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OF THE POWER GENERATOR

GREG MARTIN AND CARL POMERANCE

1. INTRODUCTION

A common pseudorandom number generator is the power generator: x — x* (mod n).
Here, ¢, n are fixed integers at least 2, and one constructs a pseudorandom sequence by
starting at some residue mod 7 and iterating this /th power map. (Because it is the easiest
to compute, one often takes ¢ = 2; this case is known as the BBS generator, for Blum,
Blum, and Shub.) To be a good generator, the period should be large. Of course, the pe-
riod depends somewhat on the number chosen for the initial value. However, a universal
upper bound for this period is A(A(n)) where A is Carmichael’s function. Here, A(m) is
defined as the order of the largest cyclic subgroup of the multiplicative group (Z/mZ)*.
It may be computed via the identity A(lem{a,b}) = lem{A(a), A(b)} and its values at
prime powers: with ¢ being Euler’s function, A(p®) = ¢(p*) = (p — 1)p* ! for every odd
prime power p? and for 2 and 4, and A(2%) = ¢(2)/2 = 2°"* fora > 3.

Statistical properties of A(n) were studied by Erd6s, Schmutz, and the second author in
[7], and in particular, they showed that A(n) = n/exp((1 + o(1)) loglognlogloglogn)
as n — oo through a certain set of integers of asymptotic density 1. This does not quite
pinpoint the normal order of A(n) (even the sharper version of this theorem from [7] falls
short in this regard), but it is certainly a step in this direction, and does give the normal
order of the function log(n/A(n)).

In this paper we prove a result of similar quality for the function A(A(n)), which we
have seen arises in connection with the period of the power generator. We obtain the
same expression as with A(n), except that the loglogn is squared. That is, A(A(n)) =
n/exp((1+0(1))(loglogn)?logloglogn) almost always.

We are able to use this result to say something nontrivial about the number of cycles for
the power generator. This problem has been considered in several papers, including [3],
[4], and [15]. We show that for almost all integers #, the number of cycles for the /th power
map modulo 7 is at least exp((1 + 0(1))(log log n)? log log log 1), and we conjecture that
this lower bound is actually the truth. Under the assumption of the Generalized Riemann
Hypothesis (GRH), and using a new result of Kurlberg and the second author [12], we
prove our conjecture. (By the GRH, we mean the Riemann Hypothesis for Kummerian
tields as used by Hooley in his celebrated conditional proof of the Artin conjecture.)

For an arithmetic function f(n) whose values are in the natural numbers, let fi(n) de-
note the kth iterate of f evaluated at 7. One might ask about the normal behavior of A, (1)
for k > 3. Here we make a conjecture for each fixed k. We also briefly consider the func-
tion L(n) defined as the least k such that Ax(n) = 1. A similar undertaking was made
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by Erd&s, Granville, Spiro, and the second author in [5] for the function F(n) defined as
the least k with ¢, (n) = 1. Though A is very similar to ¢, the behavior of L(n) and F(n)
seem markedly different. We know that F(n) is always of order of magnitude logn, and
it is shown in [5], assuming the Elliott-Halberstam conjecture on the average distribution
of primes in arithmetic progressions with large moduli, that in fact F(n) ~ «logn on a
set of asymptotic density 1 for a particular positive constant o«. We know far less about
L(n), not even its typical order of magnitude. We raise the possibility that it is normally
of order log log n and show that it is bounded by this order infinitely often.
A more formal statement of our results follows.

Theorem 1. The normal order of log (n/A(A(n))) is (log log n)? log log log n. That is,
A(A(n)) =nexp (—(1+0(1))(log logn)*logloglog 1)
as n — oo through a set of integers of asymptotic density 1.

We actually prove the slightly stronger result: given any function (1) going to infinity
arbitrarily slowly, we have

A(A(n)) = nexp(—(loglog n)*(logloglogn + O((n))))
for almost all n.

Given integers ¢,n > 2, let C({,n) denote the number of cycles when iterating the
modular power map x — x* (mod n).

Theorem 2. Given any fixed integer £ > 2, there is a set of integers of asymptotic density 1 such
that as n — oo through this set,

C(¢,n) > exp((1+0(1))(loglog n)*logloglog n). (1)
Further, if e(n) tends to 0 arbitrarily slowly, we have C(£,n) < n'/2=¢(") for almost all n. More-
over, for a positive proportion of integers n we have C(¢,n) < n4%. Finally, if the Generalized
Riemann Hypothesis (GRH) is true, we have equality in (1) on a set of integers n of asymptotic
density 1.

Conjecture 3. The normal order of log(n/Ac(n)) is (1/(k — 1)!)(loglogn)* log log log n.
That is, for each fixed integer k > 1,

Ak(n) = nexp (— ((k—ll)! +0(1)) (loglogn)*(log loglogn)>

for almost all n.

Define L(n) to be the number of iterations of A required to take # to 1, that is, L(n)
equals the smallest nonnegative integer k such that A¢(n) = 1.

Theorem 4. There are infinitely many integers n such that L(n) < (1/log2+0(1))log log n.

2. NOTATION, STRATEGY, AND PRELIMINARIES

The proof of Theorem 1, our principal result, proceeds by comparing the prime divi-
sors of A(A(n)) with those of ¢(¢(n)). The primes dividing ¢(m) and A(m) are always
the same. However, this is not always true for ¢(¢(m)) and A(A(m)). The prime 2 clearly
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causes problems; for example, we have ¢(¢(8)) = 2but A(A(8)) = 1. However this prob-
lem also arises from the interaction between different primes, for example, ¢(¢(91)) = 24
but A(A(91)) = 2.

We shall use the following notation throughout the paper. The letters p, g, r will always
denote primes. Let v,(1) denote the exponent on g in the prime factorization of #, so that

= qv‘l(n)
]

for every positive integer n. We let P, = {p: p = 1 (mod n)}. We let x > ¢ be a real
number and y = y(x) = loglog x. By 1(x) we denote a function tending to infinity but
more slowly than logloglogx = logy. In Sections 2-5, the phrase “for almost all n”
always means “for all but O(x/1(x)) integers n < x”.

First we argue that the “large” prime divisors typically do not contribute significantly:

Proposition 5. For almost all n < x, the prime divisors of ¢(¢p(n)) and A(A(n)) that exceed y?
are identical.

Proposition 6. For almost all n < x,

> 0g(d(d(n)))log g < yhp(x). (2)

7>y?
vg(d(¢(n)))>2

Next we argue that the contribution of “small” primes to A(A(n)) is typically small:

Proposition 7. For almost all n < x, we have
2 vi(A(A(n)))logg < v (x).

q<y?

Finally, we develop an understanding of the typical contribution of small primes to
¢(¢p(n)) by comparing it to the additive function /(n) defined by

=55 5 vlr—1)logg. 3)
plnrlp—19<y?
Proposition 8. For almost all n < x,

> v(@(¢(n)))logq = h(n) +O(ylogy - P(x)).

q<y?

