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1 Introduction

Historically mathematics has always been inter-
ested in computation. From the Egyptians who
invented geometry so as to measure fields, and
the Greeks whose Ptolemaic epicycles spurred
trigonometry so they could predict the positions of
the planets, to modern researchers whose wavelets
allow CAT scans, ancient and not-so-ancient math-
ematicians have computed so as to better under-
stand our natural world. Pure mathematics as well
has historically benefitted from computation, with
many of our great theorems and conjectures mo-
tivated at root by computational experience. It is
said that Gauss, who was an excellent computa-
tionalist, needed only to work out a concrete ex-
ample or two to discover, and then prove, the un-
derlying theorem. While perhaps some branches of
mathematics have lost contact with their compu-
tational roots, the advance of cheap computational
power and convenient mathematical software have
helped to reverse this trend.

Our topic here is computational number theory,
which may be argued to be in the vanguard for
the revisiting of pure mathematics to its compu-
tational roots. A prescient call-to-arms was issued
by Gauss already in 1801:

“The problem of distinguishing prime numbers
from composite numbers, and of resolving the lat-
ter into their prime factors, is known to be one of
the most important and useful in arithmetic. It has
engaged the industry and wisdom of ancient and
modern geometers to such an extent that it would
be superfluous to discuss the problem at length.
Nevertheless we must confess that all methods that
have been proposed thus far are either restricted
to very special cases or are so laborious and diffi-
cult that even for numbers that do not exceed the
limits of tables constructed by estimable men, they
try the patience of even the practiced calculator.
And these methods do not apply at all to larger
numbers... Further, the dignity of the science it-
self seems to require that every possible means be

explored for the solution of a problem so elegant
and so celebrated.”

In addition to this most basic issue of factoriza-
tion into primes, essentially every branch of num-
ber theory has its computational component. And
in some areas, there is such a robust computational
literature, that we discuss the algorithms involved
as mathematically interesting objects in their own
right. In this article we shall briefly visit some
examples of the computational spirit in analytic
number theory (the distribution of primes and the
Riemann Hypothesis), in diophantine equations
(the abc conjecture), and in elementary number
theory, as so poignantly called for by Gauss. With
this rather broad brush, much interesting compu-
tational work in number theory must be left out,
but it is my hope that this introduction will spur
further interest.

2 Distinguishing prime numbers

from composite numbers

The problem is simple to state. Given an integer
n > 1, decide if n is prime or composite. And
we all know an algorithm. Given n, trial divide n
by the consecutive integers, either finding a proper
factor and so deciding that n is composite, or not,
and so deciding that n is prime. Since a composite
number n has a proper factor d with d < \/n, one
can give up on the trial dividing, and decide that
n is prime, once one passes 1/n.

This straightforward method is excellent for
mental computation with small numbers, and for
machine computation for somewhat larger num-
bers. But it scales poorly, in that if you double
the number of digits of n, the time for the worst
case is squared. Actually, the algorithm does more
than answer our question of whether n is prime or
composite, it provides a nontrivial factorization in
the latter case. There is nothing wrong with get-
ting more for your money, but if time is money,
this algorithm is quite costly.

What we would like is a simply computed crite-
rion that primes satisfy and composites do not, or
vice versa. How about Wilson’s theorem? This
asserts that if n is prime, then (n — 1)! = —1
(mod n). (For a proof, try to pair residues with
their multiplicative inverses, and find that the only
residues not paired are 1 and n — 1.) It is triv-



ial to see that this congruence cannot hold for n
composite. However, the Wilson criterion does not
meet the standard of being simply computed; we
know no especially rapid way of computing facto-
rials modulo another number.

How about Fermat’s “little theorem”? Namely,
if n is prime and a is any integer, then a™ = a
(mod n). (A proof is easily fashioned by induction
on a, using the binomial theorem for the inductive
step.) If computing a large factorial modulo some-
thing is hard, maybe it is also hard to compute a
large power modulo something. Actually, one of
our strongest tools in this subject is the “power-
mod” algorithm which allows us to compute mod-
ular powers very rapidly. The idea is to build up to
the desired exponent by a sequence starting with
1 and where each term is the double or the double
plus 1 of the preceding term.

Let us illustrate this computation with Fermat’s
little theorem, taking a = 2 and n = 91. We write
91 in base 2, getting 1011011. The key sequence
then in binary can be read off from the initial base-
2 digits, namely, 1, 10, 101, 1011, etc. These are
the numbers

1, 2, 5, 11, 22, 45, 91,

and one can see that indeed we have each term
either the double of the prior one or 1 more than
this. Our sequence of powers is then

2l =2 22 =4, 25 =32, 2! =46,
222 =23, 2% =57, 291 = 37,

where each congruence is modulo 91, and each
term in the sequence is found by squaring the
prior one mod 91 or squaring and multiplying by
2 mod 91.

Wait a second, doesn’t Fermat’s little theorem
say we are supposed to get 2 for the final residue?
Well yes, but this is guaranteed only if n is prime.
And as you have probably already noticed, 91 is
composite. In fact, the computation proves this.

So, here is an example of a computation that
proves that n is composite, yet it does not reveal
any nontrivial factorization. The powermod algo-
rithm illustrated above scales in an excellent fash-
ion. Indeed, the number of elementary steps is
O((logn)?), so if the number of digits of n is dou-
bled, the run time of the algorithm is multiplied
by about 8. It is an example of a polynomial time

algorithm, since the run time is a constant power
of the input length.

