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Abstract

A Giuga number is a composite integern satisfying the congruence
Pn−1

j=1
jn−1 ≡ −1

(mod n). We show that the counting function#G(x) of the Giuga numbersn ≤ x

satisfies the estimate#G(x) = o(x1/2) asx → ∞, improving upon a result of V. Tipu.
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1 Introduction

1.1 Background

Fermat’s Little Theorem immediately implies that forn prime,

n−1
∑

j=1

jn−1 ≡ −1 (mod n). (1.1)

Giuga [3], conjectured that there are no composite integersn fulfilling (1.1); a counterex-

ample is called aGiuga number. With G the set of all Giuga numbers, it is known that

n ∈ G if and only if n is composite and

p2(p−1) | n−p (1.2)

for all prime factorsp of n. In particular,n is squarefree. Furthermore, it is also a

Carmichael number; that is, the congruencean ≡ a (mod n) holds for all integersa.

We refer the reader to [5, pages 21-22] and the introduction to [7] for more properties

of the Giuga numbers. In [1], the relation (1.2) is relaxed top2 | n−p, and it is shown that

this property is equivalent to the sum of the reciprocals of the prime factors ofn being1/n

mod 1. Call such a composite number aweak Giuga number. There are several examples

known, the smallest one being30 (see sequence A007850 in [6]).
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1.2 Our result

For a positive real numberx we putG(x) = G∩[1, x]. While Giuga’s conjecture asserts

thatG is empty, the best known upper bound on#G(x) is

#G(x) = O
(

x1/2 log x
)

(1.3)

and is due to V. Tipu [7]. Here, we obtain an improvement of (1.3), which in particular

shows that#G(x) is of a smaller order of magnitude thanx1/2.

Theorem. The following estimate holds:

#G(x) = O

(

x1/2

(log x)2

)

.

We follow the approach from [7], which in turn is an adaptation of some arguments due

to Erdős [2] and Pomerance, Selfridge and Wagstaff [4] which have been used to find an

upper bound for the number of Carmichael numbers up tox. However, we also complement

it with some new arguments which lead us to a better upper bound. We note that it is easy

to show that the counting function of the weak Giuga numbersn ≤ x is O(x2/3).

2 Proof

2.1 Notation

For a natural numbern let τ(n), respectivelyω(n), be the number of divisors ofn, the

number of prime divisors ofn. We usep andq for prime numbers and the Landau and

Vinogradov symbolsO, o, ≪ and≫ with their usual meanings.

2.2 Preparation

We assume thatx is large. To prove the theorem it is sufficient to show#G(x) −

#G(x/2) ≪ x1/2/(log x)2, since we can then apply the same estimate withx replaced by

x/2, x/4, . . . , and add these estimates. Let

n =

k
∏

j=1

pj ∈ G(x) \ G(x/2),

wherep1 > p2 > · · · > pk are prime numbers ordered decreasingly. For a squarefree

positive integerm we writeλ(m) = lcm[p−1 : p | m]. This function is referred to as the

Carmichael function ofm (or the universal exponent modulom). If n is a Giuga number

we havep−1 | n−1 for each primep | n, so thatgcd(n, λ(n)) = 1. Thus, for any integer

d, those possible Giuga numbersn with d | n are in (at most) a single residue class modulo
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d2λ(d), and in the case thatd = p is prime, we also haven > p2(p−1), since the residue

class isp mod p2(p−1) andn > p.

2.3 Large values ofp1

We first consider the case whenp1 > x1/4. For a fixed value ofp1, the number of

Giuga numbersn ≤ x divisible byp1 is≤ x/p2
1(p1−1). Summing this forp1 > x1/4 log x

gives the estimateO
(

x1/2/(log x)3
)

, so we may assumex1/4 < p1 ≤ x1/4 log x. Suppose

d | n with d 6= p1. Thenn is in a residue class modulop2
1d

2λ(p1d), and in particular is in

a residue class modulop2
1d

2(p1−1). If d is in the interval

I = [log x, x1/4/(log x)2],

then the number of Giuga numbersn ≤ x with p1d | n is at most

∑

x1/4<p1≤x1/4 log x
d∈I

(

1 +
x

p2
1d

2(p1−1)

)

≤ π(x1/4 log x)
x1/4

(log x)2
+

∑

p1>x1/4

d>log x

x

p2
1d

2(p1−1)
≪

x1/2

(log x)2
.

Thus, we may assume thatn has no divisors inI. As a consequence, the largest divisor

d of n composed of primes less thanlog x hasd < log x, since if not,d ∈ I. Since

x/2 < n ≤ x, we thus have

n = p1p2p3p4d, x1/4 log x ≥ p1 > p2 > p3 > p4 >
x1/4

(log x)2
, 1 ≤ d < log x.

Thenx1/2/(log x)4 < p3p4 < x1/2, and sincen is in a residue class modulop2
3p

2
4(p3−1),

the numberp3p4 determines at most one Giuga numbern ≤ x divisible byp3p4. Since

p4 < x/p3
3, the number of choices forp4 given p3 is O

(

x/(p3
3 log x)

)

, which when

summed overp3 > x1/4 gives the estimateO
(

x1/2/(log x)2
)

. But if p3 ≤ x1/4, then

the number of choices forp3p4 is at mostπ(x1/4)2 ≪ x1/2/(logx)2.