Proposition 9. For almost all n < x, we have h(n) = y*logy + O(y?).

Proof of Theorem 1. Let x be a sufficiently large real number. For any positive integer n < x
we may write

o tog 1+ 1og _H)_1o 9(000))
A(A(n)) 47( ) d(P(n)) A(A(mn))

Recall thatn/¢(n) < loglogn, and so the first two terms are both O(log log log x). Thus,

it suffices to show that

tog 28— (1og log x)*(log log og x + O(W(x))) = y*logy+ O/ ¥(x)) ()

+ log +lo
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for almost all n < x. We write

log S0} = 3 ((0(90)) ~2,A(309) logs
= vg(P(P(n)))log g — > va(A(A(n))) logg (5)
q<y? q<y?
+ 3 (0 (@) —oy(AAR)))) log .
7>y?

Since A(A(n)) always divides ¢(¢p(n)), the coefficients of logg in this last sum are all
nonnegative. On the other hand, Proposition 5 tells us that for almost all n < x, whenever
va(Pp(Pp(n))) > 0 we have v,(A(A(n))) > 0 as well. Therefore the primes g for which
v,(@(¢p(n))) < 1 do not contribute to this last sum at all, that is,

0. < % (v9(d(d(n))) —v(A(A(n)))) logyq

9>y
= Y (n(e(d(n) —v(A(A(n)))) logq
o)
= > v(e(e(n)))logg < y*P(x)
o) 2

for almost all n < x by Propositions 5 and 6. Moreover, Proposition 7 tells us that the
second sum on the right-hand side of equation (5) is O(y*y(x)) for almost all n < x.
Therefore equation (5) becomes

lo % = 3 wl#(0) logq +O(H(0)

for almost all n < x. By Proposition 8, the sum on the right-hand side can be replaced by
h(n) for almost all n < x, the error O(ylog y - (x)) in that proposition being absorbed
into the existing error O(y*y(x)). Finally, Proposition 9 tells us that h(n) = y*logy +
O(yz) for almost all n < x. We conclude that equation (4) is satisfied for almost all n < x,
which establishes the theorem. Ll

Given integers a and n, recall that 77(¢;11,a) denotes the number of primes up to ¢ that
are congruent to a (mod 7). The Brun-Titchmarsh inequality (see [10, Theorem 3.7]) states
that

t

n(t;na) < 6
i) < gy Tog e/ ©
for all t > n. We use repeatedly a weak form of this inequality, valid for all t > ¢°,
1 loglogt
t < w, 7)

2.0 < o)

pEPy
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which follows from the estimate (6) with a = 1 by partial summation. When n/¢(n) is
bounded, this estimate simplifies to

1 loglogt
_<<ognog.

(8)
Pt
pPEPy
For example, we shall employ this last estimate when 7 is a prime or a prime power and
when 7 is the product of two primes or prime powers; in these cases we have n/¢p(n) < 3.
We also quote the fact (see Norton [13] or the paper [14] of the second author) that

1 loglog t log n
- = +0 : 9)
p<t
This readily implies that
1 log log t logn
= +O( 7= (10)

21 ew Olew)
p<t

as well, since (noting that the smallest possible term in the sum is p = n + 1) the difference
equals

1 o0 1 1
-1 = ey K
p;)n (p=Dp — l; in(in+1)  n2
p<t
We occasionally use the Chebyshev upper bound
Z logp < Z An) < z, an

p<z n<z

where A(n) is the von Mangoldt function, as well as the weaker versions

1 log”
> 08P « log z, > 08P« log® z (12)
p<z p=z
and the tail estimates
| 1 1 1
y Bl <o, Y o< — (13)
=z P z =z P zlogz

each of which can be derived from the estimate (11) by partial summation. We shall also
need at one point a weak form of the asymptotic formula of Mertens,

log p

p = logz+ O(1). (14)
Pz

For any polynomial P(x), we also note the series estimate

()

LZZO m* <<P 1
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uniformly for m > 2, valid since the series 3°, P(a)z" converges uniformly for |z| < 1.
The estimates
P(a 1 P(a 1
3 @ L 3 @) « L (15)
& m m & m z
mt>z

valid uniformly for any integer m > 2, follow easily by factoring out the first denominator
occurring in each sum.

3. LARGE PRIMES DIVIDING ¢(¢p(n)) AND A(A(n))

Proof of Proposition 5. If q is any prime, then g divides ¢(¢(n)) if and only if at least one
of the following criteria holds:
e ¢’ |n,
o there exists p € P with p | n,
there exists p € P, with p? | n,
there exist r € P, and p € P, with p | n,
g% | n and there exists p € P, with p | n,
there exist distinct p1, p, € P, with p1p, | n.

In the first four of these six cases, it is easily checked that g | A(A(n)) as well. (This is not
quite true for g = 2, but in this proof we shall only consider primes g > y?.) Therefore we
can estimate the number of integers n < x for which g divides ¢(¢(n)) but not A(A(n))
as follows:

> 135143 5 51< %JFZP *
n<x pEP, n<x p1EP, p2€P, n<x pE qq P P1EP; p2€ qplpz
qle(e(n)) 7pln patpy P1P2ln
qfA(A(n))

Using three applications of the Brun-Titchmarsh inequality (8), we conclude that for any
odd prime g,
2

X X X
|« W W
n<x q q q
qld(p(n))
qfA(A(n))

Consequently, by the tail estimate (13) and the condition ¥(x) = o(log y),
2

1 xy b X
1<y 5 < < < -
Zyz g / quz g yrlogy?  logy  ¥(x)
qle(d(n))
qA(A(n))
Therefore for almost all n < x, every prime g > y* dividing ¢(¢p(n)) also divides A(A(n)),
as asserted. O

Lemma 10. Given a real number x > 3 and a prime q > y?, define S; = S,(x) to be the set of all
integers n < x for which at least one of the following criteria holds:
° 7 [n,
there exists p € Py with p | n,
there exist distinct p1, p, € P, with p1p, | n,
there exist v € P and p € P, with p | n,



THE ITERATED CARMICHAEL A-FUNCTION AND CYCLES OF THE POWER GENERATOR 7

e there exist distinct 11,15, 13 € Pyand p € Py,ppy, with p | n,
e there exist distinct r1,12,73,74 € Py, p1 € Pryry, and py € Phyy, with p1ps | 1.

Then the cardinality of S, is O(xy*/q%).

Note that if g> | ¢(n), then at least one of the first three of the six conditions in the
statement of the lemma must be satisfied.

