logx, since if not,d € I. Since
x/2 < n < z, we thus have

L1/4
(logx)?’

Thenz'/2/(logz)* < psps < /2, and sincer is in a residue class moduldp? (ps—1),
the numbempsp, determines at most one Giuga numhbek x divisible by p3ps. Since
ps < x/p3, the number of choices fas, given ps is O (z/(p3logz)), which when
summed oveps > z'/* gives the estimat® (z'/2/(logz)?). Butif p; < z'/4, then
the number of choices farp, is at mostr(z/4)? < 2'/2/(log z)?.

n = pipepapad, x'/*logz > py > ps > p3 > py > 1<d<loga.

2.4 Small values ofp,

We now assume that; < z'/4. Letd;(n) = pip2---p; for j < k = w(n), and
choosen = m(n) as the least number 2 with

dm(n) > 2™/ Cm+2) /(log 2)2. (2.1)

Such an indexn exists, since we are assuming that z/2. By the minimality ofm, we
have
dp—1(n) < 2™7H/2m [(1og 2)2 if m > 3. (2.2)
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Our idea is to fix a numbed and count the number of Giuga humbers< z with
dm(n) = d. This countis at most + z/(d?>(d)), and so it remains to sum this expression
over allowable values of. That is, denoting byD(z) the set of all such values af we
now need to estimate the sum

x
1+ ——+ ) =#D L 2.3
deD(x)
say. The estimate fa#D(x) is easy. Ifm = 2, then the number of choices fdr= p;ps is
at mostr(z/4)2 < 2'/2/(log z)?. If m > 3, then by (2.2),
A () < dpp—1(n)™ ™D < 212 /(log 2)>™/ (=D < 212 /(log )% (2.4)

Thus, we have the acceptable estimate

L1/2

(logz)?"

To estimatel(x), let L,,,(x) be the contribution corresponding to a choicerfor> 2.
Letu = ged(p1—1, p2—1) so that

#D(x) < (2.5)

A(d) > Apip2) = (p1—1)(p2—1) /u.

We have by (2.1) thak,, () is at most

L 1
T u _r
; mz>;72 p(p1—1)p3(p2—1) 2 (D3 pm)?
ulp1—1, ulpz—1 D3P

>
where the final sum does not appear wher- 2. Using (2.1) we have
p1p2 = di(n)?/™ > 2" [(log 2)? =y,

say. Thus,

1 pip2(logz)?
Ly(2) < = E u E 53 5
] (2m+2
u>1 p1>p2 pip2 m/(Gm2)
P1P2>Ym

ulp1—1, ulpa—1 (2 6)
< (/) (100 )2 3 1 3 L
<z (log x) ” 2

v
u>1 pP1>P2
P1P2>Ym
p1—1=uv, ps—1=uw

We have writterp; —1 = uwv, po—1 = uw and so writingz = vw, we have

z=vw > pipa/(2u?) > ym/(20%).
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If u? < y,,, then the contribution td.,,, () in (2.6) is at most
1 7(2)
m—+2 2m—+2 2
dECD (0gw)? 3T — Y —F
w2 <ym 22Ym/(2u?)

2
< x(m+2)/(2m+2)(loga:)2 Z %Mﬂ < x1/2_1/(2m+2)(10gx)6.
U Ym,
UQSy'm

And if u? > y,,, the contribution td,,,(x) in (2.6) is at most

1 7 (Z)
(m+2)/(2m+2) 2 - T\~
x (log x) E = g 2

’U«2>y7n z>1
1
< x(m+2)/(2m+2) (10gx)2 — < x1/271/(2m+2) (log {E)4.

If m < (logz)'/?, these last two estimates give an acceptable bouns,fdr). In partic-
ular,

Z L (x) < 2% exp (—%\/logx) . 2.7)

m< (log x)1/2

To conclude, we consider the case> (logz)'/2. We have

11 =1 1 log1 "
S o< [ | < S(loglogatoym < (SEBEEL)
d — m! pY m! m
d<z p<zv=1
w(d)=m
wherec is an absolute constant. Thus, using (2.1) and (2.4),
X
> Lmm = ) > z
m>(logz)1/2 m>(logz)1/2 dme’/(Qm’+2)/(logw)2
w(d)=m
1
< Z x(m+2)/(2m+2)(logx)2 Z - < ' ?exp (—\/logx).
d
m>(logz)1/2 (Cf]?f

Putting this estimate together with (2.7), we obtaifx) = o(z'/?/(log 2)?) which after
substitution in (2.3) and using (2.5) completes the proof.
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