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converges in distribution, and also in probability. Henee by Kolmogorov’s
three series eriferion (see for example Doob [2], Theorem 2.0, pp. 111-114)
we deduce that the following series are convergent:
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This completes the proof of the theorem.
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I » ig a posilive integer, we let o{n) be the sumn of the positive di-
visors of n. » is said to be perfect if o(n) = 2n. Tt is well-known that if
9% 1 iy prime, then 2F73(2%—1) is perfect and that zll even perfect
numbers ave of thiy form. No odd perfect nnmbers are known, but neither
has any proof of thelr non-existence ever been discovered.

If w0 is o positive nteger and if pfipg2 ... pit is the unique prime

Aactorization of &, we shall eall pfy, pi2, ..., piF the components of n.

The modern, work on the subject was begun by Bylvester. He proved
that an odd perfeet number (o.p.n.) has. 2t least five components [16]
(also proved by iMekson [4] and Kanold [11]) and that an o.p.n. not
divisible by 3 has ot least eight components [17]. Sylvester elaimed he
could prove that an o.p.n. has at leash six components [18]. Sylvester
[187 and Janold [9] have been the only researchers on the subject aware
of 1.8. Mowever, Sylvester’s proof of 1.8 i3 incorrect. A meat proof of
thiy wueh-proved theorem nay be found in Artin {1]. 1.8 is originally
due to Bang [27], Birkhott-Vandiver [3], and Zsigmondy [21].

Gradstein |67, Kithnel [12], and Webber [201 have each independently
proved that an o.p.n. hag ot leagt six cobnponents. Kanold [10] proved
that an o.pn. nof divisible by 8 hag at least nine components. Tuckerman
[197 proved that any o.pa. is greater than 10%. Hagis [7] proved that
any o.p.ai. is grester than 10%, Recently Stubblefield [15] announced
he conld prove any o.p.n. is greater than 10

In this paper, T will prove that any o.pn. has at least seven com-
ponends. T lighti of the result mentioned above by Gradstein, Kiihnel,
and ‘Webber, all T need prove is that every odd number with exactly six
componenty iy not perfect,

% 'Plis paper 38 Gl suther's doctoral dissertation which was submitted in June
1678 and divceted Ty Do, Jolm Tate of Harvard University.
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If » iy o posibive integer, we let A{n) = a(n)/rn. We shall see in 1.3

that if m|n, m < n, then k(m) < h(n). Dickson [4] defined a primitive
abundant number # as a number for which hA(n) =2 and whonever
min, m < n then kim) < 2. It is clear then that any perfect munber is
algo primitive abundant. Dickson went on to prove that for any & {here
are only finitely many odd primitive abundant numbers with procisely
k components. Then Dickson proved the covollwry (alse proved Try Gradstein,
[6]) that for any & there are at most Linltely many o.pon’s witih precisely
k components. Hlence a potential scareh procedure dor opanls is to list
all of the odd primitive abundant nwnbers with o given wonher of
components and cheek each one to see iLit is perfect. Dickson [47] cmployed
this method to show there were not any four component op.nts, Bven
though it is theoretically o simple procedure to loeate all of the odd primi-
tive abundant numbers with & components, when & is large (say 6),
there are so many of them and the primes involved ave wo lwrge that
even computer technigues would he- impractical,
' We look then for alternative inethods in exumining this finite hut
large set. Among these methods arve results that go baek to Fuler [5]
and new results -proved here for the first time. One eluss of possible the-
orems about o.p.n.’s ix;

{%) An o.pn. is divisible by § distinet primes = N,

Kanold [11] proved this result for § = 1 and ¥ = 60. Tfis proof is shovt
and elementary and we wso the vegult in the present paper. Since this
paper ‘was written, Hagis and MeDaniel [8] annotnecd they had proven
the result for j = 1, N = 11200. Their proof involved extensive work
on & computer. Sinee the Present papor relies only mavginally on o lew
computer factorizations due to Tuckerman [19] and since the 1 Tugiv-
MeDaniel result would shorten the present froof only slightlv, it was
decided not to vewrite the paper incorporating this vesult.

A resudt that would be of significant help would Do to establish ()
dor wome j = 2 for even a velatively sinall N, say 500. The priveeiple mo-
tivation behind Section 3 in this Dpaper i3 lo prove (x) for § <=2 and
N = 1000 in o spocial ease (of. b1, 5.2).

- The main rosult proved in fhis paper has bheen independently and

situltancously obtained by Robbing [14]. I lis proof N quite simile -

to this proof, the chief difference being the results obluined hego
In Seetion 3. I wish to thank Dr. Tobbing for adbviging me of the
faetorization of o(3%), due to Muskat, which saved some lines in 4.6.
Algo Dr. Robbing persuaded mo to incorporate Kanold’s result (1.15),
and he advised me of the similarity of my LB to o vesull of Grad-
stein [6]. ' '
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1. Preliminary resulis

1.1 Mmler [5] proved that if » i3 an o.p.n. then n can be written in
the form plipg?...pfk where py,p,,...,p; are distinet odd primes,
Py =y = 1(4), and Gy ==... =0, == 0 (2). We shall call 5, the special
prime, usually denoling it by = and its exponent by m. If p ig a prime
divigor of an o.p.n. we shall sometimes denofio its exponent by eXpp.
This will not be confused with the usual notation expsz = ¢°.

1.2, We shall denote by Ty the dth cyclotomic polynomial. Tt p is
a prime and e is o positive intoger, them

n:+1___1
o) = pt g el = BT TTmyp).
- a1
d>1
it
Hence if # = []p¥ is an o.p.n. then
Feml
_)'.3 ke I &
g [[psi = g(ﬂpga) = [Jows = [T [] Faiwa).
feal feal Fral i=1 djapil

a1
Then for cacl p;in, there is & pyn and a d > 1, d|a; -+1 such that p,| Fy(p;).
Furthezmore. il p; [ 8 non-special, then for each d >1, dle;-+1 we have
Fulw)|n; and if pg is the special prime then for each d > 2, dla;+1 we

i1 .
have Iy(p,) |5 and 37, (p)|n. We note that $F.(p,) = Pt That is,
. . m+1 -
if m ig the special prime of an op.aw. %, then [%.

1.3, We have already mentioned the multiplicative fumetion hin)

a(n)

w e T1) {he introduction. IE p i o prime then h(p®) =1+p ... 4p~"
0 .
inereases with e and lim b(p") = Wﬁl Henece we shall erite R(p™) == h(D)

y [/ 2] ) - )
s pl Ioig multiplicative in this extended sonse, so if @ = wfL .., pik
B 1,

whore Py, o, py, ave distinet primey and @y, ..., @ are non-negative
infegoery or oo, thon

Biw) = h(p) ... h{pf).

It 9 = ¢ are odd primos, @ is o non-nogative integer or oo, and b is a pos-
five integer or oo, then

. o p b
o 4 D e -—-—-——::} <] .
h{(p®) =< b(P) 71 < 4 (g) < h(q)

Theso remarks yield the following general Tegull:
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Suppose & = pf1 ... piF where Dq, ..., 0, are distinet odd primes,
Gy ouuy Oy, GFE ROV-ME Jwtme miegers or oo 1,' = i) ... qhk where 1y «vss Gy G470
dvjstmet odd primes, and by, ..., b, are nmon-negative integers or oo, Fi
thermore SuPPose

1) if p; = q; then a, < by,

2) if py # g; then p; > ¢ and by # 0.

Then h(z) < h(y) where equality holds only if » -
by & = g is that for each ¢, p, = q; and a;, = b,.)

In the ahove notation, if k(y) < 2y we define g(y) =
Tollows that g{z) << gln).

y. (Whal we mesn

2
B e N R 41T
g—hiy)
1.4, Tn thig section wo shall prove two lemmas coneening the fune-
tion g.
" " ; ; )

. _Let ‘”.“Pf‘“ Diky y == gt g wWhers Py, ..., Py -
distinet primes, @y, ..., &, are non-negaiive integers or oo, and b ey by
are non-negaiive integers. Huriher suppose that hix) <2 2 < h{y). .’l’hen if
g =min{qy, ..., ¢} ther ¢ < mg(z).

Proc#. 1.3 implies

m Gl
2 < h{y) = h(w) r[ B{g2i) << h(a) (__.‘L_) )
Bl .

wmoo.
Lot H = h(z). Then 2007 « (»g—l—) y HO (BHTHHT _,,ﬁmi._ and

g1

(ZH—-:L)]/m a1 xR (2II--I)(7JL-I)/M RN (2}[-1)1]”&

< ==
= CE BETL
9 +2{m—l)/mH1[m +... "‘l“ 21,’m I{(m— 1yfm 2
= <
2—H T 2-H
since H < 2. Bub mH s mg( ). B

For our second lemma, suppose m s a positive indeger, lm(m) < 2,
and p i @ prime with 54 m and P < glm)—=1. Then himp) =2
. . 1l ---: 4 ‘
Proof. hmp) = h(m)h(p) = k(m) EE o himy - I w
: o q(m) 1
1.5.' EL‘IJQ following result ig siwilar o Thoorem V in Gradsbein [67.
However theve are several misprints in his shatement and proof.

b s I3 b 0, - o
Lot == pft ... pik, y == g0 g, 2 Q?" e oy WREPE Dy ity By Gy yeer
ciy O V6 cﬂwstmci pnmes aml wl, oo iy byyoay by are positive dntegers.
Then ' '
?il.
B oy = ﬁ, ~ B {
(@) = h(@e) - (o) ,% i
g

vy G OT€
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Proof. We make use of the following well-known inequality: if
Q<< fori=1,...,m, then

m m
[Ja—ep=1- 3.
d=1 d==1

This inequality may bo proved easily by an induction argument on m. Now

1 qb-l-l —1 i (Qb

._l_ B T =) = - for P Tl .
R s ") for any prime ¢
Heneo '
My) 1R 1 1 71
T ] T ] vy Rt Rl s )
h(z) 4 gy el gyt =~ gaett?

ki

\ 1
hw) = h(z)hh(z)_z el
and our conclugion followy gince b is multiplicative. ®
Wo malke ase of this lemma in the following situation: we would
like to prove h{xy) > 2, but this is too difficult to evaluate. Instead we
find h{zg) > 24-& and then use the lemma to show h(zy) > 2 provided

- 1 '
& I8 large enough and } | T is small enough.
2 3

i
L6,
(" 1) 4o {a+1), i og(p)|a-l and ol(p) >1
(o (p) == { v(a+1), if  o(p) =1,
0, . otherwise.

_ Here p and ¢ are distinet primes, ¢ 3, », 18 the ¢-valuation and
04(p) I8 the order of p mod ¢. Thig resuld follows eagily from Theorems
Od and 95 in Nagell [137 (pp. 161—«166) when we notice that
P
o(p) = T = [[ Tatp
djedl

©>1
Wo also remarle thatb if Q iy o prime, gk, then o, (%) Lgml

L7, I q ds a Fermat prime (i.e., o prime L greater than o power of 2)
and if p* 18 @ component of an 6.p.7n., then

Delo 1), if p =1{g),
V(o (pM) = | vy (P +1) +v,(a--LY, i p = —L{q) and p is the special prime,
0, ' otherwise.

Proof. Thig follows from 1.1, 1.6, and the fact that o,(p)|g-1,
a power of 2. m ‘ :
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CorOLLARY. If @ Fermai prime ¢ divides an O, then so does
a prie = 4-1 (g).

L8. (Bang [2], Birkhoff-Vandiver [3], Sylvestor (181, Zsigmondy
@21].) By(m) is divisible by ¢ prime p with oy (m) = & whenover 9‘/1@ 18 cm
wleger 2= 2 and d is an integer = 1, exeept for m =2 ond d ~ 1. or 6 apd
Jor m a Mersenne number and & = 2. (A Mersonne number is o nunher
1 less than a power of 2.) ”

Notio. For our purposes, m will always be an odd prite. Also whornever

_ T P 1 == 1 | 1
¢ = 2 we will have m == 1 (4), s0 m will not be 4 Mersonnoe numibor, ITenee
the exceptional cases will be irvelevant.

_ 1.9. If ga" i8 @ component of an o.p.n., and if dla-1, d > L, then some
pwme q divides this o.p.n. with 0,(p) = d. In partioular ¢ =1 ().
Proof. This result follows when 1.8 is applied. to 1.2, m

1.10. ]f % ¢« posilive integer and p i3 o prime, let w(n, p) = the
'JZ"H‘-’!;"LE)@'}‘ of distinot primes ¢ dividing n such thel q 5P, Bt o1 (@), wnd
g is ofot Fermat. Let 7(n) =the number of distinet positive divisors af .