Proof. The number of integers up to x for which any particular one of the six criteria holds
is easily shown to be O(xy?/q?). For the sake of conciseness, we show the details of this
calculation only for the last criterion, which is the most complicated. The number of
integers n up to x for which there exist distinct rq, 7, 73,74 € Py, p1 € Pryrp, and pa € Py,
with pyp, | n is at most

X

z 1< )
r,12,73,74€Py p1€Pry, NX r1,12,73,74€Py p1€Pr 1, pip2
szPr3r4 Ple\” szPr3r4

Using six applications of the Brun-Titchmarsh estimate (8), we have

2 6 2
X X X X
71,1’2,}’3,1’4€’Pq P1€ r1ry plpz rl,r2,1’3,1’4€7)q r1r2r3r4 q q
P2€7’r374
the last inequality being valid due to the hypothesis g > 2. 0

Proof of Proposition 6. Define S = S(x) to be the union of S, over all primes g > y?, where
S, is defined as in the statement of Lemma 10. Using #A to denote the cardinality of a set
A, Lemma 10 implies that
2
xy Xy x
#5 < ) #5, < = K 5 L
quz ! quz ¢ ylogy®  P(x)

by the tail estimate (13) and the condition 1(x) = o(logy). Therefore to prove that the
estimate (2) holds for almost all integers n < x, it suffices to prove that it holds for almost
all integers n < x that are not in the set S. This in turn is implied by the upper bound

S Y en)logq < v (16)

n<x

NES oy(d(d(n)))>2

2

which we proceed now to establish.

Fix a prime g > y? and an integer 2 > 2 for the moment. In general, there are many
ways in which g could divide ¢(¢p(n)), depending on the power to which g divides n
itself, the power to which g divides numbers of the form p — 1 with p | n, and so forth.
However, for integers n ¢ S, most of these various possibilities are ruled out by one of
the six criteria defining the sets S,. In fact, for n ¢ S, there are only two ways for ¢° to
divide ¢(¢p(n)):

e there are distinct 7y, ...,7, C P, and distinct p; € P,,, ..., p, € P,, with p1...p,|n,
e there are distinct r4,...,r, C P, distinct py € Py, ..., pa—2 € P;, ,,and p € Py,
with py ... p._ap|n.
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(We refer to the former case as the “supersquarefree” case.)
Still considering g and a fixed, the number of integers n up to x satisfying each of these
two conditions is at most

1 1 X
2 > 1= 3 o
al p .. Pa
Plesa€Py 4% piEP 0y riiraePy @ b L
PPy P1.--Palft PuGPra
and
1 1 X
> a2 1= > 2 o
(g — 2\ Z Z = — 7)1 ’
rl,...,rae’qu'(a 2)! p€P,, Hx 1, ATREP, (a —2)! pep, P1---Pa-2P
PaaEPr P1---Pa—2pln PR
pepra—lrl/7 pepra—lrﬂ

respectively, the factors 1/a! and 1/2!(a — 2)! coming from the various possible permu-
tations of the primes r;. Letting ¢ > 1 be the constant implied in the Brun-Titchmarsh
inequality (8) as applied to moduli n that are divisible by at most two distinct primes, we

see that
1 X

> a2

<oy lae) sl

rlrn.,?‘aG'Pq a: PIGPrl pl e pa o Tlr-n,i’uG’P,, a! ri...1, - a!qa
Paépm
and
2 ' ;7§ 3 '(y) _(y)'a.
F1,eata€Pg (a — 2)- p1€P P1-..Pa-2p 11, Ta€ Py (a - 2). 71...1, (a _ 2)q
pﬂ*Zé;Pra_z
PEPr,_1ra
Therefore the number of integers n < x such thatn ¢ S and g | ¢(¢p(n)) is
) ) "

alg (a—2)lg° (a —2)1g%’
where we have used the assumption g > 2.
We now establish the estimate (16). Note that

> Z vg(d(p(n)))logq < 23 Z (04(¢(p(n))) — 1) logg

n<x n<x

q>
nES v, (¢ (qb(n)))zz néS o (¢ (o(m)))>2
=23 loggy > L
qg>y? a>?2 n<x

n¢S
li”ld@)(n))
Therefore, using the bound (17) for each pair g and 4,

S 3T ue@m)lesq <23 logqy i

nEX g>y 9>y & (
"ES vy((b(n))>2

= 2c% xyt > lo%q < = =y
>y Y
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by the tail estimate (13). This establishes the estimate (16) and hence the proposition. [I

4. SMALL PRIMES AND THE REDUCTION TO k()

Lemma 11. For any prime power q°, the number of positive integers n < x for which q* divides
A(A(n)) is O(xy?/q").

Proof. When g is an odd prime, the prime power ¢* divides A(A(n)) if and only if at least
one of the following criteria holds:
qa+2 | n,

there exists p € P1 with p | n,
there exists p € Py with p? | n,
there exist r € Py and p € P, with p | n.

Even when g = 2, at least one of these four conditions must hold for ¢* to divide A(A(n)),
although they are not quite sufficient. In either case, we still have the upper bound

R Y
ngx n<x PEP a1 an pe aﬂZX r€Pga pe rn<x
p?ln

q"[A(A(n)) 4" 2n pln
X X
- a+2 Z P + 2 + Z Z p’ (18)
q pefa P rEP pep, P
p<x p<\/_ p=x

In the second of these three sums, it is sufficient to notice that any p € P, must exceed
q°, which leads to the estimate
X X X
2 2 < 2 o<

pqua p m>q? m q

p<v/x
To bound the first and third sums in (18), we invoke the Brun-Titchmarsh estimate (8) a
total of three times:

X xy
,UG qa+1
p<x
2
X X X
> o<y ¥« iﬂ
1&Pq pep, P 1&Pa T q
q r q
p<x r<x

Using these three estimates, (18) gives

2
T ora I W
n<x q q q q q
7*|A(A(n))
which establishes the lemma. O

Proof of Proposition 7. We have

qu ))logg = S logg 5> 1< S logg ) 1+ 3 logg 3 1

g<y? g<y? aeN g<y? aeN g<y? aeN
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Since the first sum is simply

Zlogq Z 1 = Z A(m) < y?

2 2
<y qﬂ},g} m<y

by the Chebyshev estimate (1 1) we have uniformly for n < x,

Z Ug(A Nlogq < y*+ > logg > L (19)
q<y? q<y? qgi?z
7" |A(A(m))

To show that this quantity is usually small, we sum this last double sum over n and apply
Lemma 11, yielding

2

> Ylogg > 1= Hlogg) > 1< Zlongqua.

n<x g<y? aeN <y? aeN n<x <y? aeN
=tqsy =y qasy
q9">1? 9">y? "|A(A(n)) ">y
7'|A(A(n))

Using the geometric series sum (15) and the Chebyshev estimate (11), this becomes
2

X
S Slogg 5 1< Zlogq-y—%«xyz.