The reader is invited to try out the powermod
algorithm as above, but changing the base of the
power from 2 to 3. The answer you should come
to is that 3% = 3 (mod 91), that is, the congru-
ence for Fermat’s little theorem holds. Since you
already know that 91 is composite, I am sure you
would not jump to the false conclusion that n is
prime! So, as it stands, Fermat’s little theorem can
be used to sometimes recognize composites, but it
cannot be used to recognize primes.

There are two interesting further points to be
made regarding Fermat’s little theorem. First, on
the negative side, there are some composites, such
as n = 561, where the Fermat congruence holds
for every integer a. These numbers n are called
Carmichael numbers, and unfortunately (from the
point of view of testing primality) there are in-
finitely many, a result of Alford, Granville, and
myself. But, on the positive side, if one were to
choose randomly among all pairs a,n ranging up
to a large bound z, for which a™ = a (mod n),
almost certainly you would choose a pair with n
prime, a result of Erd6s and myself.

It is possible to combine Fermat’s little theorem
with another elementary property of (odd) prime
numbers. If n is an odd prime, there are exactly
2 solutions to the congruence z2 = 1 (mod n),
namely +1. Actually, some composites have this
property as well, but composites divisible by two
different odd primes do not. Suppose n is an
odd prime and say a is an integer not divisible
by n. From the little theorem we get a® 1 = 1
(mod n), so that n divides a® ! —1. We now factor
this last expression algebraically using difference-
of-squares, and continue to do so as long as we can.
Write n — 1 = 2%¢, where ¢ is odd. Then

s

a" ' =1=(a> ' +1)(@® t+1)--- (a'+1)(a’—1)

so that, since the prime n must divide a factor,

either a' =1 (mod n) or @t = — (mod n)

for some ¢ = 0,1,...,s — 1. Call this the “strong
Fermat congruence”. It takes no longer to try and
verify the strong Fermat congruence for a given
pair a,n with n odd, then it does to verify the ordi-
nary Fermat congruence. Moreover, as was proved
by Monier and Rabin, if n is an odd composite, the
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strong Fermat congruence fails for at least 3/4 of
the choices for a in [1,n — 1]. That is, there is no
analogue of Carmichael numbers for this stronger
test.

If you want only to be able to distinguish be-
tween primes and composites in practice, and you
do not insist on proof, then you have read enough.
Namely, given a large odd number 7, choose 20 val-
ues of a at random from [1,n — 1], and begin trying
to verify the strong Fermat congruence with these
bases a. If ever it should fail, you may stop, the
number n must be composite. And if the strong
Fermat congruence holds, we might surmise that
n is actually prime. Indeed, if n were composite,
the Monier—Rabin theorem says the chance that
the strong Fermat congruence would hold for 20
random bases is at most 4720, which is less than
one chance in a trillion. However, if the num-
ber n is itself chosen by a random process, one
also has to figure in the chance that we choose a
prime: if the process chooses primes with prob-
ability smaller than 4729 a survivor of the test
might be more likely composite than prime! In
fact, primes do thin out, and if we are choosing
randomly at a very high point, it would indeed be
that our chance for choosing a prime is vanishingly
small. However, the probability argument can be
saved, since the fraction 3/4 in the Monier-Rabin
theorem is only a worst case, and on average it is
much better. This was worked out by Burthe and
others.

If 3/4 of the numbers a in [1,n — 1] provide an
easily checkable proof that the odd composite num-
ber n is indeed composite, surely it shouldn’t be
so hard to find just one! An idea of Miller is to
sequentially check small numbers a until one is
found. Excellent, but when do we stop? It can
be heuristically argued that there is a constant c
such that a stopping point of clogn loglogn is
adequate. Miller was able to prove the slightly
weaker result that a stopping point of c(logn)?
is adequate, but the proof assumes a generaliza-
tion of the Riemann Hypothesis. (Namely, one
assumes the Riemann Hypothesis for L-functions
with quadratic Dirichlet characters.) In further
work, Bach was able to show that we may take
¢ = 2 in this last result. Summarizing, if this
generalized Riemann Hypotheis holds, and if the
strong Fermat congruence holds for every integer

a in [1,2(logn)?], then n is prime. So, modulo
a famous unproved hypothesis in another field of
mathematics, one can decide via a deterministic
algorithm whether n is prime or composite in poly-
nomial time.

The question is if we can make this decision
without assuming unproved hypotheses. In 2002,
Agrawal, Kayal, and Saxena answered this ques-
tion with a resounding yes. In their paper [1], one
can find the following beautiful theorem:

Theorem. Suppose n is an integer withn > 2, r
is a prime not dividing n such that the multiplica-
tive order of n (mod r) is larger than (logyn)?2,
and
(z+a)"=2"+a (modz" —1,n) (1)
holds for each positive integer a < \/rlogan. If n
has a prime factor greater than +/rlog,n, then n
is a power of this prime. In particular, if n has
no prime factors in [1,+/rlog,n] and n is not a
proper power, then n is prime.

Some words of explanation are in order. Since
n"~! = 1 (mod r), there is a least positive expo-
nent that works here, we call it the multiplicative
order of n (mod r). The congruence in (1) has a
double modulus, and it signifies that high-degree
polynomials are to be reduced modulo 2" — 1 and
their coefficients are to be reduced modulo n. Fur-
ther, the notation log, is the base-2 logarithm.