Suppose p* is o component of an o0.p.m. n. Then

. (11 N . " . o
:L) if p¢ is non-special, then 7(a +L) =1 < o (n, p),

2) if p* 8 speoial, then v(a-}-1)—9 « win, p).
Proof. This follows when 1.9 is applicd to 1.2 and L.7. m

L11. Let p® be a non-special component of & 6 component op.n. »
Let ¢ be. a prime dividing # such that p =1 (g). Then if », (cr(p“)l) m J’u'
then 1.6 implies pg(a, +1) = k. (We notoe that the :z.s,mnzlptio:u; q iy Fe.:lrmm:
ffmd k>0 would foree p =1 (g) by 1.7 ) Then 1.10 il]'lil)liﬂﬂ k<5 4, where
1f_ k'}z 2, t}}en a1 = ¢*. Furthermore 1.9 Implies that » iy ('li;ris’iblc by
distinet primes py,..., p, differenti from P sueh “that p, == 1‘(‘q"') foir
1<i <k Also n s divisible by Fy(p), ..., I ,(p). f |

Let._ _nm be the special component of g 6 component o.p.n. n, Lot
g bo a prime dividing # such that 7 = 1 (g). E%uppoﬁu ) (o‘(:m’}")'). - ;c ey
amd @.zq/('n.a —f—l) == . ’l.?hm 1.6 imiplies 7)(,(5':-4«1“) = o i (V\(}ea note thut the
?.‘fssuznpt_lom that ¢ is Fermnt and % > 0 wonld foreo wm o=l (g) by 1.7.)
_lhen 1.10 and Ti].‘L.(‘. Twet that 21m--1 (L1) imply § <9 where it ‘j 2= 0
then m +1 = 297. T j = 2 then 1.9 fmplies n iy divisible by distinet ]’;'rjy.}rw.rj
%,1)1,2p2 ) t;ug_d.i.:f‘l":e'r01115 from @ such Ghat p, o= P21 =1 () wnd 503” ’pé
;ii. iﬁgmﬁjgm Jjwtheu (}J?l].y“_thﬁ b 1.3.."!1;(1 jpi must oecr. oo either (.',:.Jxéu,

£ ¥ F (m) and EM(W) for L7 '

i 11)&/ %’f 5: i8 amaomplmmt of on o.p.a. n with special aomponent =",

m;, B“ m{& ;)w“id—{’c(srz )(;;, if m = 1(5), then at loast 2 primes divide n which
= one of them ig = 1¢ Weo

tainy 5 oy f @ 2 1381, (Wo noto that if o = B, thoen cer-

icm
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Proof. 8inee 5 iz o Fermat prime, 1.7 and the conditions of the
statement imply there is a component ¢” of n with ¢ =1 (5), Blo(¢),
and B|b-41. Then 1.2 implies F(g)|n, and 1.8 implies there iz a prime
r|F(g) with » = 1L (3). If ¢ 1381, the statement clearly follows since
p 55 g, Dub for cach ¢helce of ¢ =1 (5), ¢ < 1381, Column IL of Table
2 and 1.8 show thai there is an »|F(g) with » = 1 (5) and r > 1381. &

113, If 17 ds a component of an o.p.n. n with special component =™,
and if LT m -1, then 2 primes divide n which are =1 (17). One of these
primes e =103, the other is 2= 187, - :

Prooi, Sinee 108 and 137 are the two smallest primes =1 (17) all
we need show Js that fwo primes =1 (17) oceur. Now if 17%| ¢ (x™), then
ginee 17% w1 aadd 17 iy Fermad, in the notation of 1.11 we have vy (m 1)
=4 >0 wnd so our conclusion follows from 1.11. Tf 17%4 o (2™}, then there
ig & non-speeial component ¢® of m such that 17|o(4"). Again our conelnsion
follows from 1.1L, : '

L4, Thoe following remarks are often ugeful:

If 7 is the speeial prime of an op.n. and & is an odd divisor of =41,
then o == 2k —1 (45). Indeed, (4L, F) =1, m = —1 (&), and = =1 (4).

I 9% is a non-gpecial component of an o.p.n. and if ¢ is a prime &i-
visor of o{p®), then o,(p) is an odd divisor of g—1. Indeed, o {p){a--1,
qg—1) (1.6) and a--1 i odd (11). It #™ is the speeial component of an
0. andl ¢ is a prime divisor of o{#™), then o,(=) is either an odd or singly
even divisor of g —1. Indeed, o,(m)|(m+1, g—1) (1.6) and m+1 is ingly
even (1.1).

1.16. (Kanold [11].) If n is an o.p.n. divisible by 3, then there is a prime
p|n such thet p = 61, ’

Note. Tt is not hard to show that the agsnmption 3 |# is superfluous,
but we shall not need the result in thig form.

116, If p and q are primes, Tt i a positive integer, and p | F (%), then
o, (k) == L or g. Furthermore 0,(k) = 1 if and only &f b =1 (p) if amd ow:‘iy
i poesg ‘

Proof. These facts follow from Theorews 94 and 95 in Nagell [13]. &

T the rernainder of this paper, wo will assume that an o.p.n. n with
precisely & componenbs exists,

2. 3 iy the smallest prime ovcurving ; the secend smallest prime occur-
ring is 5 ox 7 _ ' '
9.1, 3|0 and the second smallest prime occurring is 5, 7, or 1.

Proof. Tf 34m, then 1.3 implies A(n) < R{5-7-11-13-17 19) < 2,
a contradiction. T the second wmallest prime ocourring is 2= 13, then again
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Tn the remainder of this section we assume o 0. 1 == 3* L1 0l

where 11 < p < ¢ < ¥ < § are primes.
2.2, p =13 and ¢ =17 or 19,
Proof. If p > 13, then 1.3 and 115 imply
i) < B(3-1L1-17-16-23-61) = 2,
a contradiction. Henee p = 13, If g > 19, then 1.3 impliog
hin) < h(3-10-13-28-29-81) « 2,
a contradiction.
2.3, ¢ =17
_ Proof. Suppose not. Then we have jush seen that g ==19. But
g(3-11-13+19) < 18, ¢(3-11-1319-23) < 78 g0 1.4 implies » <2 36 and

8 < 73. But 1.15 implics s 2= 61, If ov ig the speeial prime thon 1.2 fmplies

m:+1 . .
[#, 80 or = 37, 53, or 61. Hence o = § == 61 and 31 also divides .

Bm, 1.3 implies h(n) < h(3-1L-13-19 31 6L ) 2y o contiradiction. =

2.4. Iere we conclude otr proof that the second smallest prime ocour-
ring 48 D oor T.

Proof. If not, we have seen that m = 3°11Y18°1L7%¢" where 17
< <& are primes, Sinee g(3-11-13-17) < 20, L4 implios ¢ < 40. Tlenee
113 implies 17%| 41 where w is the special prime, which implies 17 is
noti special and & is even. Hence 114 implies m == BT (1156), 80 2 == s = §77.

Now r =19 for i not, g(3-1L1-13:17-23) < 139 lmjphm (1 'L) that
8 < 139, (Olltldidl(uiﬂﬂg $ 2 577, Similarly ez 6 since g(32- 11-13-17- 1‘%)

< g(3*-11-13- 17 19) < B69. Sinee T|o(11%), Ble(11Y), we have b6,
Also gince 13, 17, and 19 are not special, we have ¢ 2, d= 2, ¢ 2.

Now 7(3:11-13+17-19) > 2,0047, s0 L3 and 1D imply
hi(n) > R{3%115-13%17%.19%

7 1 b 3 2
20047 <2.0047 [ v UV S TN [P
o Fer g e 1.0*) -2
3. Two importaut Iemmas. A prime p is snid o have property A it
cither 1, (3) is divisible by some prime ¢ = 1000, ¢ % 17 (%) or If IF,(3)
g dmsxbl{-'- by iwo pritaes g, gy > 1000, {(We note 1.}mh fooen U7 (36) if
and only if k =1 (4) and & = —1(9).)
: A primne pis said to have properiy B it eithor F,(B) is divigible by gome
prime g > 1000, g = 49 (100) ov if 7, (B) is dmmbln by two primes gy,
¢p = 1000. (B == 49 (100) if and only 1f Io=1(4) and & = —1 (2B).)
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In this section we shall prove {ef. 3.11, 3.12) that every prime p = 7 hus
both properties A and I exeept for 359 which might not have property B,

3.1, If p > B00, then p Las both property A amd property B.

Proof. Let p be o prime > 500. Then if ¢| #,(3), 1.16 implies 0,(3) = p
and we bhave ¢ == 1 (p) which implies ¢ = 2p -1 >1000. That is, BVElY’
prime divisor of I, (3) is > 1000, Henee if #,(3) is divisible by two distinct
primes then clearly p hag property A. But if Jf_,,,(‘i) = g% where a =1,
then ¢ 4 (%) which implies ¢ 2 —~1(9) so g 5= 17 (36).

The proof that p haw property B iy similar, m

3.2, If 1, (3) (I7,(5)) has no prime factors < 1000, then p has property
A {property I?).

Proof. This was essentially proven in 3.1 =

3.8, Suppose F,(3) s divisible by no prime < 1000 except for v and
r o= 5 () with The mfp«mmr a of v being odd. Then p las property A.

Proont. For any positive integer &, (35*43(3* ) = 0 (4). Suppose
o hag the above conditions. Then 1ett1ng b = (p—1}/2, we have

F(3) == [(3") A3 (IR L8P 33 L 133 L = 1 (),
But ¢ =23 (4}, so ¢, (3) == 3 (4) which implies some prime g =3 (4)
divides #~ 0, (8). Then ¢ > 1000, ¢ 5= 17 (36), s0 p has property A.®

3. Suppose F,(3) is divisible by mo prime < 1000 exeept for v with
exponent @ such that »* s 4 or 5(9). Then p has property 4.

Proof. Suppose p has the above conditions. Since F,(3) = 4 (9), we
bave ¢, (3) # 1 (9). Therefore some prime ¢ 52 £1(9) divides
r~%F,(3). But then g > 1000, ¢ 17 (36), g0 p has property A. @

' }OROTJLAT{Y. If 7,(3) is divisible by no prime < 1000 eweept possibly
for v and v == 419}, then p has property A regardless of whether v divides
L (3) or wlm!mm the erponent of 7 8. :

8.5, Suppose F,(5) is divisible by ne prime < 1000 except for + with
cxponent o and pr® == 3 (4). Then p has property B.

Proof. “%ﬂ‘}')poﬂo 3) has the above econditions. Then sinee 7, (5) == p (4),
wo haye #O0, (B) o2 7" B (5) m=e®p =2 3 {d). Hence romie prime ¢ == 3 (4)
divides ¢ If’“(ﬁ) "l‘"hon. r,f = 1000, ¢ 7 49 (100), so p has property B. m

COROLLARY. If p == 3 (4) and if ¥(B) is divisible by no prime < 1000
saweept possibly Jor v == 1 (4), then p has property B.

3.6. Hzrjppc)sa 1,(B) is divisible by mo pr pme << 1000 ewcepl for + with
exponent o and ,f & or 19 (25). Then » has properly B.

Prooi Suppmo 7 has the above conditions. Sinee F,(b) = 6 (2),
we have v, () w# L1 (85). THenee some prime ¢ divides v~ “F, (5) with

g -k (2R), ’”L‘hm g > 1000, ¢ # 49 (100), so p has property ZB B

4~ Acta Arithmeilea XXV.3
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If F,(H) is divisible by no prime <2 1000 emeept possibly
24 (25), then p has properly B.

COROLLARY.
Jor v =1,7,18, 0r

Pro.of. Moduwlo 25, the set {1, 7,18, 24} is closed under multipli-
eation. Tence ¢ w6 or 19 (25).

3.7, Suppose p o q ove primes, p o 20 0f ¢| 17, (m), where m 4s an
i i ‘ .