<
nSX g<y? ael) 9<y?
q">y
"[A(A(m))

Therefore if we sum both sides of (19) over 1, we obtain

> > v(A ) logg < xy*.

n<x g<y?
This implies that for almost all n < x, we have
qu N logq < y*(x),
9=y’
as desired. 0

Proof of Proposition 8. Fix a prime q for the moment. For any positive integer m, the usual
formula for ¢(m) readily implies

vy(p(m)) = max{0,v,(m) —1} + 5 v,(p
plm
which we use in the form
> 0q(p=1) < oy(p(m)) < % vg(p—1) +0,(m).
plm plm
Using these inequalities twice, first with m = ¢(n) and then with m = n, we see that

Z v(p—1) < vy(d(d(n))) < Z v(p — 1) +vy(p(n))

ple(n plo(n

< Z vg(p—1)+ > ve(p—1) +04(n).  (20)
plo(n) pln
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Now a prime r divides ¢(n) if and only if either 7? | n or there exists a prime p | n such
that r | p — 1. Therefore

Zqu(r—l)g qur—l §Zqur—1 qu(r—l),
pln rlp—1 r(¢(n) pln rlp—1 ririn

the latter inequality accounting for the possibility that both criteria hold for some prime r.
When we combine these inequalities with those in equation (20) and subtract the double
sum over p and r throughout, we obtain

0 < 0 @dm) =T T 0,(r=1) < T v(r—1)+F 0,(p—1) +0,(n)

plnrlp—1 r:rn pln
< Zqu —1) +v,4(n).
pln

Now we multiply through by log g and sum over all primes g < y? to conclude that for
any positive integer n,

0 < qzyzvq(¢(¢(n)))logq—h(n) < Zquz,; (P—l)logﬁq% vg(n)logg.

It remains to show that the right-hand side of this last inequality is O(y log y - ¢ (x)) for
almost all n < x, which we accomplish by establishing the estimate

S Y Solp-Dlogg+ 5 5 v(n)logg < xylogy. 21)

nsXg<y? pln nsxg<y?

We may rewrite the first term on the left-hand side as

Y5 Suolp-1logg =3 5 5 Y logg

nSXq<y? pln MSX g<y? P|nq“‘€N1
Sloggy ¥ F1< yloggy 3 o
1< 4N p&P o n<x 1< deN p&Pq P

pln
Using the Brun-Titchmarsh inequality (8) and the geometric series estimate (15), we ob-
tain
> > Yulp-1logg < leoqu— < xyz < xylogy*.
nSXg<y? pln 9<y? den 4 9<y? q
The second term on the left-hand side of (21) is even simpler: we have
Zqu Jlogg = % loggy > 1< Zloqu—
nSX g<y? <y 2eN ”ﬁx <y
q-n
and using the geometric series bound (15) and the weak Chebyshev estimate (12) yields
1
> Z vg(n)logg < x 81 « xlog y*.
n<x q<y q<y2 q

The last two estimates therefore establish (21) and hence the proposition. O
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5. THE NORMAL ORDER OF h(n)

Recall the definition (3): k(1) = Y14 3 jp-1Y4<y2 0(r — 1) log g. We now calculate the
normal order of the additive function h(n) via the Turdn—Kubilius inequality (see [11],
Lemma 3.1). If we define

h h(p)?
M) = 51 e =y MBS
p<x p p<x p
then the Turdn-Kubilius inequality asserts that
Z(l’l(i’l) —Ml(X))z < XMz(X). (22)
n<x

Proposition 12. We have M; (x) = y?logy + O(y?) for all x > e,
Proposition 13. We have M, (x) < y®log” y for all x > ¢

Proof of Proposition 9. Let N denote the number of n < x for which |h(n) — M;(x)| > y>.
The contribution of such 7 to the sum in (22) is at least y*N. Thus, Proposition 13 implies
that N < x(log y)?/y. Hence, Proposition 12 implies that h(n) = y*logy + O(y?) for all
n < x but for a set of size O(x(log y)?)/y). This proves Proposition 9. O

To calculate M;(x) and M,(x) we shall first calculate Y ,.,/(p) and ¥, h(p)* and
then account for the weights 1/p using partial summation. We begin the evaluation of
> p<¢ h(p) with a lemma.

Lemma 14. Let b be a positive integer and t > e® a real number.
(@) Ifb > t'/* then

S altnl) < tlogt
rePy b
(b) Ifb < t'/* then
bt
mn(trl) K ————.
2, "I S o
r>t1/3
and ool
tloglogt
(1) <« 25
2p, ( ) ¢(b)logt

Remark. The exponents ; and 3 are rather arbitrary and chosen only for simplicity; any
two exponents 0 < o < 8 < 1 would do equally well.

Proof. Notice that in all three sums, the only contributing terms are those with > b and
r < t. If b > t'/4, then the trivial bound 7(t;7,1) < t/r gives

t t tlogt
yakn) < Y <Y o< 08
rePy rePy r mEl(modb)m b
A<t tHAom<t

proving part (a) of the lemma.
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We now assume b < t'/4. We have

S (1) = #{(m,r):r=1(modb), r > t'3, mr +1 < t, mr + 1 and r both prime}
rePy
r>t/3

< > #{r<:r=1(modb), mr+1andrboth prime}
m<t2/3

bt
m<ztz/3 p(mb)¢(b) log” ;15

by Brun’s sieve method (see [10, Corollary 2.4.1]). We have -L > /12 and so log -1
log t. We also have ¢(mb) > ¢(m)p(b) and the standard estlmate

<

mzzﬁ < logz. (23)
Therefore
y nltnl) <y bt < bflOgtz/j bt
reP WS d(m)p(b)2log’t — P(b)2log’t — P(b)*logt

r>t1/3

establishing the first estimate in part (b). Finally, by the Brun-Titchmarsh inequalities (6)
and (8),
t tloglogt

t
n(t;r,l) < < < .
2, 70D <2 Glogt < %, rlogt <~ (b)log!

7§t1/3 7’<t1/3 7§t1/3

Combining this estimate with the first half of part (b) and the standard estimate b/ $(b) <
log log b establishes the second half. O]

Lemma 15. For all real numbers x > e and t > e°, we have

2tlog logtlo tloglogt tlog?
Zh(p): glogrlogy O( g 108 gy

3/4 12
& log t log t log t 7 logt y)'

Remark. In particular, we have ¥, . h(p) < xloglog xlogy/log x = xylogy/log x.