It is easy to convert this theorem into a test for
primality. Note that if n is prime, then Fermat’s
little theorem and the binomial theorem imply that
(1) holds. It is easy to check if n has a small prime
factor or if n is a proper power (the latter is done
say with Newton’s method to approximate roots,
and then checking if an integer approximation to
the root, when raised to the appropriate power,
actually gives n). Each congruence in (1) can be
checked via the powermod method. Space does
not allow an illustration, but the reader is invited
to try a small example, say n = 101, r = 3, and
a = 2: both sides should reduce to z? 4+ 2. Assum-
ing some fast subroutines for polynomial and inte-
ger arithmetic, the verification of (1) takes about
r(logn)? elementary steps. So the total time for
the algorithm is then about r3/2(logn)3. Clearly
the hypothesis about the order implies that r can-
not be taken lower than (logn)?, so (logn)® is a
lower bound for the run time.



In [1], the authors give an elementary upper
bound for r of about (logn)®, and so attain a time
complexity of about (logn)'®- for the algorithm.
Using a complex and numerically ineffective tool,
they can bring down the exponent to 7.5. Recently,
in [9], Lenstra and I present a complex, but numer-
ically effective method of bringing the exponent
down to 6. We do this by expanding the set of
polynomials used beyond those of the form =" —1,
and in particular we use polynomials that are con-
structed from Gaussian periods. Gauss first stud-
ied these periods (which are certain sums of com-
plex roots of unity) in his discussion of straight-
edge and compass constructions of regular n-gons.

One can ask if the new primality test of Agrawal,
Kayal, and Saxena, and its variants, are numer-
ically practical. As of yet, the answer is these
methods are not too competitive with prior meth-
ods. For example, using the arithmetic of elliptic
curves, we have a heuristic algorithm that can pro-
duce bona fide proofs of primality. (When we say
the algorithm is heuristic, we mean that though we
believe it will do what we want, it is not guaran-
teed beforehand to do so.) This method, pioneered
by Atkin and Morain, has recently proved the pri-
mality of a number with no special form that has
over 15,000 decimal digits. The record for the new
breed of tests is a measly 300 digits.

Note that for numbers of certain special forms,
there are much faster primality tests. The most fa-
mous of these special forms is the Mersenne primes,
namely primes that are 1 less than a power of 2.
The record here is the prime 225964951 _ 1 which
has over 7.8 million decimal digits.

For much more on primality testing, and refer-
ences to various other sources, see [5].

3 Factoring composite numbers

Compared to testing primality our ability to fac-
tor large numbers is still in the dark ages. In fact
this imbalance between the two problems forms the
bulwark for the security of electronic commerce on
the Internet. Yes, it is indeed an odd form of ap-
plication, and not something to brag about, since
it depends on the inability of mathematicians to
efficiently solve a basic problem!

Nevertheless, we do have our tricks. Part of the
landscape is an algorithm found in Euclid for com-

puting the greatest common divisor. One might
naively think that given two positive integers m
and n, to find their ged, one should find all of their
divisors, and pick the largest one common to the
two. But Euclid’s algorithm is much more efficient:
if m > n, then replace m with its remainder upon
division by n, and iterate, with the first division
giving the remainder 0 indicating we have found
the ged.

So, if we can build up a special number m that
may be likely to have a nontrivial factor in com-
mon with n, we might then use Euclid’s algorithm
to discover this factor. For example, Pollard and
Strassen (independently) used this idea, together
with fast subroutines for multiplication and poly-
nomial evaluation, to enhance the trial division
method discussed in the last section. Somewhat
miraculously, one can take the integers up to n'/2,
break them into n!/* subintervals of length n'/4,
and for each subinterval, figure the ged of n with
the product of all the integers in the subinterval,
spending only about n'/* elementary steps total.
If n is composite, at least one ged will be larger
than 1, and then a search over the first such subin-
terval will locate a nontrivial factor of n. In fact,
this algorithm stands as the fastest rigorous and
deterministic method to factor that we know.

Most practical factoring algorithms are based on
heuristics. We cannot prove rigorously that the
method works relatively quickly, or even works at
all, but in practice it does.

One factoring idea, which is quite rigorous, goes
back to Fermat. Namely, every odd composite is
the difference of two squares, which when factored
algebraically gives a nontrivial numerical factoriza-
tion. Indeed, if n has the nontrivial factorization
ab, then let v = (a + b)/2 and v = (a — b)/2, so
that n = v2 —v?, anda = u+v, b = u —v.
I often mention a contest problem from my high
school years: factor 8051. The trick is to notice
that 8051 = 902 — 72, from which the factorization
83 - 97 can be read off. Though it works very well
if n has a divisor very close to n'/2, in the worst
case, the Fermat method is slower than ordinary
trial division.

My quadratic sieve method (which follows work
of Kraitchik, Brillhart—Morrison, and Schroeppel)
tries to efficiently extend Fermat’s idea to all odd
composites. For example, take n = 1649. We start
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just above n'/? with m = 41, and consider the
numbers m? — 1649. As m runs, we will eventually
hit a value where m? — 1649 is a square, and so be
able to use Fermat’s method. Instead, we search
for a nonempty set M of numbers m such that

II (m* — 1649)

meM

is a square. Say it is 42, and let v = H m. Since

meM
m? — 1649 = m? (mod 1649), we get

u? =v? (mod 1649).