() and ( ) == 1. Cenovarsely, if ( q) s Ly e/ L (g,

. 7 :

and ¢ = 2p -1, thew ¢].F,(m).
Proof, Sappose p 2 ¢ ave primes, p oS0 WogL0 (m) then 16
Wit -,

1 (’l‘)) Now .lfr..u (’W«) @i ":ml

integer, then g == 1

implies o {m) = p which implies ¢ == and 5o

m AP my\ o, . .
glm® —1, Then 1 et m |——1 = “‘l sinee 3 is odd.

q /A
Suppose now (?;i) =1, m 7 1(g), wnd ¢ = 2p4-1. Then somo g
exists with g* == m (g). Then 1 = cyt e o (¢), so g |w” 1. Bub
gtm~—1, 8o g|- /’ 11__11 = I, ('m)

If q\¥, 1 (),

thew g K, (3).

3.8. Suppose B, q arve primes, p =3,

0,2, or 10 (12). If ¢ ==

(8), thew ¢ =
L g1 . ‘

g o= 41 (12), and ~4‘—'-"~—I;—~~ 2p kL
Proof. Suppose p, g are primaes, 9 = 3. Suppose g|F,(3). Sinee p i
odd we have #,(3) add, 50 ¢ i odd. Hence sinee 0,(3) # 1 (3 =1 (¢),

3
1.16 implies g s p. HHence applying 3.7 we have ¢ == 1 (p) and (q) = L,

3 T :
Now if g ==1 (1) then 1 = (1) == (z) which  Iinplies g == L (3) aud
- 4 .
. ) : - . ‘ 3 q, ) . . .
g0 g=1 (12) B ¢ =3 (4) then 1 = ([ =y whiceh implics ¢ =02 (3)
0,9, ov 10 {12) follows Tran

ke (12).
Nince g iy prime, we have g o0 2 (4) aod

and 8o g wl {12). The fack Ghat -

the fact that piq -1, 4 el 1(f‘ ) (md F I P it

Suppose now ¢ == "p -t

: 3 ‘
henee ¢ == 2 (3), Then («ri) s Lo Buli g =03 (1), wo ((,r) e 1ol wo

[

mey apply 3.7, ®

3.9. Suppose p,q ave primes, p > 2. If ¢ B, (B), then g =1 1L (p) and
g == A1 (10) If p == 9(10) and ¢ == 2p -1, then ¢| L7, (B)
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Proof. Suppose p, ¢ ave primes, p > 2. Tf ¢{F,(5), then as in 3.8,
5 5

g 5= p. Now 3.7 implies ¢ == 1 (p) and (—‘3-) = 1. Then 1 = (~) = (g«)
q q o
=1 (5), so g = -1 (10).
I p =9 (10) and ¢ == 2p +1then ¢ = 9 (10} and (—)) = (if-) = (f_) = 1.
)

5]

which implies g =

Lence 3.7 implies | 77,(5). =

3.0, Heery prime p =T which does not appear in eolwnn 1 of T'able
3 has both property A and property B.

Proof. An examination of Table 4 shows that for 7 wp 37, 9
haws propevty A, and for 7 <X p = 23, p has property B. 3.1 implies we need
not worry if p > 500. Now every other prime p > 7 missing from column,
I of Table 3 has the property that there is no prime ¢ << 1000 with ge=1(p)
and cither ¢ == -1 (1") or ¢ == 41 (10). Hence 3.8 and 3.9 imply respee-
tively that F,(3), F,(5) have no pnme divisors << 1000, Hence 3.2 com-
pletes the 1)1()01. H

3.1, Bluery prime p ;; T has property A.

Proof, 3.2, 3.8 and 3.10 imply we need only look at those primes
2 in columm, I of Table 3 for which either the T or K entry contains a prime
with exponent = 0. Using 3.3 we deduce that 41, 83, 113, 131, 173, 191 )
235, 281, 203, 418, 443, and 491 have property A. Using the corollary fo
3.4 we deduce that the rest of the primes in column I have property A. @

3.12. Hoery prime ;p = T eweept possibly 339 has property B.

Prooi. 3.2, 3.9, and 3.0 imply we need only look at those prinmes
P i columnn, I of Table 3 for which either the L or M entry contains a prime
with exponent = 0. Using 3.6 and its corollary, we deduce that 29, 37,
83, 8%, 07, 179, 289, and 419 have property B. Using 3.5 and its corollary
we deduee that the rest of the primes in colummn I except possibly 359
have property B.

3030 Ky, (D) 48 divisible by some prime ¢ > 1000 with 5 ¢4-1L.

Proof. Table 3 shows that 7197 By, (5) is divisible by no prime
<2 1000, Now 719 s 94 (5%) and Fyg (5) = 156 (5%, Tlenee 71971 g, (5)
g o1 (B8, llmmv some. prime ¢|7 19~ Ty (B with 8 g+1. As we have
alveady noted that ¢ > 1000, the proof iy complete.

4. 5 is the second smallest prime oceurring. Throughout this section
we shall assume the second smallest prime ocewrving is not 5 and hence,
in Jight of Scetion 2, the seecond smallest pmm oceurring s 7. We shall
agsune that we hwn an 0.p.a. n = 3“7"1} gértsl, where T<p < g<r<s
are primes.
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4.1, p =1L or 13.
Proof. Assume p > 18. Since L3 | Fy(3), 11]7,(3) we have 3, i1 a1,
Section 3 tells us that some prime > 1000 oceurs as a divisor of o(3%)
3@-1-].__

= Then
3 -1 P

noting that 1009 ix the smallest p’rime > 1.000). .

Hupp(mv p = 10, Then ¢ =23, » == 29, for i not, ) < A(3-7-18-
.23-31-1009) < 2, Hence z == ¢ > 1000 (vecalling that = stands for the
special ])1.1m(=) ginee the only other prime oceurring that i3 = 1 (4) is 29
and B1F,(29). Henee 3te+1 for if not 127 F,(19) would ovewr. Also
94§ -1 Tor if not 37 Fy(7) wonld oceur. Using 1.7 and the fact that & 2 6,
we have 3°lo(s"). Using 111 and the fact that 8 = m, we have 3%s-}L
But from Section 3, we may assmne our prime > 1000 iy cither s 1 (4)
or == —1(9). Hence we have too many primes oceurring and p 419,

Suppose p = 17 1.4 and the fact that g{3-7-17-19-1000) < b7
imply that only one prime > 57 00(11'1‘H Hengce 1.3 implies 17 is not gpecial.
In fact 113 implies that 17%|x--
erty wo 11111% have # == 5 But 1,]1(\11 94 b 1 Lor 1063 F.J(’”) would occor
and 1068 == 1 (1), Since ¢ and » are hoih-, 19 and - , then neither
3lo(g®) nor 3|e(r’) for if nolk 127|¥F,(19), 331|F4( 31 (;TIF:,(:W), ov
631 | 1, (43) would oceur. Honee, ug in the preceding. i)«h.ld;g!‘imp'li, a Gz by
3% (8", 3%fs-+L and we got a contradiction. &

42, If p = 11, then g  13.

Proot. Suppove p =11, ¢ =13. Then d =1, for L not, cither
Rin) > R(32-7% 112138 > 2 or h(n) > h(3%-72-11%-132-19% > 2 (noting
that i b = 2 then 19| #,(7) oveurs). Henee 13 s the gpecinl prime. Also

< 19, for it not, hin) <k (?:} 793 2?)?11_(}‘(}‘)) < B

@ == 2, for if not, h{n) >Rk(3* 77.112.13) > 2. We get » > 170 nsing 14

snd the fact that (32 72-112-13) > 180. Hence 3451, 3, 51 e-1-1 since
19| 2(T), 19125 (11), 5|2 (11). Then b 2 4, ¢ 2 6 and sinee.g (3% 7*-11°-13)
> h88; 1.4 implies ﬂmb =091 :

Wo have 7 =s == 1 (3). Indeed, 3”[0‘ T 8”'
singe r and 2 are 1’1.01‘1-31)001&]. wo have r oo g o
Yo (). Then # == 1 (3) and gome primoe =1L (9) oecurs. Bat this "[ill]\l(‘
must be s, 80 zmgn.in ro=n g =0 1 (8). The same abgnment applios il 9] o (s,
80 In any case r oo 1 (3).

Sinee 04(7) = L() wo have Lo (7% and L1 e (s), Since ¢ 0,
we have either L1 o) ob 119 o (+). ‘%nppt)no 118 (%), Binee ¢ ix non-
special, by 114 cither 04,(¥) = 1 or 0,4(r) = 5. In 1.1m Livet eage wo woull
have 113 e--1. Jmplymg 3 primes other than # a.rn sz 1 (11), an absurdity.

- Heneo 04, (1) = 5. Ienee ble--1, and if 1134 F,(r .h(n o6 je-kL implying
2 primes other th'm roare #=1.(11), also an %bmrdﬁy Cur conelusion is
that 113 F,(r). Similarly, if 11%)e(s), then 11°[Fy(s).

[{Z 3o, 3ja(#) then
1(8) {cf. 1. ;) Huppese

{, and sinee no prime < 87 has this prop-:
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Now if ¢ is a prime and L1%|F(4), then ¢ = 124, , 632, 735, or 1170
(11%). The smallest such ¢ =1 (3) is 9949. But g(32-7 11 13) = 540, %o
1.4 implies # "< 1080. _"[lli(:n T3 o (%), 80 118|o(sh), 5if+1, and s = 9949,
Bince g{3*-7 B71, 1.4 and the first ]_)d;]d:ﬂl(hph of this

‘11-13- ~9949) <
proof unply thati 521 < 7 < 571. Since » =1 (3) we have re{323, 541,

547},

Now 3o (r), tor it not, 9jo(s") which implicy 9| j‘+:l But we alveady
have 8|1, s0 451 f -1, contradieting 1.10. But 31 o (523°) for 7027 | F,(523)
would oceur and T027 -< 9949, Similarly 31 o (H47°) f()l 163 [ F,(b47)
would ocenr. Also 84 o (541°) sinee 13963 |7, (541) would oceur and 13963
== 658 5= 124, 632, 735, or 1170 (11%). m

3. If p =11, then g %17, 19, or 23.

Proof. If g =17 or 19, then &34, for if & = 2, then 13|F4(3)
would occur. Alse b2 2, 622, d= 1, Then h{n) > R{3%-72.112:19) > 2,
go g =217 or 19.

If g =23, then as above ez 4. Also b4, ¢4 since 19]F,(7).
Ty (11}, Since 4 2 2 we have h(n) > (375112235 > 2. m

4. If p = 11, then @ = 6.

Proof. huppom @ == 6. Then. 1093 == F,(3) does occour. Now 341+
+exp 1003, for if not, the 1J1i1ne 398581 | F3(1093) would appear and we
would have h(n) < h{3%-7-11 291093 -398581) < 2 (using . the fact that
4.2, 4.3 inply ¢>=29). Also 31b-1 for oftherwise 19]|F,(7) would
0(:(',11'1' contradicting ¢ = 29. '

Hence the 2 undetermined components (other than 3,7, 11, 1093)
most aecount for 6 factors of 3. Then (ef. 1.7 and 1.9) since 3, 7, 11,
1003 = 1(9), we must have one of the undetermined components be the
gpecial eomponent 2™ where = —1 (3) and so we can not get more than
1 factor of 3 from the other undetermined component. Thus 3°|o(n™),
and sinea “I?H’fm 41 (e¢f. 1.10), wo hayve 3* w1, Then x> 309. But then
Tuin) < 'h(%" 11-20-809-1003) < 2. m

A e 11, then o = 4.
J’J (mL We can nui. have 2 different primes = L0040 ocenrring, since if
woe «h(i 1it hey wnuld 1)0 sz 1009, 1013 m’l(]. we would have &(n) < h(§ 7 ﬁ
201000 1013) <
SUpPDOKe now @ / 4.-8ince 13 == ,(3), 4.2 tells us that 3¥a--1, so
o % 2, & 4.4 says ¢ 5 6. Hence we would have o 2> 10. Now 31451 for
19 Wnultl otherwise appear. From the arguments of 1.7, 1.9, and 1 11 we

Jhave 3 o{#™) and 3% |m-FL. Hence = >71000.

Hence we must have a1 a power of b, for if not some prime > 7
would divide e+1 and Section 8 would imply the existence of o prime
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= 1000 and £ 17 (36) and hence distinet from z=. But we just noticed
that there can 110t he more than 1 prime occwrring = 1000,

Henee we may assume 285 [a+1. But F,(3) = $951-391151, so two
primes > 1000 occur, a contradiction. & ‘

4.6, If p =11, then g5 43.