Proof. We may rewrite

Dhp) =% 3 Yvlr=TNlogg =% 5 > » logg

pst p<trip=1q<y? p<trip—1q<y? g‘eNl
q°lr—
:ZIquZ > > 1 :Zlongg n(t;r,1). (24)
aeNr: gir—1 p<t g<y? aeNre
rlp—1

The main contribution to this triple sum comes from the terms with g* < t'/4 and r < #/3.
In fact, using Lemma 14(a) we can bound the contribution from the terms with g“ large
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by
tlogt
Y logg 5 5 #wltnl) < 3 logg ) :
g<y? a€N rePua g<y? aeN q
qﬂ>t1/4 q"7>t1/4
< tlogt Z 1/4 < t¥logt - 12,
9<y?

where the last two estimates are due to the geometric series bound (15) and the Chebyshev
bound (11). Similarly, using the first half of Lemma 14(b) we can bound the contribution
from the terms with ¢ small and r large by

t t log g tlogy
Z log g a% re; n(tn1) < qz logq ﬂ% q°log t < log t Z q < logt’

q<y? <y? q<y?

qu<t1/4 >t1/3 a<t1/4

where again the last two estimates are due to the geometric series bound (15) and the
weak Chebyshev bound (12). In light of these two estimates, equation (24) becomes

tlogy
h(p) = log g n(t;r, 1) + Ot *logt - y* + —22 ). (25)
pZt q<zy2 ag\l/ 76; ( logt )
qi<tl/4 <t1/%

Define E(t;1,1) = 7n(t;r,1) —1i(t)/(r — 1). We have

li(t
Slogg S 5 altnl) = Ylogg ¥ Y <1£)1+E(t;r,1))
g<y? a€EN  r€Pua g<y? a€EN 1P ¥
q”§t1/4r§t1/3 qﬂ<t1/4 <t1/3

Tlogg y Y AL (Zlogq 3 |Etr1)|). (26)
aeN re

quz aeN re P q<y

quStl/él y§t1/3 qu<tl/4

<t1/3

Let Q(m) denote the number of divisors of m that are primes or prime powers. Using the
estimate Q) (m) < log m, we quickly dispose of

Y logg S Y [E(n1)] < 2logy ¥ EErD] Y Y 1

g<y? aeN rqua r<t1/3 g<y? LIGN
q”§t1/4rSt1/3 q°r—1

< 2logy Z |E(t;1,1)| Q(r — 1)
r<tl/3

tlogy
log t

< logylogt % [E(t71)] <
r§t1/3
by the Bombieri-Vinogradov theorem (we could equally well put any power of log t in the
denominator of the final expression if we needed). Inserting this estimate into equation
(26), we see that equation (25) becomes

> h(p) = Z logg y 5 —+O(t3/4logt ¥+ ogy). (27)
p<t g<y? aEN 1€ g
r<t1/3
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We have by equation (10)

S logqy <loglogt1/3 +O<logq“>>

a
quz aeNre 7 q<y aeN q
V§t1/3

= (loglogt+O(1)) 3 long < < a1+1>> -l—O( Z log”q > )

g<y? IZGN

1 1 log”
= (loglogt+0(1)) ¥ (°§q+o( Oquq))+o< > Oi ’7),
=y

q<y?

using the geometric series estimate (15). Using the Mertens formula (14) to evaluate the
main term and the weak Chebyshev estimates (12) to bound the error terms, we see that

Z logg > Z = loglogtlog y* + O(log y + loglog t + log” y).

g<y? a€N rePya
7’<t1/3

We conclude from equation (27) and the fact that 1i(t) = t/log t + O(t/log?* t) that

> h(p) = li(t) (loglog tlog y* + O(log y +loglog t + log® y))

Pt
+ O<t3/4logt v+ tllsgg;/)
_ 2tlogllogtlogy O(tlog logt tlog’y + Bl logt- yZ),
ogt log t log t
as asserted. O

Proof of Proposition 12. In an explicit example of the technique of partial summation, we

write
h( h
_P — Z ﬂ-f— ( +/ )
= P p<e¢ p e€<p<x

—om+s 3 )+ G S hp).

X ee<p<x e ee<p<t

p

The quantity ¥ ,-,h(p) has been evaluated asymptotically in Lemma 15, and the quan-
tity Yoo p<; h(p) differs by only O(1). Therefore we may use Lemma 15 and the remark
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following its statement to write

1 _/xylo
Mi(x) = 0(1)+;o(%>

) 2
+/ §<2tloglogtlogy O(tloglogt tlog y_’_t3/410gt.y2))

. t2 log t log t log t
B ylogy /’Qloglogt
N ( log x )+10gy e tlogt at

*loglogt z/x dt
+o</€€ Fogy i+ log’ y/ tlogt+y [ )-

Each of these integrals can be explicitly evaluated, resulting in the asymptotic formula

|
Mi(x) = logy((loglogx)*—1) + O(% + (loglog x)* +log” y - log log x + yz)

= ylogy +O(y’),
as claimed. O
Now we turn our attention to M(x), beginning with some preliminary lemmas.
Lemma 16. For all real numbers x > e° and t > e°, we have

tloglogt - log” y
logt

> logqilogg: 3 > > 1< t"/8logt - y*log y +

1,92 <y? ar, azeNrEP alﬂP ap p<t
=y 2 p=1 (mod r)

Proof. Since the exact form of P NP depends on whether or not g; = g,, we split the
expression in question into two separate sums:

> loggilogg. > > 1 (28)

q1,92<y> a,aeNreP e NP ay p<t
! 2 p=1 (mod r)

= zlog q Z Z (1) + Z log g1 log g2 Z ; (k1 1).

2 2
q<y ay,a2€N repqmax{al,az} 41,925y ay,a,ENre .

q1#q2 142

Noting that there are exactly 2a — 1 ordered pairs (a1,4>) for which max{a;,a,} = a, we

have
Zlong > > #altnl) Zlog q> 2a-1) % =n(tn1)
g<y? ay,a,€N rqumax{alraz} g<y? aeN r€Pga

2 2 atloglogt
< Z logq a T Z log™ ﬂ% q°logt

<y2 ac <y2
1=y qa>t1/4 =y antl/él

by Lemma 14. Since
log gq

> log”q > < tlogtlogy* y i < t*/*1logt- y*logy

<y? aeN <y?
=y q”>t1/4 =y

atlog t
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by the Chebyshev bound (11), and
2 2
Z log? g Z atlz)glogt < tloglogt Z log” g < tloglogt-log”y
S & q°logt log t S 1 log t

q”§t1/4

by (11) and its weaker version (12), the first term on the right-hand side of equation (28)
is bounded by the estimate asserted in the statement of the lemma.

It remains to satisfactorily bound the second term on the right-hand side of equation
(28). Again dividing the sum so that Lemma 14 can be applied, we have

tlogt

> logqlogg, > 5 #ltnl) < 3 logqiloggy > T%z
91,92 <y? a1,02ENTEP ay ay 71,92 <y? ay,a,€N 1 92

1742 hn PRPLIIE

tloglogt

+ log g1 log 9> .
Py 2 745 1051

qilq;2§t1/4

In the first of these two terms, at least one of the g must exceed t!/8, and so using the
estimates (15), (11), and (12) we see that

tlogt 1 1
log g1 1og 9 —— < 2tlogt log ¢1 — log 4 —
ql,q;gyz ““gGN (UK qlgyz ﬂgN T ngyz a;N 1y

a) a 1/4 a 1
a1t g2 >t qy' >t/8

logqi < loggq.
< tlogt Zz AT Zz Py
Ny 2=y

< t"®logt- y*logy.