This is not quite the same as having 42 —v? = 1649,
but we can nevertheless compute the ged of u — v
(or u + v) with 1649, and, with luck, it will be
nontrivial.

An obvious difficulty is finding such a set M.
Let us look at the first few numbers:

412 — 1649 = 32,
422 1649 = 115,
432 — 1649 200.

It is easy to see that 32-200 = 802, so that we may
take M = {41,43}. Thus u = 80, and v = 114 =
41 - 43 (mod 1649). We have u —v = 80 — 114 =
—34, and the ged of 34 with 1649 is 17. Done: a
nontrivial factor of 1649 has been found.

Of course we will not always choose the first and
third numbers to form M. One small lesson from
the above example is that the first and third num-
bers are “smooth”, meaning that all of their prime
factors are small, while the second number is divisi-
ble by the relatively large prime 23. Since it will be
difficult to use large primes in assembling a square
(a mate for each must be found), we might then
just forget about any number that is not smooth.
And for the smooth ones, if there are sufficiently
many of them, we can use linear algebra to find our
square. For the numbers 32 and 200 above, their
prime factorizations are 2°3°5° and 233°52, which
correspond to the “exponent vectors” (5,0,0) and
(3,0,2). Since squares only depend on the parity
of the exponents, we reduce these exponent vectors
mod 2, getting (1,0,0) and (1,0,0). Notice that
they are linearly dependent over the finite field Fy
of two elements; their sum is the 0-vector.

In general with the quadratic sieve, one finds
smooth numbers in the sequence m? — n, forms
the exponent vectors mod 2, and then uses linear
algebra to find a linear dependency. Since the only
scalars in Fa are 0 and 1, a linear dependency cor-
responds to a subset sum being the 0-vector, which
then corresponds to a set M for which we search.

In addition, the “sieve” in the quadratic sieve
comes in with the search for smooth values m? —
n. These numbers are the consecutive values of a
quadratic polynomial (in the variable m), so those
divisible by a given prime can be found in regular
places in the sequence. E.g., in our illustration,
m? — 1649 is divisible by 5 precisely when m = 2
or 3 (mod 5). A sieve, very much like the sieve of
Eratosthenes, can then be used to efficiently find
the special numbers m where m? — n is smooth.

Finally note that if the final ged yields only
a trivial factor with n, one can continue just a
bit longer and find more linear dependencies, each
with a fresh chance at splitting n.

Assuming that the polynomial values m? —n are
as likely to be smooth as random numbers of the
same size, and that there is no conspiracy forcing
only trivial factorizations upon us, the time the
quadratic sieve takes to factor n is

exp ((1 +0(1))y/logn loglogn) .

This time complexity is somewhat intermedi-
ate between polynomial time, which would look
like exp(C'loglogn), and exponential time, which
would look like exp(C'logn).

Lenstra and I actually have a rigorous, random
factoring method with the same time complex-
ity as that above for the quadratic sieve. The
method uses class groups of imaginary quadratic
number fields, and is based on work of Shanks,
Seysen, and A. Lenstra. However, the method
is not so computer practical, and, if you had to
choose in practice between the two, you should
go with the quadratic sieve. One great landmark
for the quadratic sieve was the 1994 factorization
of the 129-digit RSA cryptographic challenge first
published in Martin Gardner’s column in Scientific
American in 1977.

The number field sieve, which is another sieve-
based factoring algorithm, was discovered in the
late 1980s by Pollard for integers of special form,
and later developed for general integers by Buh-



ler, Lenstra, and myself. The method is similar
in spirit to the quadratic sieve, but assembles its
squares from the product of certain sets of alge-
braic integers. The number field sieve has the
heuristic time complexity of the shape

exp (c(log n)'/3(loglog n)2/3) ,

for a value of ¢ slightly below 2. For composite
numbers beyond 100 digits or so and which have
no small prime factor, it is the method of choice,
with the current record being 200 decimal digits.

If the number n has a small prime factor, it is
of course easy to factor n via trial division. If the
prime factor is beyond the range of convenient tri-
als, but still considerably below 1/n, one should use
Lenstra’s elliptic curve method. Since we probably
don’t know beforehand how large the primes are in
a given number, it may be prudent to start with
something like trial division, and then the elliptic
curve method, before attempting the quadratic or
number field sieves.

An elliptic curve can be modeled by an equation
y? = 23 + ax + b, where a, b come from a particular
field (of characteristic not equal to 2 or 3), and
4a® + 276 # 0. If one considers the points (z,y)
which satisfy the equation, and where z,y come
from the coefficient field or a larger field, these
points form a commutative group. The group law
translates geometrically to the assertion that P +
P, + P; = 0 if and only if the three points are
collinear. Here, “0” is the point at infinity, and it
is visible when one considers the curve in projective
space, that is, introducing another variable getting
y?z = 2% +axz? 4+ bz®. The projective point (0: 1 :
0) is the point at infinity, and it is the only point
that is added into the picture by introducing the
third variable.

The inverse of a point (z,y) in the elliptic curve
group is given simply by (x, —y); that is, the line
through them is vertical, and intersects the curve
again at 0, the point at infinity. Yhe procedure for
adding two points that do not sum to 0 happens to
involve finding a multiplicative inverse in the field
containing the coordinates of the points. This fact
is crucial to the elliptic curve factoring method.