Proof. In view of 1.4, 1110 fact that g(3*-7-11) <
Suppose ¢ 47. Since g(3*-7-10-47-53) < 559, L. again implies that
§ < 5h9. Now 34e41 for Olh(.‘IWISO 197,11 would, appeatr; b4 e -1 for
otherwise 51, (11) would appear; 71e-+1 for otherwise 43 [H, (11); and
11te41 for otherwise the prime 1806113 [F;,(11) would appear con-
tradicting s < 559, Hence ¢ =12,

Then 111°} ¢ (¢*r°s"). Then for (t, k) =
11* (o ("), Since 1.11@13 are not more than 2 primes = 1 which ave == L (11)
we have o,() = 2, b, or 10 and 113, (¢), 11374}, or 1130, (1). In the
first case £ = 1330 (113); in the second case ¢ = 124, 632, 735, or .1.110 (112
and in the third case ¢ == 161, 596, 699, or 1207 (113). I[%ut in any case
we would have ¢ > 559, a contradiction. ® '

£7. If p =11, then ¢ # 29.

Proof. Suppose ¢ =29. Since _g(34-'5-ﬂ-"‘2"§) < 139, 1.4 implics
7 < 278, Also if r3» 139 then 1.4 and the fact that ¢(3'-7-11-29-130)
< 29975 imply we would have s <¢ 20975.

Now 11t+0(29% for otherwise, since 04,(29) = 10, we would have
10|d 41 which would imply 29 is gpecial and so 5 II‘2(°9) would sppear.
Then 11573 g (#* sf Now 1134 ¢ (#*). Indeed, it 113} o (%), then since outside
of ¥ the only candidate for a pmme = 1 {11}y 8, we Would have 113 |, (v},

L (P}, or Fip(r). But as in the proof of 4.6 this is impossible Wlth 1< 278,
Hence 117 Fy{s), Fy(s), or Fyls).

Suppose r = 139. We have previously noted that 3,54'¢4-1. Now
alto T+e+1 since 43 |F,(11) and 194 ¢ -1 for 37|10, (11). ‘wmcv & <2 29075
we have 11{e 1 since the prime 1806113 |F,,(11), 13+ e¢+1L since the
" prime 3158528101 | F,,(11), and 171 e -1 since 50544702849020377 T, w prime,
iy = I, (11). Hence ¢z 22, But then either 11| F,(s), 7y {8), or F,,(s).
We have Fy(s) < Fipfs) < Ig(s) < (s-+1)", s0 108 (s-4- 1) which inpliey
1% < ¢ 11, 80 s >40000, a contradiction. ‘

Hence we. have r={137. Now IL(S“‘?ILZ91§7) > 200014, We
noticed above that 11%7*|F,(s), Fy(s), or F(s), and ¢—4 = 2. Tenee
s =120, 3, 9, 27, 81, 40, 94, 11
B (1) = "801 = § and 9801 = 18 (121), THenee b2 6, Also d +#2 since
13|¥F4(29). Then since 4 +# 1 we have d = 4 Umng 1.5 wa have h(n)

6 ()
06+ TR ) 2.8

<< 25 fmplies g < 7h.

(g, @), (7, e), or (8, f) we have

> h(3* 7%11°-209*- 137) >‘9 00014 —2.00014]-

ob 118 (121), Then b £ 4, for otherwise
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4.8. If p =11, then g 3L

Proot. Suppose ¢ = 31. Then from 1.4, g(3*-7-11-31)
p < 212,

Suppoxe r = 107, Since TH’G( 319 (for otherwise since o, (31) = 5,
we would hawve 5|d4-1 and 5 wonld oec,m) we may apply the arguments
10000, But (3% 7-1L-31-107) < 6048, so s < 6048,

< 106 implies

in 4.7 and get & >
a eontradiction.

Henee we huve 7103, Now h(3%7-11-31- l(}?)
applying the 1.1%11111('311,:\ of 4T we have b= 6. Also d 2=
then ¢ == 33LF(31) and 331 = §9 (121). Hence

2.0004, Again
: 4y, for Hod =2

n) > (376118314 103)

2.0004 ~2.0004 |-
> 06 ST

..{._hjli__ +,L) =2, B
ST A

4.9, If p =11, then g == 37,

Proof. Suppose ¢ = 37. Rinee ¢(3*7 7-11- 3—} < 68, L4 implies r < 136,

Suppose rx 71, Then since ¢(3*7 711 éﬁ ’ﬁ) <1’51a, 1.4 mmhe
§ << 1315, Bince 0,4(37) == 5 and the prime 4271 F,(37), we hove 111 (37 h.
Now if 112 e (), then, as in 4.7, 118 (), J.f"s(w), or Ivm('r) which implios
3 288, confradicting r < 136. Hence, since ¢ 6, we have 113 o{s")
which implies LL3|.F,(s), If‘ (), or F(s), ‘W]].Ple in the first and third
possibilities we also have s = 1 (4). Then s > 3361, contradic tmg § < 1315,

Henee we have » = 07. Suppose r = 67. Now h(3"7-11-37-67)
= 2.00018. Ay in 47,026, ¢z 0, d =2, 6> 2 and

R(n) > L(3%- 75115 37%-67%)
2 1 3 4

2.00018 —2.00018 (= + -~z A+ p bl >3,
= 2.00018 (106 +1o‘ 10° 105)

Thas v = 67. Bub thoen,

h(d“ . LL87- 61) = 2,003
ol

© . i
h(%) . ,1!4(3«1, RN RARE LAY N ) 2.003 -2, 003(105 -} :i:li-)_{ - '_L%E + ]%;f)}ﬂ. -]
4,100 Jf p = L1, then q < &1. o
Proof. Suppose ¢ = 41, Binee g(3" 7-11-41) < 58, L4 implies 7 < 118.
If r= 69 then we get the same sort of contradistion as in 4.9 sinco
q(aﬂL 7-T1-41-58) < 1793 implies 5 < 1793 and 11{ o (41%) (since oy (41)
= 10 and if LL\a(LL") then 10]d+1 and 5 would oceur).
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Hence we have » < 53, Now h(3? ﬁ:{ig}) > 2.0027. Then as
in £7, 5286, ¢ 6 and

Bim) > R{3" 7% 11°-41-53)

] LIRS B
- 10° "0 a0 10t T

11, If p =11, then ¢ 5= 43.

Proof. SBuppose ¢ = 43. BSince fi(%L 11- 15) A, 1.4 implies
7 108, If v = 89, then s < 582 since g(3*-7 1143 V»‘)) < B84, But since
0,:(43) = 2 and 43 can not be special, we have 114 a{43Y and we gob
the same sort of contradiction as in 4.9, Henee » == 17 or 53.

Suppose » =353 and ¢ = 1. Then the fact that g(8'-7-11-43:53)
< 8178 implies s < 8178. We have ¢ non-special and, 1172 a{s). Ience
114 Py (s) sinee ¢ 6. But no prime < 8178 has this property. (In fact,
the only prime < 8178 for which 113 F (1) is 6779, Bubt LU F, (6779).)

Hence for # =47 or 53 we have ¢ 2= 2. Also g in 4.7, b= 6, 6 2= 6.

We also have d = 2. Then sgince
1(3“ L1 45 5.3) = 2,00046
we have
h(n) = N(3* 75115 43" 53%) _
2 1
2.00046 —2.00048 T e Mp—— 2. m
= 200040 1 T 31,07 T 105) =

Parts 4.2—4.11 have shown that p =4 11. Hence in the remaining

party of Section 4, we may astume p = 13. Since 11|, (3), we shall also

assume 53fa-+1. | _

4.12. If p =13 and ¢ = 17, then a = 2.

Proof. Suppose ¢ = 17. Then sinco g(:i”-72-1391f) =23, we have
34 +1, for othemiw 19 | F,(7) would occur, contvadicting 1.4. Then
it o 95 2, we have ¢ 2= 6. Also cither ¢ = 2 ov d 2= 2. But A (3% 74-152.17) > 2
and. 7@(36 718178 >0, m

4.13. If p =13 and ¢ = 19, then ¢ ==

Proof. A%umo g = 19, 6 % 2, Suppo‘w ¢ =1, Then 113« g(3°% 7%

+15-19%) < g( 713 19) « 188 implies 112 < ¢ < 376 by L.4. Then 845 -1

sinee 37 I, (7T) anrl 9fd-+1 since 523, 29989|F,(19). Theretore by 1.7,
3% o (r"s"). By L1, va(a (1)), vy(o (s )) £ 3, 80 a5 8. If @ = 8, then wo
note that 13|c(3%) and the prime 757 = 7 4 (3) ocours: Ninee "L.S | E5(7B7),
i 3{14exp 757 we would have 2 factors of 13 condr radicting ¢ = 1. Hence
v5(0(s")) = 0 and 2,4(o(#*) = 6, an impossiblity. I & = 6 then s = 1003
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= ,(3) and v;{c(s)} = 0 since otherwise 398381 |F,(1093) would occur.
But then o, (d( "‘)) = 4, an impossibility. Hence ¢ #1

Suppose b =2, Then 294 < ¢(3%-72.13%-192) < 4(3
implies 203 << r <2 866 by 1.4, Then 31 ¢+1, d+1 for otherwise 61 L[| .F5(13),
1 27\]# 19) would respectively ocenr, Suppose # < 491, Then 71(3 7213
19-421) = 2.000073. I 4 =6 or 4 =8 then mther 1093 = F,(3) or
THT = Fy(3) oceurs. Bub ginee (3% 72.13%.19% 421-1093) > 2, we have
a = 10, Then,

B > h(310073 184195 491)

72.15.19) < 428

= 2.000075 2 0()007'5( + 3 - - I —i——ﬁ— =2

10° 107 108 T
Henee we would have » 2 431 Now (](3 721319 431) < 54669 implies
by 1.4 that s < 54669, If ¢ = 6, then (since v << 856) ¢ = 1093 = F,(3).
Also 31f-1 for otherwise 398581|F,(1093) would occeur. As we have
alvendy noted that 3 e--1, 41, we have 3%|o(r®). Hence w = 7 and by
L1, 34w -1, and hence o = 809, But then 5|¥#,({809) would oceur, so
a # 6. It @ = 8, then 787 = F,(3) occurs and g(3-7%-13-19-757) < 982
implies by 1.4 that s -2 982, We have 341 - exp 7567 for otherwise the prime
14713 | Fo (787) would oecur. Then 37| o{a"™), 3%z -1, and = > 982. Hence
a 7= 8. Aldo @ 10, 12 for 23| F (3), T97161|F4(3). Henece a =16
whieh implies 3% |0(sh), so 8% o(x™) and 31 |m--1. But 311 > 54669,

Trenoe b 5+ 2. _
Now K(35-7-13-19) = 2.00024. Sinee ¢(3%5-77-13%-19%) > 204, 1.4
implics ¢, d 2= 4 for 611 ,(18), 127]F3(19). Hence
7.

191 > 2.00024 —2.00024: |— + —

h(n) > h{3%7%13* 1 TS

+~§—) >2. B
ddd. If p == 13, then a = 2.
Proof. We assume o s+ 2. From 4.12, 415, we have ¢ = 23. Since
5 -1, we havoe oither 9|a+41 or gome prime 2= 7 divides a--1. Applying
Soeetion, .& We wve oeeul rmg & 1)11mL = Jf")(d) = 757 dividing &(3%) which
Is not L7 (38), Then ¢(3-7-13-93-757) < 131 implies by 1.4 that
<081, &0 TOT and 8 4007 (36). R
Wo ]mw g == 81, fov i not A(n) < it( 7.13-37 41 T87) < 2. Suppose
= 10. Now fvn(a "”) == 0 for otherwise 19 would oceur. Alse if 13 were
vaclsul wo would have ?),,(a (13%) = 0 gince #4(13) = 157, a prime. Then
in this case we would have m{i@,,(d—i~il.)+?)3(e+1) oy (fHLY <3424
+2 < 10 (noting that 3, 7,13, ¢ 5 1 (9)). Hence either 7 or ¢ is special,
and if the special prime were == 1 (3), we would have a < 9y (0 -+1) -+ v, (d+1)+
Fog(e L)+ o, (fF1) = 3+ 34241 < 10. Hence # = —1 (3),and ¢ < 2+

iy
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2 4+1+1 4+, (mw41) which implies 3*|z-+1. (We note that we have
been using the arguments in 1.11 repeatedly.) Then = 809, 7 =g,
7 =17 (36), & contradiction.