In the second, we simply ignore the restriction g{'g5> < t'/* and use the estimates (15) and
(12), obtaining

tloglogt  tloglogt 1\°
> loggqilogg. o805 _ 10508 (Zlong%)

71.4925Y* a1,a,€N qblllq;2 log t logt 7<y? aeN
» tloglogt( logq)2
log t S
» tloglogt-log”y
log t '
This concludes the proof of the lemma. O

The following lemma is similar in spirit to Lemma 14 but is a bit more complicated to
state and prove.

Lemma 17. Let by and b, be positive integers and t > e° a real number.
(@) Ifby > t'/8 or by > t/8 then
i,‘log2 t
bib,

Z n(t;rr, 1) <

1 67)[,1 ) EP[,Z
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(b) If neither by nor b, exceeds t'/® then

brtloglog t
(i, 1) <
D R N (AT (AL

7’17’2>f1/3

t(loglogt)?
t 7172, < .
o2, ) S G0 0(6,) log

Remark. Again, the values 1/8 and 1/3 for the exponents are rather arbitrary.

and

Proof. The bound in part (a) follows from the trivial estimate 71(¢; 7175, 1) < t/r115, just as
in the proof of Lemma 14(a). For the first estimate in part (b), we my assume that r; < r,
by symmetry. We use Brun’s method again:
n(t;rrp, 1)
7’167)[,1 7’267)[,2

r1<ry
7’17’2>f1/3

= #{(m, 7’1,7’2)1 rn=1 (mod bl), =1 (mod bz), 1 < 1o, Y11y > tl/3,
mrir; +1 < 't, and ry, rp, and mrir, + 1 are all prime}

=2 2 2 1

m<t2/3,1< /t/m ro<t/mrq
Tzepb

}’167)1;1 2

mry

ro+1 prime
mr1by t/mrq
<K . .
m<zt2/3 r1<§t/_m ¢ (b2)p(mriby) log®(t/mriby)
Tlepbl

Notice that t/mriby > (\/t/m) /by > t'/¢/t/8 = t1/?4 and so
t by

r1ez7?b1 72627’;,2 m(t;rir, 1) < er m;tm KZW G022 (m)d(r1)
St
bytloglogt 1
G (b1)p(br)2log’ t , % P(m)
bytloglogt

< .
d)(bl )(I)(bz)z log t
by the estimates (7) and (23) as desired. The second estimate of part (b) is a consequence
of the first estimate and

t(loglog t)?
n(t; 1172, < ’
2o o, T S G g log

r1r2<t1/3

which follows from the Brun-Titchmarsh inequality just as in the proof of Lemma 14(b).
O
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Proof of Proposition 13. We may rewrite

S h(p) = z( SY S logq)z

p<t rlp—1g<y? a€N
q°lr—1

= > logmlogg 5 > > 1

ql,ngyz a1,00ENrepP aq p<t
1" p=1 (mod r1)
’267’,,;2 p=1 (mod r,)

= > logmlogg > > > 1

M42<y? a1,a26N 11EP o <t
,qu p=1 (mod ry)
ne 422 p=1 (mod r7)

r17£72

tloglog t - log”
7/8 2 & 108 &Y
+O(t logt-y“logy + log f ),
the last step due to Lemma 16. Since rq and r; are distinct primes, the innermost sum is
simply 7t(t; 7172, 1), and thus

Zh(P)z < Z log q1log g2 Z Z 7(t; 111, 1)
p=t q1,92<y> ay,a,€N Vlepq‘l’l
Tzerpqu

tloglogt-log”y
log t

+0(# 1ogt -y logy + ). @)

The contribution to the sum on the right-hand side of equation (29) from those terms
for which g{* > t1/8 is

Z log g1 log g2 Z ; 7t(t; 1112, 1)
€F n

2<y? a1,0,€N r
=y }1>2t1/8 =
T rEP ap
92
2
tlog™t
< ) logqlogg: Y —25
q1,92<y? ay,a,€N qd1 9>
G118

< tlogzt Z Z 10%1% Z Z loqu

a2
n<y?> m€eN T g2<y? a2€N q2
qi1>t1/8
log g1 5 log 4>

< tlog’t
qlgyz /8 g 12

< t"8log’t-y*logy
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by Lemma 17(a) and the estimates (15), (11), and (12); the contribution from the terms for
which g52 > /8 is bounded likewise. The remaining contribution is

Z log g1 log g2 Z Z 7t(t; 1112, 1)

91,025 Y2 a1,2€N  11€EP o
q‘l’l q22§t1/8 Ul

t(loglogt)?
<< Z log ql log qz Z M

91,02<Y2 11,,EN ql qzz logt
g g2 <1/
t(loglog t)? ( logq)z
K —F —
logt g<y?aeN q
t(loglog t)?log” y
log t

by Lemma 17(b) and the estimates (15) and (12). Using both these bounds in equation
(29), we conclude that

2
Zh(p)2 < t"8logt-y*logy + f(loglog 1)? log” L4
= logt

We now evaluate M, (x) using partial summation. We have
h(p)® h(p)? | 1 2 *dt 2
My(x) = § == = §F =4 = 5 hp)+ [ 5 Y hp)
2( ) pr P pZe" P x e"<zp<x p e t2 ef<zp<t p

2
< 14+ 1 x(loglog x)*log y
log x

x_t 7/8 2 t(loglogt)210g2y
+/e 2 t'/"logt-y-logy + log )

y ogy * log t dt ) /" (loglogt)?
< Tog x +y*lo y/ —p7E +log"y . tlogf dt

Evaluating these two integrals explicitly, we obtain

y*logy | - 2. 3 31102
My (x) < fogx TV logy +log”y - (loglog x)” < y’log” y

as claimed. O

6. NORMAL NUMBER OF CYCLES FOR THE POWER GENERATOR

If (u,n) = 1, then the sequence u' (mod n) for i = 1,2,... is purely periodic. We
denote the length of the period by ord(u, n), which of course is the multiplicative order
of u in (Z/nZ)*. Even when (u,n) > 1, the sequence u' (mod n) is eventually periodic,
and we denote the length of the eventual cycle by ord (u, n). So, letting n,) denote the
largest divisor of n coprime to u, we have ord"(u,n) = ord(u,n(,). For example, let
u =2, n = 24. The sequence u' (mod n) is 2,4,8,16,8,16, ... with cycle length 2, and so
ord’(2,24) = ord(2,3) = 2.
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When iterating the /th power map modulo 7, the length of the eventual cycle starting
with x = u is given by ord (¢, ord" (1, n)). We would like to have a criterion for when a
residue is part of some cycle, that is, for when a residue is eventually sent back to itself
when iterating x — x’ (mod n).