Suppose n is a number we are trying to factor,
and we have integers a, b with 4a® + 27b? coprime
to n. And suppose we are trying to use the el-
liptic curve group law, where we are considering

points with coordinates mod n. If p, ¢ are two dif-
ferent primes dividing n, we are implicitly working
simultaneously with elliptic curves over the two fi-
nite fields F;, and F,. It may well occur that we
end up adding two points that sum to 0 in the
elliptic curve over Fj,, but do not in the elliptic
curve over F;. This mismatch would be detected
by trying to find the multiplicative inverse of some
residue mod n that is divisible by p, but not di-
visible by ¢q. Such residues do not have inverses!
In this case, the algorithm used to try to find an
inverse (an elaboration of Euclid’s ged algorithm)
actually finds a nontrivial divisor of n instead. And
now our true motive is revealed—all we wanted was
some nontrivial factor of n, and here it is.

The elliptic curve method chooses random ellip-
tic curves each with a nontrivial point P on it. One
then attempts to compute the point m P, where m
has many divisors (say the least common multiple
of the integers to some point). Our computation
for mP is tried using arithmetic mod n and with
an analogue of the powermod method discussed in
the previous section. As mentioned, the process of
adding two points that do not sum to 0 involves
inverting, which in turn involves taking a gcd with
n. With luck, one will encounter an example where
the inversion doesn’t work, which will then reveal
a nontrivial factor of n. If m is divisible by the or-
der of the elliptic curve group over F,, but not by
the order of the elliptic curve group over F,, then
there is a good chance for the method to work.
So this is why one uses numbers m with lots of
divisors. When one changes the curve, one also
can change the group orders, and so have a fresh
chance to factor, if prior chances haven’t panned
out.

Heuristically, the expected time for the elliptic
curve method to find the least prime factor p of n
is

exp ((1 +0(1))y/2logp log logp)

arithmetic operations mod n. So, unlike the sieve
methods, the running time for the elliptic curve
method depends strongly on the size of the prime
to be discovered.

For much more on these factorization methods,
many other methods, and original references, the
reader is referred to [5].
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4 The Riemann Hypothesis and the
distribution of the primes

As a teenager looking at a modest table of primes,
Gauss conjectured that their frequency decays log-
arithmically and that li(z) = [, dt/logt should
be a good approximation for 7(z), the number of
primes in [1, z]. Sixty years later, Riemann showed
how Gauss’s conjecture could be proved assuming
that the Riemann zeta function ((s) = >, n~*°
has no zeros in the complex half-plane where the
real part of s is greater than 1/2. The series
for ((s) converges only for Res > 1, but it may
be analytically continued to Res > 0, with a
simple pole at s = 1. This continuation may
be seen quite concretely via the identity ((s) =
s/(s = 1) — s [ {z}z "' dz, with {z} the frac-
tional part of z (so that {z} = z — [z]), noting
that this integral converges quite nicely in the half
plane Res > 0. In fact, via Riemann’s functional
equation mentioned below, ((s) can be continued
to a meromorphic function in the whole complex
plain, with the single pole at s = 1.

The assertion that ((s) # 0 for Res > 1/2 is
known as the Riemann Hypothesis; arguably it is
the most famous unsolved problem in mathemat-
ics. Though Hadamard and de la Vallee Poussin
in 1896 (independently) were able to prove a weak
form of Gauss’s conjecture (known as the prime
number theorem), the uncanny apparent strength
of the approximation li(x) to 7(x) is breathtaking.
For example, take z = 10?2. We have

7 (10%2) = 201,467,286,689,315,906,290
exactly, and to the nearest integer, we have
li (10%%) ~ 201,467,286,691,248,261,497.

As you can plainly see, Gauss’s guess is right on
the money!

The numerical computation of li(z) is simple
via numerical methods for integration, and it is
directly obtainable in various mathematics com-
puting packages. However, the computation of
7(1022) above is far from trivial. It would be far
too laborious to count these ~ 2 x 1020 primes
one by one, so how are they counted? In fact, we
have various combinatorial tricks to count with-
out listing everything. For example, one does
not need to count one by one to see that there

are exactly 2[10%2/6] + 1 integers in the inter-
val [1,10%?] that are coprime to 6. Rather one
thinks of these numbers grouped in blocks of 6,
with 2 in each block coprime to 6. (The “41”
comes from the partial block at the end.) Build-
ing on early ideas of Meissel and Lehmer, Lagarias,
Miller, and Odlyzko presented an elegant combina-
torial method for computing 7 (x) that takes about
z2/3 elementary steps. This method was refined
by Deleglise and Rivat, and then Gourdon found a
way of distributing the computation to many com-
puters. The computation of 7(10%2) above is due
to him.

From work of von Koch, and later Schoenfeld, we
know that the Riemann Hypothesis is equivalent to
the assertion that

(@) — li(x)| < Vloga (2)
for all z > 3 (see [5], Exercise 1.37). Thus,
the mammoth calculation of 7 (10?%) might be
viewed as computational evidence for the Riemann
Hypothesis—in fact, if the count had turned out
to violate (2), we would have had a disproof.