Hence o = 6 or 8. If o = & then F,(3) = 757 = 5. Then vy{o(s)) =0
for 14713 | 7,(757). Also v5(0(13%)) << 1 since some prime > 767 divides
Fy(18). Also vg{o{gh) = 0, for it g =1 (3), the ng = 31 and 33L]F,(31),
but # < 151, IIence 37|ry( #") which implies by L.11 that 3%z -1 A‘m[
henee > 6 = TAT, & contradietion.

Hence @ = 6. Then F(3) = 1093 = s. Henee wy(a(s) == 0 sinee
308381 | I, (1093). Also v,(0(1839) < 1 sinee we alrendy 1101(! I, (13) s
divisible by & large prime == 1 {9) and 1093 :£ 1 (9), contradicting » < 131,
Also as sbove, v5(o(¢®)) = 0. Hence 3°|o(a™), 3'[n-+1, and x 3 800,
But 7z #1093, so again we get a contradiction, since v < 131, =

4.15. If p =13, then q #+ 17.

Proof. Assume ¢ =17, Since a = 2 and g(3*-7-13- 17) < 34, 1.4
implies » < 68, Henee 1.13 1mp11es at ;r‘ 1{, 174 w1, and d = 2, 1[011( '
7= biT. Now since h(32-7-13- 173757 Ty <22, we have ¥=5l31. But
k(32 7-18-17 -31) > 2.004. The work in 412 shows 19 does not oeeur,
50 b = 4. Al%o sinee m 2z 577, we have ¢, d, ¢ 2 2. Thon

. 5 J 3 N 4 so m
T R I 1 R

9 e - 7
R(n) == h(3% TH 135177318 = 2.004 —2 001(

105
416, If p =13 and q =19, then v 2 2

Proof. If not, then p = 13, ¢ = 19, r = 23. Since ¢(32-72-13-192-23%)
>B558, 1.4 implies s > 507, Hence, 3+4te+1, d4-1,e¢--1 for otherwise
6L F5(13), 127 | Fy(19), 79| F,(23) would respectively oveur. So d, ¢ = 4
and either ¢ =1 or ¢ 4. Suppose b = 2 and ¢ = 1. Then 639 < g4
TTEL3U0 234 < g(32-72-03-19-23) < 640, so 1.4 implies 638 < s < 640,
an impossibility since 639 is not prime. Henece either b w42 or ¢ #1
which implies either d =4 or ¢z 4. Bubt B{3% 7103102232 =2 and
h(3%-T7-134.192:237) 2

417, If p =18, then g == 19.

Proof. Assume ¢ = 19. Using 1.4 a.ud 4.16 wao Imw g (3% 7 ”l% 1

29) < 484 unplym 8 < 484, Algo g(32: 713 19) « 28 implies r < 50,

Huppose 3|6--1. Then & == 61. 8ince ¢ 3 2 we have at least 2 factory
of 13 to account for, and one of them comes qum o (3%. Suppose a prime
1R < 61 and 015(%) == 3. Then if ¢ >3, we havo ! = 29 or 61. But 67|01 ,(29),
97| F,(61). Suppose 0,,(t) = 1. Then 7 = 53. But this ix the only prime
% 61 which iz == 1 (13) and if wo woere 1o obtain a factor of 13 here we
would be contradicting 1.11. Finally suppose 0,(1) == 2 or 6 and £ == 1 (4).
Then if £< 61 we have ¢ = 17, but 17 can not oceur. Henee 34e4-1

icm

1858 == BOT

" which would imply s =

Ci e e ) (3),
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Now e 4 since F;(13) = 30941 >18l >8§ 6 %5 since 3|51
T ¢ 2= 6 we have 13° | o (s). Indeed, if 13 |6 (#%), then the above paragraph
ghows that 7 == 29, 3|e-1. Bug Lhen 8§ = 67 a.nd 13*10(67), an impossi-
Dbility sincee 044(67}) = 12. Hence 134 o (»*) and 13%| o (¢). Sinee we do not
have 2 primoes # s which are == 1 (13} then either 13%|F,(s), 13%|F,(s),
or 138|F (s}, Bul (s} < I (8) < Fy(s) < (¢-+1)* which implies s-+1

484 > 8, a contradiction. Henee ¢ % 6. Our conclusion
is that ¢ == 1, ' . )

Sinec g(3%7-13-10-29) < 126, 1.4 implies s < 126. Then v,(o(7%) <1
sinee 1063 |1, (7). Binee » (rr('l 39) =1, we have an odd number of factors
ol 7 and at lvmt. 1 factor of 3 to phuuo in o(r"¢’). Sinee 13 is the special
prime and since 29 <1y << 56, if 3| o(#9), thenr = 31,37, or 43. But 331 | F, (31)
and 631 |7, (43) both contradicting s < 126. Also 67| F4(37) and h(3% 7

-13-19-37-67) -< 2. Tenee Sf (). So 3|a{s/). But Table 1 shows the
only choicey t()I‘ &2 31, <126 such that 3| F,(s) and there is no prime
LU (8) with £ 2> 8 ave s == 67 and 79. Bub 72| F,{67), 721 F,(79) 8o ‘we still
have at least 1 factor of 7 to place in o(#*#). Now clearly 734 (s, for -
if not, 21|f--1, which would imply that 2 primes == s are = 1 (7). Hence
Tio(r"). Now (;7(}*) = § winee  is non-speeial and if o,(#) = 1, then 7}f+1
1A{7) contradicting ¢ = 67 or 79. But if ¢ = 67,
then 7 == 31| Jy(67) and 0,(31) # 3, and if ¢ = 79, then » = 43| F,(79)

cand 0,(43) £ 8 m

418, p 13,

Proof. huppow not. sz.rbs 4.12-4.17 imply we nmy agsume ¢ = 2,
g == 23, Since g{3%-7- 13-23- 29) < 87, 1.4 uuplwq § < 87, BuL 1.16 implies
§ = 61,
 Bince ¢(32-7-13-23-61) < 34, 1.4 implies » = 29 or 31. Hence, since
3L, (31), we have 9]e(13%). Now 940(13% sinece Table 1 shows
a large prime dividing J7,(13). If 3|0(13%, then s == 61|48 (13), and
97 | 1, (¢ )L) alye oceurs, o contradiction, Mence 9)a(s)). %mae 61 = 5 < 87,
then Table 1 shows layge primes dividing Fy(s). Henee s
mr =1 (B sl ¢ Bn ospeciad, But there is no sueh & (o prine == 6 (12)) = 61
anil < 87. W

Heedion 4 has shown that 7 s not the sceond smallegt prime, so from
Section 2 we see that the sceond smallest prime dividing # must be 5.
We divide this esse into two subcases: b iy gpeeial, § is nob special.

5. The special prine is 5. We have already deduced that our o.p.n.

cmodsein the form 375 peg™r's” whete B < p < g <r<s are primes. In
- this pection we shall assunie that b

it not special, i.e., that b i3 even. From
this assumption we shall obtain a eontradietion tund hence prove the
title of this seclion.
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We recall that = denotes the special prime and expm = m,

5. m > 1000, 7fa, 14n, 6Ya+1, 57E--1, and not both 3|a+1,
351,

Proof. First we note that if 8%|=--1 or if 5= +1, then = > 1000,
Indeed, using 1.14, if 3% | -+1, then m = 485 (972) and if 5*|z+1 then
= 249 (500). Next we note that if cither ¢ 2 12 orif b 2 12, then « >1000.
Indeed, if a > 12 then we can not get more than 9 factors of 3 from the
non-special components (cf. 1.11) which implies = == ~1 (3) and we can
not get more than 6 factors of 3 from the non-special coruponents. Thug
3% w1 and & > 1000. Similarly by applying the same arguments from
1.1 to the case b = 12 we geb 5°|w-+1 and « > 1000,

114 n sinee if ¢ = 2 then 13 appears and A(3%-52-11%-13) > 2 and if
a2 then R{8%-5%-11%) > 2. Since LL|F(3}, T (5), we have i+ a--1, b1
~ Suppose both 3|a+1 and 3|6-+1. Then both 18 = F,(3) and 51
= F,(5) occur. 13 is not speecial since 7F,(13) and A(3%-5-7%) > 2, Bub
2(32.52-132-312%) > 2. Hence cither 3+t a-+1 or 37b+1.

Suppose b= 6. To prove m > 1000, we muy assume e = 2, 6,8,
o 10. Now it a non-speeial prime 3 or 5 and = 1 (8) ocours, then fwm
1.11 we get 5%z +1 and hence = > 1000, Bub il ¢ = 2 ov 8, then 13 == F;(3)
occurs and we have alveady noticed that 13 ean not be gpecial, If; =06
then 1093 = ¥ (3) ocours and if 1093 is special, then 547 |.F,(1093) occurs
which s non-special. If a == 10 then 2310, (3) ovcwrs and 23 can not
be special.

Hende to prove = > 1000, we may assume b =2 and a == 6 or 1.
But if @ = 10 then 23|#,(3) occurs and since 23 % 1 {(3) the arguments
in 111 show that 37|n-+1 and hence = >>1000. Thus we ray sssyume
o = 6. _

Since g(3%-52-31-1093) < 26, 1.4 implies OO primp < B2 ocewrs.
Therefore not both 3|14 exp3l and 311+ expl093 since 331 F,(31) and
398581 | F5(1.093) Would both appear. Algo 941 4-exp3l for Doth 331 and
a prime = 739 and =1 {9) wonld occur-(c¢f. Table 1). And 941 --exp 1093
for Doth 398581 and a prime =73 and == 1 ( ) would oceur - (using
Table 1 and the fact that 1003 = 10 (19), 1093 == 20 (37 1) Flenee between
the 31 and 1093 components we get 0o more thas.u 1 factor of 3; from
ancther non-gpecial component we get no move than 2 factors of 3 (sinee
31, 1093 £ 1 (9)), so we have = = —1 (3). Thon 3*|s(x™) and 3%|m-1
whmh implies 2> 63, But some prime < 62 ocours, so 341 expil,
311 +exp1093. Then 3*|a--1. Hence if 7 < 1000, then m == 809, Bub
8% |o(n™) and v,(810) == 4. Then 3|1 4-exp809. But 7|5, (809) and we
have already mnoticed that 7 can not appear. Hence z > 1000. m

5.2, There is a non-special prime occurring which i = 1000,
Proof. We make use of the two lemmas of Section 3. Then. if 9|z -1

icn

b2 6, since 1E b =
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and if some primo t|a--1 with ¢ % 2, 8, 5 ot if 253|741 and if some prime
t|b-+-1 with ¢ 5 2,3, 5, 359, then our statement follows.

Suppose 35901 Then from 1.11 we have 5% |x-+1. Bubt 3.13
implies that a prime ¢} Fy, (5) with ¢ > 1000 and 5%44-+1. ence ¢ is non-
special.

Suppose ¢ 3= 12 and a4-1 is nob a power of 3. Then ag in 5.1, 3% | & +1.
Bt winee 5.1 1.1111}11(\4 B a--1, our conclugion follows from. the iu.st para-
grapi. Similarly, it b2 12 and 41 is not a power of 3, then we may
apply the abovae two pavagraphs,

Sinee from 5.1, not both 3| e--1, 3|5 -+1 we arve left with the following
3 ases: ol we 3 fmtl be(6,104,0-+1 = 3 and ae{6, 10}, and &, b<{6,10}.

Suppose @41 = 3 and be{6,10}. Then 13 == F,(3) occurs and since
b= 6, 117 implies 58|e--1. But cither 7T15+1 or 11|56 +1, so Section 3
gives our result.

Suppose b--1 = 3% and ae{6, 10}. If o = 6, we note that the last
paragraph of the proof of 5.1 shows that if o = 6 and it b = 2 then 3* |z + 1.
Hence gince 7)e4-1, we may use Section 3, If ¢ = 6 and if b > &, then
ginee 1093 = F,(3) occurs, 1.11 implies 5°|x+1 and hence 1093 is non-
special, Tf ¢ == 10, then 3851L1F,(3) ocenrs and 3851 £ 1 (4).