Lemma 18. A residue u is part of some cycle under iteration of the map x — x* (mod n) if and
only if (¢, ord” (u,n)) = 1 and, withd = (u,n), we have (d,n/d) = 1.

Proof. If (u,n) = d, then high powers of u will be = 0 (mod n/n)). Thus, for u to be in
a cycle it is necessary that n/n = d, thatis, (d,n/d) = 1. Further, it is necessary that
(¢,0rd"(u,n)) = 1. Indeed, if 0 = ord"(u,n), we would need ¢ (mod o) to be purely
periodic, which is equivalent to (¢,0) = 1. This proves the necessity of the condition.
For the sufficiency, we have just noted that (¢,0) = 1 implies that ¢' (mod o) is purely
periodic. This implies in turn that the sequence u” (mod () is purely periodic. But the
condition (d,n/d) = 1 implies that n(,) = n/d, and as each u” = 0 (mod d), we have that
u’ (mod n) is purely periodic. O

For d|n with (d,n/d) = 1, let C4(¢,n) denote the number of cycles in the /th power

map mod 7 that involve residues u with (1, n) = d. For the lower bound in Theorem 2
we shall deal only with C; (¢, n), that is, cycles involving numbers coprime to 1.

Lemma 19. We have C,({,n) > ¢(n) ) /A(A(n)).

Proof. It is easy to see that the subgroup of (Z/nZ)* of residues u with (¢,ord(u,n)) =1
has size ¢(n) y). (In fact, this is true for any finite abelian group G: the size of the subgroup
of elements with order coprime to £ is |G|y.) As the length of any cycle in the /th power
map is bounded above by A(A(n)), the lemma follows immediately. O

To investigate the normal size of ¢(n) y), we introduce the function
fe(n) =% vy(d(n))log p.
ple

We also make use of the notation 4” ||, which means that g° is the exact power of g divid-
ing 1, that is, ¢* divides n but "™ does not.

Proposition 20. For any fixed ¢, we have f,(n) < (loglogn)? for almost all n, in fact for all but
O¢(x/loglog x) integers n < x.

Proof. We have

U a
SR = ST Y o)logp < xTlogp y AT
= Pl < T L e
- ~1
< xS logp a al_’_leongUp(q )
ple pr<x P pl¢ q<x q

Now
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and, by (8),
v,(g—1) 1
xYlogpy " =xSlogpy Y -
ple g<x q ple a>1 qGPPa,qu q
1
< x)logp ) log#x < xloglog x.
ple a>1 p
Hence,
> filn) < xloglogx,
n<x
so that the number of n < x with f;(n) > (loglogn)? is O,(x/loglog x). O

It is interesting that one can prove an Erdés—Kac theorem for f,(n) using as a tool the
criterion of Kubilius-Shapiro (see [11], [16]).

Proof of the lower bound in Theorem 2. Noting that ¢(n) ) = ¢(n)/e/*"", we have ¢(n) ) >

¢(n)/ exp((loglogn)?) for almost all n by Proposition 20. Of course, n > ¢(n) >
n/loglogn for all n > 3. Therefore, using Lemma 19 and Theorem 2, we have

; , 4)(71)(@) 47(”)
C(E, ) > Cl(ﬁ, ) = A()\(Vl)) = exp((loglog n)2))\(A Tl))
P(n)/n n

~ exp((loglog )2) A(A(n))
= exp((1 +0(1))(log log n)*log log log n)

for almost all . This completes the proof of the lower bound in Theorem 2. O
We now consider the upper bounds in Theorem 2, first establishing a lemma.

Lemma 21. Suppose m is a positive integer and (d,m) = 1. For any integer j | A(m), the
number of integers u € [1, m| with (u, m) = 1 and ord(du, m) | A(m)/j is at most p(m)/].

Proof. In fact, we prove a more general statement for any finite abelian group G: let A(G)
denote the exponent of G, that is, the order of the largest cyclic subgroup of G, or equiv-
alently the least common multiple of the orders of the elements of G. Then for any d € G
and any j | A(G), the number of elements u € G for which the order of du divides A(G)/j
is at most #G/j. It is clear that the lemma follows immediately from this statement upon
taking G to be (Z/mZ)*. It is also clear that in this statement, the element d plays no role
whatsoever except to shuffle the elements of G around, and so we assume without loss of
generality that d is the identity of G.

Let p be any prime dividing A(G), and choose a < b so that p?||j and p°||A(G). When we
write G canonically as isomorphic to the direct product of cyclic groups of prime-power
order, at least one of the factors must be isomorphic to Z/pZ. In every such factor, only
one out of every p* elements has order dividing A(G)/}, since all but p*~* elements of the
factor have order divisible by p*~**1. Since there is at least one such factor for every p*| j,
we conclude that at most one out of every j elements of G has order dividing A(G)/j, as
claimed.
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Note that this result in the case d = 1 is Lemma 1 in [9]. The above proof, while similar
in spirit to the proof in [9], is simpler.
Let 7(m) denote the number of positive divisors of m.

Proposition 22. For any integers £,n > 2 we have C(¢,n) < nt(A(n))r(n)/ord" (£, A(n)).

Proof. 1t is sufficient to show that for each ¢,n > 2 and each d | n with (d,n/d) = 1, we
have (A()
nt(A(n

Calbrm) < ord*(¢,A(n))"
Letd | n with (d,n/d) = 1. We have seen in Lemma 18 that for a residue u (mod n) with
(u,n) = d to be involved in a cycle, it is necessary and sufficient that (¢, ord (u,n/d)) = 1.
For each integer j | A(1n/d), let Cy;(¢,n) denote the number of cycles corresponding to
residues u with (u,n) = d and ord(u, n/d) = A(n/d)/j. Writing such a residue u as du;,
we have u; € [1,n/d] and (u3,n/d) = 1. Thus, by Lemma 21, we have that the number of
such residues u is at most ¢p(n/d)/j < n/dj. Hence we have

(30)

n/dj
Cajln) < SqEAWID )

Now A(n/d) = A(n)/d; for some integer d; < d. It is shown in (15) of [12] that for k | m
we have ord”(a,m/k) > ord’(a, m)/k for any nonzero integer a. Hence

ord(¢,A(n/d)/j) = ord(¢, A(n)/d1j) > ord (¢,A(n))/d1],

so that

n/dj n
Caj(lin) < ord"(¢,A(n))/d1j = ord" (¢, A(n))

Letting j range over all divisors of A(n/d), we get that

nt(A(n/d))
Calbn) < ST Am)’

which immediately gives (30). [

Proof of the upper bounds in Theorem 2. Note that from [6, Theorem 4.1], we have T(A(n)) <
exp((loglog n)?) for almost all n. Furthermore, letting Q(n) denote the number of prime
factors of n counted with multiplicity, we know that the normal order of Q(n) is log log n;
in particular, we have Q(n) < loglogn/log 2 for almost all n. Since the inequality 7(n) <
29(m is elementary, this implies that 7(n) < logn for almost all n. We conclude from
Proposition 22 that