It may be a bit opaque what (2) has to do with
the location of the zeros of ((s). There are zeta
zeros at the negative even integers, the so-called
trivial zeros. The nontrivial zeros p are known to
be infinite in number, and as mentioned above, are
conjectured to satisfy Rep < 1/2. There is a cer-
tain symmetry among these zeros p, indeed p, 1—p,
and 1 — p are also zeros, so the Riemann Hypothe-
sis is the assertion that all of these nontrivial zeros
satisfy Rep = 1/2. (It is this symmetry with p
and 1— p, which follows from Riemann’s functional
equation ((1—s) = 2(2m)* cos(3ms)['(s)((s), that
perhaps lends some heuristic support for the Rie-
mann Hypothesis.)

The connection to prime numbers begins with
the fundamental theorem of arithmetic, which
yields the identity

=)
() = Y n = I Do
n=1 p prime j=0
= JII -,
p prime

where the product converges when Re s > 1. Thus,



taking the logarithmic derivative, we have

-y mE__ %

p prime p prime j=1

o0
logp
.

logp
s —1

That is, if A(n) = logp if n = p/, where p is prime
and j > 1, and A(n) = 0 if n is not in this form,
we have

= A()  ((s)
2 L)

Through various relatively routine calculations,
one can then relate the function

Y(@) =) Aln)

n<lz

n=1

to the residues at the poles of ¢'/(, which corre-
spond to the zeros (and single pole) of {. In fact, as
Riemann showed, we have the following beautiful
formula:

g 1
Y(x) =z — Z i log(27) — 3

p

log (1 —37?)

if = itself is not a prime or prime power, and where
the sum over the nontrivial zeros p of ( is to be
understood in the symmetric sense where we sum
over those p with |Imp| < T and let T — co. An
understanding of the function ¥ (x) gives readily,
through elementary manipulations, an equal un-
derstanding of 7(z), and it should be clear now
that ¥ (z) is intimately connected to the nontrivial
zeros p of (.

The function 1 (x) defined above has an extraor-
dinarily simple interpretation. It is the logarithm
of the least common multiple of the integers in the
interval [1,z]. As with (2) we have an elementary
translation of the Riemann Hypothesis: it is equiv-
alent to the assertion that

[¥(2) — 2| < Vzlog’z

for all z > 3. This inequality involves only the ele-
mentary concepts of least common multiple, natu-
ral logarithm, absolute value, and square root, yet
it is an equivalent formulation of the celebrated
Riemann Hypothesis.

We have actually calculated a number of non-
trivial zeros p of ((s) and have verified that they
lie on the line Res = 1/2. One might wonder

how someone can computationally verify that a
complex number p has Rep = 1/2. For exam-
ple, suppose that we are carrying calculations to
(an unrealistically large) 100 significant digits,
and suppose we come across a zero with real part
1/2 + 10719, It would be far beyond the pre-
cision of the calculation to be able to distinguish
this number from 1/2 itself. Nevertheless, we do
have a method for seeing if particular zeros p sat-
isfy Rep = 1/2. There are two ideas involved.
First, we can use the argument principle from com-
plex analysis to count the number of zeros p with
0 < Imp < T for various values of T. Next, we
can construct a real function g(¢) which is 0 if and
only if ((1/2 +it) = 0. We can then calculate
sign changes for g(¢) in the interval (0,T'), infer-
ring a lower bound for the number of zeros of ¢
with 0 < Imp < T and Rep = 1/2. If this lower
bound is equal to the actual count, then the Rie-
mann Hypothesis has been verified up to height
T. If the counts do not match, it may be that the
Riemann Hypothesis fails, or that a fleeting sign
change was missed, or that some zero occurs with
multiplicity larger than 1. So far none of these
events has occurred.

The first few nontrivial zeros were computed
by Riemann himself. The famous cryptographer
and early computer scientist Turing also computed
some zeta zeros. The current record for this kind
of calculation is held by Gourdon, who has shown
that the first 10'® zeta zeros with positive imag-
inary part, all have real part equal to 1/2, as
predicted by Riemann. Gourdon’s method is a
modification of that pioneered by Odlyzko and
Schonhage [11], who ushered in the modern age
of zeta-zero calculations.

Explicit calculations with the zeta function can
lead to highly useful explicit estimates for prime
numbers. If p, is the nth prime, then the prime
number theorem implies that p, ~ mnlogn as
n — oo. Actually, there is a secondary term of
order nloglogn, and so for all sufficiently large n,
we have p, > nlogn. By using explicit zeta esti-
mates, Rosser was able to put a numerical bound
on the “sufficiently large” in this statement, and
then by checking small cases, was able to prove
that in fact p, > nlogn in all cases. The paper
[13] of Rosser and Schoenfeld is filled with this kind
of numerically explicit and highly useful inequali-
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ties.

Let us assume for a moment that the Riemann
Hypothesis has been proved. What would be the
next question? Probably it would be the vertical
distribution on the line Im s = 1/2 of the nontriv-
ial zeros p. As mentioned, we have a fairly con-
cise understanding of how many zeros there should
be up to a given height T. In fact, as already
found by Riemann, this count is within O(logT')
of 5-=T'log (5=-T'). Ignoring the error, the deriva-
tive of this function of T is 5-log (5=T), so the
reciprocal of this quantity should be the average
zero spacing at height T'. Thus, if the consecutive
zeros are 1/2 +ivyy,, where 0 <y < 72 < ..., then
we can normalize the spacings by considering the
statistic

on = (Yn41 — ’Yn)% log (%’Yﬂ) .