Finally suppose a, be{6, 10} Then either 23|17, (3) or 1093 = F,(3)
oecurs and L.LL implies 52|z -kl Hence we may use Section 3. m

5.3, p e 18, 1T, 19, 23, or 29,

Proot. 5.0 and 5.2 ghow that 2 primes > 1000 occur and the 2 smal-
legt sueh primes ave 1009 a,m‘l 1013. Then gince g(3-5-1009-1013) < 17,
1.4 hnplies p << 34, But h{3-5- -81-37-1009-1013) < 2. Hence p < 29. In 5.1
we have already scen that p #7 or 11 &

B4, p 7% 29, o o

Pro of. Suppnse p ==29. Then since g(3-5-29:1009-1013) < 37, we
have g = 31. Now a;z 6 gince if @ =2, 18 = I74(3) would oceur. Also
/L(:% 5E-29-311009 1?)13) < 2. Algo ez 2, since
B Inplies 29 44 not wpn(*m] and & 3 2. Then sinee h{3-5- 29-31) > 2. 00(}6
wo o have

h{n) > (8% 5% 20%-81%) > 2.0066 20060 (10“

2 B 4
o

TR U :10“) >3 .

Bop o483 e

Prook. Huppose p == 23. Then rince g(3:5:23-1009-1013) < !Eﬁ, we

have g« §56. Ag in 5.4, ¢z 0. Then b6 sinee h_(SG-(S'-ZS“-Sl‘) =>2
Then from h(" ‘593 47) = 20028, if ¢ < 47, then

2 4 1
+"“g‘“|'——7+ )>2-

105~ 10°

o . ;
h(n) > h{3%-5°28%47%) > 2.0028 —2.0028 (10‘*
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Therefore, g = 53. Now 23, 53 = 1(3) or {8) %o 111 implies 3% 5% x -1,
which gives = > 107. But q(.ﬁ 52353 - 1009) « 21281 which imples by

1.4 that all primes are < 21281, a contradiction.

5.6. p == 13.

Proof. Suppose p =13, Then ¢ =2 since B{38-5%-13%) = 2. Then
from 5.1, b > 6. Since ¢(3%-5-13-1009-1013) << 50, we have ¢ = 50. Since
R(3%-5%-13%-43° ) >2, we have ¢ =47,

Sinee g(32:5 513 - 4:)~\Hr1 1.4 implies r = 2742, Sinee 13, 47 o 1(5),
1.11 iroplics 5”E~z +1, and sinee b= 6, we have w = & I[onov b 7= 10, for
J'f b == 6, m == 19531 == I, (5). Henee .“)"“’|-n; 1 which immplios s'u—[al = ho
= 9T6H62N. But if 73> 1873 then p(3%-5-13-47-1373) < 746970 Jl.nphes
8 <2 m, o contradiction. Henee » < 1367, Also » 2= g(3%-52-18-47) —1. == 85,

Since #.(13) == 30941 = —1 (8), we have ¢ 6. (Clearly ¢ 542 for
61, |F (13) would oceur.) Also 37|8,(47), so d > 4. Then, sinee }5(32-};-

1347 1%:) > %.0000037, we have
h(n) > h(3%-5"- 13“ A7* 13677

3 2 B 4
>-2.0000037 —2.0000037 T N P -
" (1“ T T '1010)” "
ToIf p o= 19, then ¢ = 97, 101, or 103 and ‘i'l’fb +1, b - 1, ¢--1.
Ploof Suppose p =19, Ag in 5.5, 3{e4-1, b1 hmoe g(% 5-19-

-1009-1013) < 119, we have ¢ < 119, Theu, df(‘—!—l stnec 12707, (19).
Hene.e az=6, bx68, ¢=4. But h(d 5-19- 80))> 2.0016 and if ¢ 88,
‘ 7 b 2
h(n) > k(3% 5° 1‘)’L 89%) > 2.0016 —2.0016 - .
() > I ) i ST T R TTE
Henee g 2 07, Now if ¢ = 107, then, 19, q # 1( ) ¢md 110 implies 5w --1
which implies 7 -1 3 B = 15625, But ¢{3-5-19-107-1009) < 11114, Wence
g <103, =
5.8, If p =19, then g % 97,
e Proof. Suppose ¢ = 07. Then sinee g(S—ﬁ"il,'!iUTd) <2 9317, L iplies
r o 18434,
Rince 14, ‘)7 e 1( 3y 111 llil’ph(‘h B m

7 3]

J 2.

- Hinee from BT, b

Suppo.s‘e @ = 6. The._ T n—lﬂgd = .l.’,f“’T(::'i) n.nd since  A(3%5 1897

-i'ﬁgg) 20006, woe have
To(n) > h(3555 190 972 1093)
2 5 9 1
= 2. OOUD—‘) Q000 |~z oo A e o il 2,
T T T T 10")
Hence ¢ # 6.

icm

{dd perfect numbers 287

Lamd 5.7 imply @ 2,4, 8, 01 14, @+ 10 since 23|77, (3) and ¢ = 12
sin.(..u we would have == 797 161 = F,4(3), contradicting 5°|»+1. Hence
a 7= 1b. ) ‘

Also b 7 6 since F(5) = 19631 and 19531 == —1 (B). 5.7 implies
by 8. Lence b1 Also e 6 using 5.7 and the fact that F.(19)
AR N

%u‘p'pnw dh e, * e 316U | (97). Then
-3169) %> 2.0004, woe wonld "it Ve

h'(d“’) " l (‘}Iia we Al I(]ﬁ (’r"“ 3 Hi‘(}'.’.)

Then ginee A{3-5-19-97-

23 2 2 1
s 20004 20004 T ol o . 2,
10" L | ot 108 +10“ )>
Henee d =l
TE ¢ 2 8221, then r/( 51997 - %’1)<16994.500, go 1.4 Implies all

pritnes wre - lb‘l‘Hoé) But 80 m -1, so = = 19531249 (35062500) (cf.
L14), o conbradiction. Ienee » =g 9209.

Bt 2(3-5 1997 -0209) = 2.00000016, g0
hin) > h‘(:&’-"-:’31"-‘19“'974-9309—)

2 3 22 2
e 0000010 -2, 06000010 . T e P e 2
0 ’(1(»“ T T T O :ml—)>
BAIf p o 19, then g o 101, |
‘%u’p]m\( (; = 101, Siuoo q('g 719 i6~f) == 1920, 1.4 implies
T wo have a2 6, b= 6, and 31¢+1. Hence ginee
_.f) # 1 (5), we have by 1.11 3* 53 %41, so % > 3840

Proof.
# o 38, I*‘mm F»
34 e (187, 101 54 ] ( )
Al gt o= g, S
Phen g(3%F-18-101-1093) < 15877 imnplies (since

SuUppose a4 = 6,
But by Ll14 = = 20249 (4-3'-5%), g0 -

F(3) = 1095)  that s <7 LBSTT.
U |
Thin, s in B8, a7 00, b 1()
New i #1931, wo have g3 ST
g -0 B368TE. But by 1L, g '?"I:m o1, #0 7 > 8, & contradiction.
w e T, Dl h( el L0 ]i)li) = 9,0000038, s0

101-1931) < 336873 implying
Hemee

B{we) oo BB 1(1'1'“" 14134

3 2 1 2
b s ——) >2.

10F T 1eY T 10t T 10m

J
)
0000038 |

e 20000038 -
19, then ¢ 5 103,

Since r}(’i 5-19.103) < 1399, 1.4 implies
(5), 1.11 implies 5°[m-+1. TFrom 5.1, 0.7,

DA If pos
Proot, Asgane g == 103,
# oo BTO8, Since 19, 105 5% 1
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=6, b= 6, 37c¢+1. Then 5% |n+1, s0 = >1399, which implies = =g,
Since, by 1.14, = > 31249 > 15877, the argument in 5.9 implies a = 6.
Henee as in b8, a= 16, b \10 ¢ = 6, arnd 7 2= 19531249,
i r= 3-5-19-103
diction. Henee r

<$ 1381, But h( 5H-19-103- LSST) > ".000(}18, 50

h(n) > h(3%-510-19%.103%-1381%)

IR SN S
10° 1oF Togu) T ®

+ 10° 101

2
2.000018 —2. 000018( G

Sections 5.7, 5.8, 5.9, and 5.10 show that p %19, In the remaining
sections we establish the impossibility of the one remaining cage: p o= 17,

5.1, If p =17, then 207 < ¢ < 837 and 3¥a+1, b+1.

Proof. Clearly 31 a1, since » >-:L3|].fT 3).
shows that 346-+1. Now since g(
g < 518.

Suppose ¢ < 251. Now from 5.1 and the above, we have ¢ 6, b 6.
Algo e = 4 smce B (17) = 307 > 251, Il o = 6, then since J, (J) == 1003
and sinee (3% 53-17-251-1093) > 2.001, we would have

Also, the work in A.5
5-17-1009- 1013)<018 1.4 implies

o 2 8 7 1y
(355817 251%-1093) > 2.001 ~2.001 [ o oo ) gy
( ) 0 or T ) 7

Henee a # 6, 50 > 10, Then iz(évg-ﬁ-ﬁf) > 2.00015 implies

h(m) > h(37 55174 251%)

' 9 8
= 2.00015 —2.00015 i 2
. ° )(106 T T T m*’)> '
Hence q> 257, '

Since ¢ 2= 4 ( (17) = 307 <z 847 ), 111 Jmphe.s 7w o= okl (17) But tt, b (»,
so L1l implies 3%52|m -1 which implies (1.14) that m == G749 (L:.‘i:’;‘(}()),
80 @ = 6749 or 20248. But neither of these ik = £ (17). Hence ¢ -3 337, =
5.12. If p =17, then a == 6. :
Proof. If @ =6, then 1093 = I',(3) occurs. Tf ¢ 283, then since

h(3%-5.17-283- -1093) > 2.0001 and since b=6, ¢4 (sinee g -5 283 < 307
= I, (17)), we have -

h{n) > h(3°-55-17% 2837 1093)

A\
is

: 2 8 b 1
= 2,0001 2,000 —r L T
(105_+10, + e o 105)

icm
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~ Hence g3 293, and ¢(3%-5-17-2931003) < 26946 implies & < 2694,
Since 1093 =1 (5), we have 5°[m -1 s0 & = 31249 (cf. 1.14), a contradic-
tion. B

AR, If p == 17, then r < 2V = 131078,
Proof. Trom 1.4 we have

a3, 3V a1, end w = &

P gg(ggﬁ‘(j) == g A :..,;_.

gince ¢z 257,

To prove ¢ == 30, we note (using Table 4) that ¢ 10, 22, or 28 gince’
ragpeetively 23, 47, and 39 would appear. Sinee 34 a-+1 (5.11), Bt a1
(5.), & 56 (5.12), we have e:=12, so 111 implies 3°-5%|m+1 so =
> 131072 and = = s. Then o = 12 or 18 since respectively 797161 =1 (3)

and 363889 == 1 (3) would ooccur. Also @ =% 16 since 1671 and 34511 would
both appear. Hence @ 3= 30. Then 1.11 implies 3% |zn+1. m
: - — 9% (g—1
DpriNreron. - Let 2, Do tho largest prime < g(3-5-17-7) = %l )

and let &, be the next prime larger than r,.
Bold, If p =17, then »<r,. '
Proof. Pist we prove that g(§ B-1

17-3-B,) < 2% Indeed, since
B, _ob . .
Eq ’}ﬁ-l 55 By, 'we have
g2
S 91 g [2fq—2°41 /2%g—2t4l
h(~55'17qﬁq) ‘"-/"‘:, 27 * _q—'l .( g__28 g_:)B——— ~1)
_{(*—1)q 2'¢—2'41
C g1 2q—g+l
Then
ARTT o (2“.(1““.(1)(286[*5334-1)] 2% (q~1)[q(2° —1)+1]
2517 -7-Brezn /|9 — =
65T 0R) <2 /|2 G 2

s (g —1) [g (28 —1) L] € 236336 (387 255 41) < 2%,

Butb 5.3 Implies 5“7|n~{ -1, 0 @z 8Y—1
which Implics ¢ < 7. @ _
BAB. If p == 17, then b= 16.
- Proof. 5.1and 511 imply 8,540 +1L. I b = 6, then 7 = 19531 = F,(B).