2.4 Small values ofp1

We now assume thatp1 ≤ x1/4. Let dj(n) = p1p2 · · · pj for j ≤ k = ω(n), and

choosem = m(n) as the least number≥ 2 with

dm(n) ≥ xm/(2m+2)/(log x)2. (2.1)

Such an indexm exists, since we are assuming thatn > x/2. By the minimality ofm, we

have

dm−1(n) < x(m−1)/2m/(log x)2 if m ≥ 3. (2.2)
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Our idea is to fix a numberd and count the number of Giuga numbersn ≤ x with

dm(n) = d. This count is at most1+x/(d2λ(d)), and so it remains to sum this expression

over allowable values ofd. That is, denoting byD(x) the set of all such values ofd, we

now need to estimate the sum

∑

d∈D(x)

(

1 +
x

d2λ(d)

)

= #D(x) + L(x), (2.3)

say. The estimate for#D(x) is easy. Ifm = 2, then the number of choices ford = p1p2 is

at mostπ(x1/4)2 ≪ x1/2/(log x)2. If m ≥ 3, then by (2.2),

dm(n) < dm−1(n)m/(m−1) < x1/2/(log x)2m/(m−1) < x1/2/(log x)2. (2.4)

Thus, we have the acceptable estimate

#D(x) ≪
x1/2

(log x)2
. (2.5)

To estimateL(x), let Lm(x) be the contribution corresponding to a choice form ≥ 2.

Let u = gcd(p1−1, p2−1) so that

λ(d) ≥ λ(p1p2) = (p1−1)(p2−1)/u.

We have by (2.1) thatLm(x) is at most

x
∑

u≥1

u
∑

p1>p2

u|p1−1, u|p2−1

1

p2
1(p1−1)p2

2(p2−1)

∑

p3···pm≥ x
m

2m+2

p1p2(log x)2

1

(p3 · · · pm)2
,

where the final sum does not appear whenm = 2. Using (2.1) we have

p1p2 ≥ dm(n)2/m ≥ x1/(m+1)/(log x)2 = ym,

say. Thus,

Lm(x) ≪ x
∑

u≥1

u
∑

p1>p2

p1p2≥ym

u|p1−1, u|p2−1

1

p3
1p

3
2

p1p2(log x)2

xm/(2m+2)

≤ x(m+2)/(2m+2)(log x)2
∑

u≥1

1

u3

∑

p1>p2

p1p2≥ym
p1−1=uv, p2−1=uw

1

v2w2
.

(2.6)

We have writtenp1−1 = uv, p2−1 = uw and so writingz = vw, we have

z = vw ≥ p1p2/(2u2) ≥ ym/(2u2).
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If u2 ≤ ym, then the contribution toLm(x) in (2.6) is at most

x(m+2)/(2m+2)(log x)2
∑

u2≤ym

1

u3

∑

z≥ym/(2u2)

τ(z)

z2

≪ x(m+2)/(2m+2)(log x)2
∑

u2≤ym

1

u3

u2 log x

ym
≪ x1/2−1/(2m+2)(log x)6.

And if u2 > ym, the contribution toLm(x) in (2.6) is at most

x(m+2)/(2m+2)(log x)2
∑

u2>ym

1

u3

∑

z≥1

τ(z)

z2

≪ x(m+2)/(2m+2)(log x)2
∑

u2>ym

1

u3
≪ x1/2−1/(2m+2)(log x)4.

If m ≤ (log x)1/2, these last two estimates give an acceptable bound forLm(x). In partic-

ular,
∑

m≤(log x)1/2

Lm(x) ≪ x1/2 exp

(

−
1

3

√

log x

)

. (2.7)

To conclude, we consider the casem > (log x)1/2. We have

∑

d≤x
ω(d)=m

1

d
≤

1

m!





∑

p≤x

∞
∑

ν=1

1

pν





m

≤
1

m!
(log log x + c)m ≤

(

e log log x + ec

m

)m

,

wherec is an absolute constant. Thus, using (2.1) and (2.4),

∑

m>(log x)1/2

Lm(x) ≤
∑

m>(log x)1/2

∑

d≥xm/(2m+2)/(log x)2

ω(d)=m

x

d2

≤
∑

m>(log x)1/2

x(m+2)/(2m+2)(log x)2
∑

d≤x
ω(d)=m

1

d
≪ x1/2 exp

(

−
√

log x
)

.

Putting this estimate together with (2.7), we obtainL(x) = o(x1/2/(log x)2) which after

substitution in (2.3) and using (2.5) completes the proof.
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Institution for its hospitality.



6 Florian Luca, Carl Pomerance and Igor Shparlinski

References

[1] D. Borwein, J. M. Borwein, P. B. Borwein and R. Girgensohn, Giuga’s conjecture on

primality, Amer. Math. Monthly103(1996), 40–50.
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