C(t,n) < nexp(2(loglogn)*)/ord (¢,A(n))
for almost all n.
The three upper bounds in Theorem 2 therefore follow respectively from three results
in the new paper of Kurlberg and the second author [12]: Theorem 4 (1), which states that
for any function e(n) — 0, we have ord" (¢, A(n)) > n'/?*¢(") almost always; Theorem

22, which states that a positive proportion of integers n have ord™ (¢, A(n)) > n°%%; and
Theorem 28, which states that if the GRH is true, then

ord (¢, A(n)) = n/exp((1+0(1))(loglogn)*logloglogn)
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on a set of asymptotic density 1. (Note that the proof of this result uses Theorem 1 of the
current paper.) 0

7. HIGHER ITERATES

Here we sketch what we believe to be a viable strategy for establishing an analogue
of Theorem 1 for the higher iterates Ay where k > 3. As in the case of k = 2, we have
generally that

non ¢n)

M) d(n) A(n)
We always have n/¢(n) < (cloglogn)®, which is already a good enough estimate
for our purposes. Even better, however, it is known [5] that for each fixed k, we have
n/¢r(n) < (logloglogn)* for almost all n. The problem therefore reduces to comparing
Ac(n) to ¢(n). Probably it is not hard to get analogs of Propositions 5 and 6, where we
replace y* with y*. The problem comes in with the proliferation of cases needed to deal
with small prime factors. As with the second iterate, we expect the main contribution to
come from the “supersquarefree” case. In particular, let

h(m) = 5 > - > > vg(pc—1)logyg.

piln pa|p1—1 Prlpk—1—1q<y*

We expect hi(n) to be the dominant contribution to log (¢« (n)/Ax(n)) almost always. But
it seems hard not only to prove this in general but also to establish the normal order of
hk(n).
It would seem useful in this endeavor to have a uniform estimate of the shape
1 log1 —logl
S oo 2810877 OB 08T g > m'te (31)
pepm,pgx p (I)(TYZ)
Even under the assumption of the Riemann Hypothesis for Dirichlet L-functions, (31)
seems difficult, and maybe it is false. It implies with x = m? that the sum is < 1/¢(m),
when all we seem to be able to prove, via sieve methods, is that itis < (log logm)/¢p(m).
Assuming uniformity in (31), it seems that on average

1
hi(n) ~ m(log log n)*logloglogn,
supporting Conjecture 3. It would be a worthwhile enterprise to try to verify or disprove
the Conjecture in the case k = 3, which may be tractable.

Going out even further on a limb, it may be instructive to think of what Conjecture 3
has to say about the normal order of L(n), the minimum value of k with A¢(n) = 1. The
expression (1/(k — 1)!)(loglogn)*logloglogn reaches its maximum value when k ~
loglogn. Is this formula then trying to tell us that we have L(n) < loglogn almost
always? Perhaps so.

There is a second argument supporting the thought that L(n) < loglogn almost al-
ways. Let P(n) denote the largest prime factor of an integer n > 1, and let £(n) = P(n) — 1
forn > 1, (1) = 1. Clearly, ¢(n) | A(n) for all n, so that if Ly(n) is the least k with
l(n) =1, then Ly(n) < L(n). It may be that the difference L(n) — Lo(n) is usually not
large. In any event, it seems safe to conjecture that Ly(#n) is usually of order of magni-
tude log log n, due to the following argument. For an odd prime p, consider the quantity
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log ¢(p)/logp ~log P(p —1)/log(p — 1). It may be that this quantity is distributed as p
varies through the primes in the same way that log P(n)/log n is distributed as n varies
through the integers, namely the Dickman distribution. Such a conjecture has been made
in various papers. If so, it may be that the sequence

log ((p) log la(p)
logp " logt(p)’
behaves like a sequence of independent random variables, each with the Dickman distri-
bution. And if so, it may then be reasonable to assume that almost always we get down
to small numbers and terminate in about loglogn steps. A similar probabilistic model
is considered in [1], but for the simpler experiment of finding the joint distribution of
logarithmic sizes of the various prime factors of a given number 7.
At the very least, we can prove that L(n) < loglog n infinitely often.

Proof of Theorem 4. Notice that the definition of A(n) as a least common multiple, together
with the fact that A(p?) | A(p*™!) always, implies that

A(lem{my,...,m;}) = lem {A(m1),..., A(m;)}
for any positive integers mj, ..., m;. A trivial induction then shows that
A(lem{my, ..., m;}) = lem {A(m1),..., A(m;)}

for any k > 0. Since the least common multiple of a set of numbers equals 1 precisely
when each number in the set equals 1, we deduce that

L(lem{my,...,m;}) = max{L(m),...,L(m;)}.

We apply this identity with m; = i. Let n; = lem{1,2,...,j}. We have logn; =
¥ i<j/A(i), which is asymptotic to j by the prime number theorem. On the other hand, it is
trivial that for any number n we have L(n) < 1+ (1/log2)logn, as Ait1(n) < (1/2)A;(n)
for 1 <i < L(n). Therefore

. log 1 log j
i) = <
L(n;) = max{L(1),...,L(j)} < 1+max{10g2, 'logZ}

_ logj 1 ‘
=1+ g2 <log2 +o(1)> loglogn;.

[l

We can improve on the estimate in Theorem 4, but not by much. Say we let N; be the
product of all primes p < j?° with p —1 | n;, with n; as in the above proof. It follows
from Friedlander [8] that a positive proportion of the primes p < j>2° have the required
property. Thus, N; > exp(cj**’) for some positive constant ¢ and all sufficiently large
values of j. But A(N;) | nj, so that L(N;) < 2+ j/log2. Hence L(N;) < .439loglog N;
for j sufficiently large. (This result can be improved by a very small margin using a more
recent result of Baker and Harman [2], but the argument is a bit more difficult, since they
do not get a positive proportion of the primes with the required property.) It is likely that
L(n) < logloglogn infinitely often, possibly even that L(n) < log, n infinitely often
for arbitrary k-fold-iterated logarithms.
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One may also study the maximal order of L(n). The analogous problem for the iter-
ated ¢-function is relatively trivial, but not so for A. If there can exist very long “Sophie
Germain chains”, that is, sequences of primes p1, ps, ..., px where each p; = 2p;_1 + 1,
for i > 1, then we might have L(px) ~ (1/log?2)log pr. We might even perturb such a
chain by a small amount and keep the asymptotic relation, say by occasionally having
pi = 4pi—1 + 1. It seems hard to prove that long enough chains to get the the asymptotic
for L(px) do not exist, but probably they don’t on probabilistic grounds. We can at least
say that L(n) > 1+ (1/log 3) log n infinitely often, since this inequality is attained when
n is a power of 3.
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