28 (g~ 2% 262
Now r, = —-&qugl 263, then r,< e < -— < D532,

> 2%, Then 1.4 implies » < B,

U Hence if g 963 — 956

Then 1.4 implies (if b m'ﬁ}q = 257, But in this case ¢z 4 {since

B - Acta Arlthmetlea XXV.3
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9B7 < 807 = Fy(17)) and h(3-5°-17-257-19551) > 2.00046, go

h(m) > h(3%-55-174-257%-19331%)
8 8

RRETORETO

1
> 2.00046 —2.00046 (1014

) 2
Henece b # 6. Algo b 5 10 or 12 ginece, from Table 4, respectively 12207031
=1(3) and 305175781 =1 (8) would oceur, and both are >2Y, con-
tradicting 5.13. Henece o= 16. =

5.16. If p = 17, then ¢ = 8

Proot. Suppose ¢ = 2. Then ¢ = 307 = F,(17). Since ¢(3-5-17% 307)

< 1171, 1.4 iroplies v <¢ 2342, If # = 1171, then sinec q(d -5-1.7%-307- 1171)
< 2082371 we lhave &< 2082371, contradicting 5.13. If r <1163, then

75(3 172-307 - 1163) > 2,00001. and. hence

hin) > h(3% 5€-17%-307%-1163%)

18 1
2. —2.00001 —_— 2.
> 2.00601—-2.00 ( it -+ 107 o8 + e >
Hence ¢ 5= 2.
If ¢ = 4, then » = 88741 = F, (L7). Bub ry, < v < 9882 (ol worl
in 515), a contradiction in view of 5.14. Hence ¢ # 4, I‘o‘r the same
reason, ¢ £ 6, since F, (17) = 25648167 < 3¥7 iy ];lnmo

B17. If » = 17, then d = 4.

Proof. Suppose 4 = 2. From 5.11, no prime may occur betwoeen
17 and 257. But 61|F,(2b7), 109|F,(281), 73|F,(283), 43|¥F;(307),
19| F4(311), 181|F,(513), 43[F4(337). Also if some prime occurs < 17,
it must be 8, 5, ox 17. But 7|F,(263), 13 |.F,4(269), T|F4(277), 7| F(817),
T17,{881). Also if q == 293 or 271 we have respectively 86143, 24571

oceurring, Butb vy, < 15y < vy < 9582 (ef. work in 5.15), a contradiction

in view of 5.13 and 5.14. Since we have examined Gvery posaible choice
for ¢, we lind that d +# 2. m

5.18. If » -—17 then (3
Proof. If ¢ = 257, Lhen

3517+ F,) > 2.0000000035,

h{3-5-17-257-65521) > 2.0000000069.

5-17- 263 905'[) = 2.00000067. Now
8, s 98y 9

by b.14. Now it —

Pisy = 65521 and

for any g, we have r<{r7, < T is an

integer, it is even (since g—2°is odcl and 2°is a divizgor of the numerator)

icm

- LL0. Hence o<1t which implies o<

Odd perfect numbers 2901
] ! ] , 2Mg—28—-1
and so is not equal to r,. Hence 7, < S — e Then
q__
—— — — 8 3 3 8
BEBIT-7-7) > (3517 g)(?‘ QQ 2 1/2 g2 ~ -1)
o T ) e VY ot
2g-1)@'q—g¢-1) " (gD —1)g—11"

= 337 'we have
260 — 928
27(837 —1)[(2*~1)337 —1]

Henee, when 260 <€ g =

A(B-B-1T-G7) > 2+ > 2.0000000035. B

519, p # 17,
Proof. Using 5.13 through 5.18, if p = 17, then
h{n) > h(3%-56- 178 5% '
= 2.0000000035 — 2.0000000035(

1 2 9 9 1
1014 10% + 1O + 105 g 10° >2

(using Q‘;—ﬁ 257, r = 1009), a contradiction. =

6. There are no 6 component odd perfect mumbers. The preceding
sections have shown that if » is a 6 component o.p.n., then » ig in the
form 3*5°p°e%r's’ where B<p<g<r<s ave primes and b is odd.
Hence throughout this section we shall assume that an o.p.n. of this:
form exists, and we ghall obtain a contradmtlon, proving the title of
the section.

We note that Lllroughout this seetion 1.12 iy applicable, so s = 1381
and 2 primes among p,q,7,s are =1 (10) with onc of them >>1381.

Lob =1

Proof, Since b is the special prime, 1.11 implies b < 12, 850 b =1, 5,
or 9. Suppose b = 9. Then 11|F;(6) oceurs. I ¢ > 2, then h{n) > k(8%
BLLRY > (3455118 > 2. T @ = 2, then 13]|Fg(3) ocours and h(n)
> h(3%-5%-11% 13%) > 2. Therefore b 5= 9. If b = 5, then 7|F(8) oceurs.
But (32572 > 2. &

6.2, o 5\ 10,

Proof. Sinee b is the special prime and b = 1 we have by 111,
that @ < 13. But cither §|¢-+L, B|d--1, 6|e+1, or B[f--1. From the
corresponding component we get no more than 1 factor of 3 by 1.7 and
< 10. =

6.3. a == 10.

Prooi. Suppose d = 10, Then by 1.7 and 1.10, if there is one com-
ponent among °, ¢°, #*, s’ from which we do not get a factor of 3, we
must get a factor of 6 there. Bub 23 | .F,,(3) and 23 s 1 (8), 23 2 1L(5). ®»
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6.4, & # 8.

Proof. Assume & = 8. Then 13 wlf*s(ﬁ) 787 = Fy(3) oeccur. Algo
gome prime > 1381 occurs and so g(d 513757+ 1381) << 44 implies by
1.4 that some prime = 1 (5) and < 43 ocems. Since R(3%-5-112.13% = 2
we have p =13 and ¢ = 3L or 41. Therefore 34 ¢--1 since GL|F,(13).
Henee 87 o (¢%°s’), no more than one 3 comies from the component fromn
which we get a 5, no more than three 3’ como Lrom any coniponent, so
27|14-exp 757, Then ¢ =1 (9), & contradiction. &

6.5, @ = 6.

Proof. Suppose o == 6. Then 1093 = (3} ocems. Sinee g(3%-5-
-1093 -ﬁ)<11, 14 implies p < 22, 'We now show that p ==gq s
=g = 1(3). Indeed, suppose we had at most 3 primes == 1L (3). f]?hu
no component can be responsible for more than two 3’8, so we muast get
a 3 from every component whoge prime is = 1 (3). Bub il 3|1-4-exp 1093,
then 308581 oceurs, and if 3|1+ exp 398681, then both 1621 and 2()68501
oceur, confradicting p < 22, ence p = mg ey s e 3).

Then p = 13 or 19. Then ¢(3°-5- 13- 1093 1 ‘381) < 4% implies ¢ < 42,
Sinece p, 1093 32 1(3), we have g = 1 (B) {in addition o g =1 (3)) so
¢ = 31. Then 3t{e-+1 sinee §L1]I,(13) and 127 F,(19). Also 3441
since 331}#;(31). Also H{d--1 since 11|F(81). Thus 45|f+1, a con-
tradiction in view of 1.10. =

6.6. If a =4, then p =11, ¢ =7 =5 = 1(3), {v(d~+1), v,(e-+1),
va(f+1)} = {1} or {0,1,2}, ¢ 6, and ge{73, 79, 97,103, 109, 127, 139}.
Proof. Suppose @ = 4. Bince F(3) =11% we have p = 11. Since
no other primes #¢,7,s ave ==1(3) and since 3% o (¢*r%s’), we have
g=r=5=1(3) and {vy(d+1), v5(e+1), v3(f-+1)}= {1} or {0,1,2}

Now ¢ 22 6 since 7| F,(11) and 3221 [ F,{11) where 3221 =1 (3}, Now since -

71 < g(8%-5-118)-< g{34
also ¢ =1(3) we have

q<{13, 79, 97,103, 109, 127, 139}, m

6.7, If a == 4, then 34 d-}-1.
Proof. Buppose 3|d+L. I g = 73, then g3t 5110

irmplies: by 1.4 that » > 2608. But 18011 F,(73), %o ¢ = 73.

' Noting Lh.m, T8, {r9}',7[111 (109),13 | F",{139) we e that ¢ 5 79,109,
or 139. .

. Hence g = 97, 103, or 127, In each case JF,(¢) is primo. Indeed,
§Fy(9 7) = 3169, §F;(103) = 30671, fmd LFL(12T) = b419. Now g(34-5-
“11-07-3169) < 287, so0 # < 287 and s = 7,
roots of 1T mod 112are 3, 9, 27, and 81, The smallest prime == 1 (3) and = 3,
9, 27, or. 81 (11%).i3 487, so 1134 ¥ (q), L2 F (7). Also s % 3, 4, 3, or

B-11-1381) < 70, 1.4 implies 70 < ¢ < 150, Since

T3 = 2609

g). The four primitive 5ih
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9 (11) (the primitive ih roots of 1 mod 1J) 50 11 Fy(s). Since g =1 (11)
we have no more than 2 primes (possibly r and §) == 1 (11). Then ?Jll(a )
<2, vulo() <1, vule(s)) <L, so e = 6. But 45319|F,(11), contra-
dicting & = §IM,{q)- =

6.8. If & =4, then {e-+1,f--1} = {9,15} and r =5 = 1(30).

Troof. 6.6 and 6.7 imply {v(e+1), vy(f--1)} = {1, 2}. Also 6.6
implies either ble--1 or B|f-41. Then 1.10 implies {e--1, f1} = {3, 15}.

Suppose now f--1 =15, Then it iy from the ¢ component that we
get o factor of B so & =2 L(5) and s =1 (30). Also some prime occurs
which i == L (L8} and this moust be 7, so 7 = 1 (30). Similarly if 6-+1 == 15,
then ¢ o2 ¢ =1 (30), &

6.9. If o == 4, then ¢ = 73 or 79

Proot. Suppose not, so ¢ = 97 and g(3*-5-11-07 - 1381) < 325 111113119
r < 325. Since ¢-1 = 9 or 15, we have o (r) = 3 or 8. (Indeed, if e+1 = 9
then o, {r) = 3, 0,(r) = 9 .0v vice versa, and if e--1 = 15 then o,(#) = b,
0,(r) = 15, and o4(r) == 3.) Also since r =1 (30), a guick examination
of Tmble 1 shows that 7 = 181, ¢ == 139. But 79| ;(181), contradicting
g =130 m : :

G610, If a =4, then q #79. _ _

Proof. Sappose ¢ == 79. Sinece g(3*-5-11-79) < 698, 1.4 implies
¢ =2 13006, Now 79 ¢ 1(9), 79 £ 1{B), 70 = 1 (15), 50 by 0.8 on(r) = 3.
Therefore == 23 or BS (79) in addition to & = 1 (30). Hence » = 181 or
971. Bub 139 |F,(181) contradicting ¢ >r and 13]F4(971) contradicting
g =179 ®

611 If @ = 4, then ¢ +# 73 . o

Proot. Assume g = 73. In 6.7 we saw r > 2608. Since g(3*-5-11-73)

< 2628, 1.4 implies » < 5256, Bince 73 # 1 (5), 73 # 1 (18), 6.8 implies

Oy (r) = 3 0b 9, 80 7 =2, 4, 8, 16, 32, 37, 55, or 64 (73) in addition to
o= 1 (30). 11(4110(")”652851,3001 ’%1‘71,3501 3541, 5101}, But 7] F,{2851),
7| F,(330°1), 19 | 1 (3541), 31| F;(3001), 101[F3(5L01). Also 3121 == 55 (73)
80 -1 =+ 9, Bub 19]F,(3121). m

6.6 through 6.1L have shown a # 4. We complete our proof that
there are no 0 (omlmncm o.pns by showing the impossibility of the
lagt vemnining case: @ == 2, :

G120 o 58 2, . _

Proof. Suppose o = 2. Then 13 = I’E(B) oocurs. Now p == 13 since
h(32.5- 114-1‘52) = 2. Sinee ¢g(8%D 5-131381) < 17, 1 L implies ¢ < 34, Bub
A(3%-5-15 31-37-1881) < 2, 50 ¢ = 17,19, 23, or 29: Hence r == 5 =1 (10).

T g = L7 then d >4 (since if & =2, then F,{17) = 307 s 1 (10)
would oecur) snd 1.1 provides & contradiction since no more than 9 primes
are = 1 (17).
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It ¢ =18, then 104 < ¢{3%-5-132-19%) < 9{(3%5-13-19-1381) < 122
implies by 1.4 that 103 < 7 < 122, contradicting + = 1 (1.0).

It ¢ = 23, then 52 < g(3%-5-132-232%) < g(32-5-18-23-1381) < 57 im-
Pplies by 1.4 that 51 < v < 57, providing the same eontradiction.