The numbers d,, thus give normalized spacings be-
tween consecutive zeta zeros. Though on average
they are about 1, they may sometimes be small and
they may sometimes be large. That is, they should
have a distribution. Perhaps Poisson? Maybe
Gaussian (or maybe logd, is Gaussian)? Some-
thing else? Well, we can think and we can com-
pute. Let’s try thinking first.

Perhaps the Riemann zeta function is an iso-
lated example, or perhaps it can be viewed in some
sort of broader context. In the early 20th century,
Hilbert and Pdlya suggested that the zeros of the
zeta function might correspond to eigenvalues of
some operator. Now this is provocative!, but also
somewhat vague. What operator? What space?
Some 50 years later in a now famous conversation
between Dyson and Montgomery at the Institue
for Advanced Study, it was conjectured that the
nontrivial zeros behave like the eigenvalues of a
random matrix from the Gaussian Unitary Ensem-
ble. Now known as the GUE conjecture, it can be
numerically tested in various ways. Odlyzko has
done this, and he has found that the higher one
looks for batches of zeros, the more persuasive is
the correspondence to what the GUE conjecture
predicts.

For example, consider the 1,041,417,089 num-
bers §, for n starting at 102® + 17,368,588,794
(at about height 1.3 x 1022). For each interval
(4/100, (j+1)/100] we can compute the proportion
of these normalized gaps that lie in this interval,

and plot it. If we were dealing with eigenvalues
from a random matrix from the Gaussian Unitary
Ensemble, we would expect these statistics to con-
verge to the Gaudin distribution (for which there is
no closed formula, but which is easily computable).
Andrew Odlyzko has kindly supplied me with the
graph in Figure 1, which plots the Gaudin distri-
bution against the data just described (but leaving
out every second data point to avoid clutter). Like
pearls on a necklace! The fit is absolutely remark-
able.

Figure 1 goes here.

It seems clear that we have been thinking cor-
rectly about these zeta zeros, but a close empirical
fit to a curve does not a proof make. We await the
next chapter in this development.

5 Diophantine equations and the
abc conjecture

Let us move now from the Riemann Hypothesis
to Fermat’s Last Theorem. Until the last decade
it too was considered one of the most famous un-
solved problems in mathematics, once even having
a mention on a Star Trek episode. The assertion
is that the equation z™ + y™ = 2" has no solu-
tions in positive integers x,y, z,n, where n > 3.
This conjecture had remained unproved for three-
and-a-half centuries, till Andrew Wiles published
a proof in 1995. In addition, perhaps more impor-
tant than the solution of this particular diophan-
tine equation, the centuries-long quest for a proof
helped establish the field of algebraic number the-
ory. And the proof itself established a long-sought
and wonderful connection between modular forms
and elliptic curves.

But do you know why Fermat’s Last Theorem
is true? That is, just in case you are not an ex-
pert on all of the intricacies of the proof, are you
surprised that there are in fact no solutions? In
fact, there is a fairly simple heuristic argument
that supports the assertion. First note that the
case n = 3, namely z3 + y® = 23, can be handled
by elementary methods, and this in fact had al-
ready been done by Euler. So, let us focus on the
cases when n > 4.1 Let S, be the set of positive
nth powers of integers. How likely is it that the

L Actually, Fermat himself had a simple proof in the case
n = 4, but we ignore this.
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sum of two members of §,, is itself a member of
S,p? Well, not at all likely, since Wiles has proved
that this never occurs! But, recall we are trying
to think naively. First notice that if there is one
solution then there are infinitely many. Indeed,
if 2™ + y™ = 2", then for any positive integer a,
we have (az)” + (ay)™ = (az)™. So, let us only
consider primitive solutions z,¥, 2z which have no
common factor larger than 1. Not seeing any spe-
cial reason for or against the sum of two coprime
members of S, being itself a member of S,,, let us
assume that the chances for this occurring are as
likely as a random set of integers with the same
rough distribution. In particular, in the interval
[1, z] there are [z'/"] members of S,,, so let us look
at a random set R, such that for each z, there are
at most z'/™ members in [1, z].

The number of pairs r1,72 € Ry, with 1y + 172 €
(z/2,z] is at most z2/™, and since any particular
integer in (z/2, z] is in R,, with probability at most
221/7=1  we therefore expect at most 2z3/"~1 so-
lutions to r; + ro = r3 with each r; € R, and
rs € (z/2,z]. Now let z run through powers of 2,
and let n run through the integers at least 4. We
thus expect a total of at most

2 Z Z 2m(3/n—1)

n>4m>n

solutions to r; + ro = r3 where r1,7r2,73 all come
from the same R, for some n at least 4. (Fer-
mat’s Last Theorem is trivially true if one of the
powers is 1, so I assume here that we only start
looking at intervals (2™~1,2™] when m > n.) The
inner sum is at most 23-"/(1 — 2=1/4), so the full
expression is smaller than 13. Thus, we would ex-
pect only finitely many solutions to r1 + ro = 3.
Further, if in our particular case we do not stumble
on any small solutions, we might carry this over to
the random situation, and start the m variable, or
even better the n variable, at a high point indicat-
ing that we are only interested in large solutions.
But the tail of a convergent series is tiny if taken
sufficiently far out, so it would seem that proba-
bilistically there really shouldn’t be any solutions
at all. An argument similar to this was actually
published by two famous mathematicians: Erdds
and Ulam [7].