If ¢ = 29, then 35 << ¢{3%-5-13%-29%) < ¢(3%-5-13-29-1381) < 38 im-
plies again by 1.4 that 34 < # < 38 and no # here is = 1 {10). =

APPENDIX

‘While proving that o certain integer iz prime is elementary in thoory,
the actual practice iy offen far from eclementary. Thug the reader may
wonder at the casualness with whieh T state in 4.7, fov exarmuple, that
F{11) = 50544702849929377 iz prime! In fact, knowing the Lactoriz-
ation of an #,(g) whele p, ¢ are primes 18 an important tool thronghout
the paper. Most of the “hard” factorizations, such ag the above example
and the entries in Table 4 are not my own work, but appear in a computer
print out at the end of Tuckerman [19]. However, many of the other
factorizations ate my own. Included in this category are all of Table I,
almost all of Table 2, and all of Table 3. Also I verified that I, (17)
= 25646167 i3 prime (cf. 5.16).

Table 1
A B c D i)
2, 4 .7 19 37, 1063
3,9 13 61 "
4, 5, 6, 9, 16, 17 7, 11 19 127 . 623, 29989
825 | 31 | 331 *
7,9, 12, 16, 33, 34 10, 26 . 37 7, 67 73, 127, 42251
B 6, 36 43 . | 631 14, 181, 199, 3078
13, 47 61 13, 97 19, ®
29, 37 67 78, 51 #
2, 4, 16, 82, 3%, 55 8, 64 73 1801 19, 1R1,
. 23, 58 79 T, 43 304, *
35, 61 97 3169 # '
46, 56 103 3571 127,
16, 27, 38, 68, 75, 104 45, 63 109 7, BTl *
22, 37, 52, 68, 99, 103 19, 107 197 5419 37, #
42, 96 139 13, 494 19,
32, 118 151 7, 1093 "
12, 144 157 8269 ' 14, 87, %
38, 40, 53, 85, 133, 140 58, 104 163 |7, 18, 67 *
39,743, 62, 65, 73, 80 48, 132 181 79, 139 37, ®
84, 108. 193 7, 1783 #
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Table 1 (cont.)

83, 283 367 13, 3463
88, 284 373 7, 18, 73
84, 115, 180, 184, 234,330 61, 327 379 61, 787
14, 79, 196, 286, 304,312 34, 362 397 31, 1689

55, 305 | 400 | 55897
20, 400 | 431 | 59221
27, 150, 158, 266, 200, 417 | 198, 234 | 433 | 37, 10603
171, 267 1 439 | 312, 67
133, 323 | 487 | 7, 9967
21, 441 | 463 19, 3769
41, 187, 220, 259, 362,392 | 232, 254 | 487 | 7, 11817
139, 3590 | 499 | 7, 1092
19, 04, 217, 361, 410, 468 60, 462 | 523 | 13, 7027
15, 214, 225, 812, 852,505 | 129, 411 | 541 | 7, 13983
40, 506 | 547 163, 613
109, 4611 571 | 7, 103, 151
287, 321, 345, 354, 435, b46 | 213, 363 | 577 19, 5851
24, 576 | 601 13, 9277
210, 3906 | 607 13, 0463
160, 318, 441, 467, 474, 592 65, 347 | 613 7, 17923
953, 366 | Gl 19, 6733
59, 114, 876, 599, 485, 403 43, 587 | 631 307, 433
177, 4856 | 643 97, 1423

A B o n E
43, 58,162, 175,178,180 92, 106 | 198 | 13267 19, *
14, 196 | 211 | 13, 31, 87 | *
35, 183 | 223 | 16651 78, *
04, 134 | 220 | 97, 181 37, *
15, 225 | 241 | 19441 *
106, 125, 169, 178, 248, 258 | 28, 242 | 271 | 924571 19, 87, *
116, 160 | 277 | 7, 19, 183 | *
44, 238 | 983 | w3, sev 19, *
46, 53, 08, 168, 274, 287 17, 289 | 307 | 43, 733 *
98, 214 | 813 | 1812 19, *
31, 299 | 331 | 7, 5933 *
128, 208 | 337 | 43, 883 .
122, 226 | 849 | 10, 2143 37, %

19, 37, 73,*
#

37, 163, 199, *

19, 73, %

109, 379, *
*

19, *

&

19, 109, *
it

37, *

*

37, *
127, *

19, 870, *
L3

19, *

19, %

A — Tor each primo n ¢ whicly Is =« 1 (0), the peimitive 8th roots of 1 mod that prime arg lisbed.
B — Ior onch prine o ¢, the primitive 3rd roots of L mod that prime are lsted.

O = Theso e all $he primes < 843 which ore = 1 (3)

D - Tor cach primo p In O, thege ave the prime faclors with correct exponents of $#5(p)
T —~ For cnch prime p in Q, these are the prime factors with correct expononts of §Fy(p). * means

that evory other prime divisor of 3y (p) 18 = 780
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Table 2

Ir G I
'8, 4, 5, 9 11 3221
2, 4, 8, 16 31 11, 17351
10, 16, 18, 37 41 579281
9, 20, 34, 58 61 181, 21401
5, 26, 54, 87 71 AL, 211, 2221
36, 84, 87, 95 101 81, 491, 1381
53, B8, 61, 89 131 G, 973001
8, 18, 459, 64 151 104670301
42, 59, 125, 135 181 11, %
30, 49, 109, 184 191 11, 1871, 13001
55, 71, 107, 188 211 1861, 292661
87, 91, 98, 205 241 61, *
20, 113, 149, 219 251 112, %
10, 100, 187, 244 271 251, *
86, 90, 153, 232 281 31, 271, 148961
6, 36, 52, 216 311 11,
64, 124, 150, 323 331 37801, 63601
39, 72, 318, 372 401 11, 1233, 3828061
252, 279, 354, 377 421 11, 181, 191, 16561
95, 116, 245, 405 431 71, 101, 101071
88, 114, 351, 368 461 43, 61, 151, 23971
101, 183, 316, 381 491 101, 191, 608791
25, 104, 396, 516 521 11, *
48, 124, 140, 228 541 101, *
106, 167, 387, 481 571 1881, *
32, 314, 423, 432 601 *
228, 242, 279, 512 631 11, 41, 1511, 46601

Odd porfect numbers 207

Table 2 (cont.)

iy G H
367, 472, B31, 562 041 11, #
107, 247, 408, 471 661 #
80, 132, 149, 320 #O1 11, 61, *
. 86, 210, 4064, 638" 701 101, *
80, 892, 460, 56y 751 11, %
67, 168, 602, G#d 761 #
212, 840, 600, BI0 11 i«
51, 188, 161, 470 821 211, 241, 1789001
A8, 286G, 463, T4d 881 “
19, 48, 361, 482 911 11, 701, 17884211
348, 864, 412, 756 941 i
65, 341, 732, 803 o771 112, %
160, 197, 799, 825 891 =
BRO, 670, 802, 995 1021 11, 41, 1451, 332441
244, 518, 019, 460 1031 31, * :
507, 418, 671, 710 1051 71, 241, *
230, 881, 655, 865 1081 11, *
43, 200, 786, 1012 1091 *
234, 334, 683, 1060 1151 31, 991, *
74, 216, 987, 1008 1171 11,
81, 452, 656, 1172 1181 11, *
105, .216, 1018, 1062 1201 * .
190, 401, 771, 1098 | 1231 # '
410, 344, 855, 1003 1291 112, 8§21, *
163, 549, 870, 1019 1301 | 11, 61, *
133, 516, 735, 1257 1321 211, *
a1, 308, 969, 1232 1361 *

I — Tor eaeh peime In G, the primitivo §ih rooty of 1 mod that prime ave listed.
G~ Mhese are the primes <0 LBHL which aro. = 1 {8).

o~ For paelo prime o dn G, these ave tle primo facbors with eorrect oxponents of -;—FS (), ¥ means
thad every olbhier primae dividor of ;]_:17‘5(11) is > 2000,

Nalo, The tnetorbasblons of Fy(181), Fg(E31), and Fg(911) como from Tuackerman [191
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Table 3
1 J K L M
29 - - 59 3499, 9290
31 - - " 3110
37 — — * 1400
41 831 * * 7390, 8210
43 ® 4318, 9470 * 4310
47 * 6500 * 6590, 941=
53 10778 7430 L H
59 oo 7090, 827a * 7098
61 * 7330 i #
67 & # * 269
71 ¥ 8530 # 6%
73 * 8770 " 4300
83 1671 0970 * 4902
89 179= * 179% *
97 * 97]a * 3894, 9710
101 * ® # 8099
103 * * * 68390
113 297 * w #
127 # * * 5090
131 2g3L * ® ®
178 3471 * " *
179 35093 * 350 L
191 383t # * @
233 4678 # * *
239 . 4791 * 4791 *
251 5038 « * *
281 5631 * Lk *
293 587k * * *
359 T19e * TG #
419 330 * 83t *
431 863 - * * H
443 . 887 * # L
497 483 C* ¥ L

I — Thego are the primes » such that 29 « p = 400 and for witeh theve 16 o prime o 1 (1), g =2 1000,
and ¢ = =kl (12) or ¢ = £1 (10).

J = For p = 41 appearing in I, this 1s tho prime ¢ = 2p-+1, *micans 2p-+1 I8 nob prime. A nomerieasl
exponent indicatos that Ll.llﬂ ig the exact power of ¢ which dlvides Ty (31 0 Andicabes Gho Teegles
vance of the oxponent.

K — For p 2 41 appearing in T, this i8 o st of those prlmes = 2p -1 and < 1000 which 4re m 1 ()

and = 1 (12} *means there are no such primes. The expononts are ag in J.

Ir — Forp in I, this i the prime g = 2p--1 whore » = § (L0). * means that oither 2p 41 1s not prime or
P % 9 (10}, The exponents are a8 in T {5 renlaces 2).
M - For p in T, this 19 a lisb of the primes > 2p 41 and < 1000 which sre s L{p) and = &1 @0

*meang there are no guch primes. The exponents are as in L.
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Table 4
(3) == 1093 Fo(5) = 19531
11 (3) = 23-3851 Py (5) = 12207031
IJ(';) = 797161 Ty (5) = 305175781
L (3) = 187184511 Ty (5) = 400-406344409
m(s) 1597363880 Tyy(5) = 1016271398107
Fog (3) == 47-1001523179 Fyq(B) = 8971-332207361361

Fyp(B) = GO-28537- 20881027
Ty (8) = 083102678 4404047
Ty (8) == 13097927 17189128703

This table v self-explanatory. The faelorlzations appear ix Tuckerman [28], Al Inkegers appear-

"

{og in Table 4 are peime.

-

{2]

9]

[10]
[11]

- 112]

[13]
[14]

[15]
(16]
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ACTA ARITITMILLICA
XXV (1074)

O ,.Gomnom pewere’’

A B, Conoroncrun (Tamnent)

Tlamamu woeeo yuumean u dpyea
npogheccopa Bapbana M. B.

OCHOBHBIM HEPABEHCTBOM ,,0onpmoro pemera” I0. B. JInummra (e
[67) B HACTOMINEE BPEMA HAILBALT ITEPABEHCTBO THIIA:

“(a)

e o HPOHABONBLHOC MHIOMECTBO HATYPANBHLEIX WHCed, oy, — npoHs-

BOIBILIC TCOMICKCHDIC, n — Neupie umena, S(a) = 2 a4, 65",
in| =g

(. 30),
{ene. [4]),
{em. [11).

2

.. 7

<409, 2) ) lanl* (),

Ty gl | R|emm

Ly
gl ()=l

Smax (24, Q%
Q% Sy
(@ -+ Vaa)?

A(Q, ) =

MBI e KRACACMCs QUANOTHYHOro mepaBeHcrBa mxa S(x,), TAe %, —
HOEIe ocIenopaTenLocTy Tover mwa [0, 1] ' '

Jlerko MOKARATE, UTO B HEKOTOPLIS UPCHENBIHIX CIYIasx eCTeCTBEHN0
EATHIe B UpaBoil aacr (1) 1e ToUbRO 2@ KN (%, 1o W TOCTOANNOIL, Boodme
romops, Ooinuel 1 (em, [2])

Tlenyio waern (L) yirodiee sanestBars B Creyomel — AHBEEAEnTHOH

D)

lgaQ  awl
g ()=t

(L) - iopme:

rpe P oss P(G) - mammcensies ofmee KpaTHoe dmcen < ¢ us D.

(U Venonwe ¢el GyrMom B paanneiines orycrard.