One might ask how far Fermat’s Last Theorem
had been verified before the final proof by Wiles.

In fact, the paper [2] reports a verification for all
exponents 1 up to 4,000,000. This type of calcula-
tion, which is far from trivial, has its roots in 19th
century work of Kummer, and early 20th century
work of Vandiver. In fact, [2] also verifies in the
same range a related conjecture of Vandiver deal-
ing with cyclotomic fields, which conjecture may
in fact be false in general.

The probabilistic thinking above, combined with
computing for small cases, can carry us deeply into
some very provocative conjectures. For example,
the above argument carries over essentially intact
to the diophantine equation z% + y¥ = 2%, where
z,y,z are coprime positive integers and u,v,w are
integers all at least 4. Here it is especially impor-
tant to insist that z,y,z are coprime since there
are many trivial solutions when they are not. For
example, notice that 174 + 34* = 175, and per-
haps you can see how this generalizes. What
about letting the exponents u,v,w dip down to
2 or 37 Of course we must be wary about cases
where we already know plenty of solutions, such
as z2 + y? = 22. But a moment’s reflection should
convince you that if the exponent trio u,v,w sat-
isfies 1/u + 1/v + 1/w < 1, then the Erdés—Ulam
argument carries over, and there should be at most
finitely many solutions in all.

Now our main topic of computing comes in.
There actually are solutions! For example, since
1+ 8 = 9, we have a solution to 27 + y> = 22,
where £ = 1, y = 2, and z = 3. (The exponent
7 is chosen to insure that the reciprocal sum of
the exponents is less than 1. Actually any inte-
ger at least 7 works, but since in each case the
power involved is the number 1, they should all
together be considered as just one example.) The
so-called Fermat—Catalan conjecture is that there
are at most finitely many powers z*,y?, 2%, with
ged(z,y,2) =1, 1/u+1/v+1/w < 1, and

¥ +y’ = 2" 3)

This generalization of Fermat’s Last Theorem is
also a generalization of the Catalan Conjecture (re-
cently proved by Mihiilescu) that 8 and 9 are the
only consecutive nontrivial powers. Other solu-



5. DIOPHANTINE EQUATIONS AND THE ABC CONJECTURE 11

tions to (3) are found in the following short list:

+7 = 3,
13247 = 2°
2T+ 17 = 12
3P +114 = 1222
33% + 15490342 = 156133,
14143 + 22134592 = 657,
9262° + 153122832 = 1137,
177 +76271° = 210639282,
438 +96222° = 300429072.

The larger members were found in an exhaustive
computer search by Beukers and Zagier. Perhaps
with 1 + 8 = 9, this is the complete list of all
solutions, or perhaps not—we have no proof.

However, for particular choices of u, v, w, more
can be said. For example, using some of the tools
developed by Wiles, Darmon and Granville [6] have
shown that for any fixed choice of u,v,w with
reciprocal sum at most 1, there are only finitely
many coprime solutions to (3). Handling the case
of a particular exponent triple, if it can be handled
at all, often involves a delicate interplay between
arithmetic geometry, effective methods in tran-
scendental number theory, and good hard com-
puting. In particular, the exponent triple sets
{2,3,7},{2,3,8},{2,3,9}, and {2,4, 5} are known
to have all their solutions in the above table. See
[12] for the treatment of the case {2,3, 7} and links
to other work.

The “abc conjecture” of Oesterlé and Masser is
deceptively simple. It involves positive integer so-
lutions to the equation a + b = ¢, hence the name.
It is perhaps surprising that anything interesting
can be said about this equation! But notice that
the Fermat—Catalan equation (3) is a special case,
and this equation already contains Fermat’s Last
Theorem within it. To put some meaning into
a+ b = ¢, we define the “radical” of a nonzero
integer n as the product of the primes that di-
vide n, denoting this as rad(n). So, for example,
rad(—10) = 10, rad(72) = 6, and rad(65536) = 2.
In particular, high powers have small radicals in
comparison to the number itself, and so do many
other numbers. Basically the abc conjecture as-
serts that if a + b = ¢, then the radical of abc
cannot be too small. More specifically:

The abc conjecture. For each € > 0 there are at
most finitely many coprime positive integer triples
a,b,c with a + b = ¢ and rad(abc) < c'~¢.

Note that the abc conjecture immediately solves
the Fermat—Catalan problem. Indeed if u,v,w are
positive integers with 1/u+1/v+1/w < 1, then it
is easily found that we must have 1/u+1/v+1/w <
41/42. Suppose we have a coprime solution to (3).
Then z < z*/* and y < 2%/?, so that

rad(z%y"z") < zyz < (zw)41/42.

Thus, the abc conjecture with € = 1/42 implies
that there are at most finitely many solutions.

The abc conjecture has many other marvelous
consequences; for a delightful survey, see [8]. In
fact, the abc conjecture and its generalizations
can be used to prove so many things, that I have
joked that it is beginning to resemble a false state-
ment, since a false statement implies everything.
But probably the abc conjecture is true. Indeed,
though a bit harder to see, the same type of proba-
bilistic argument as Erdés and Ulam gave for Fer-
mat’s Last Theorem works here as well.

We begin with a perfectly rigorous proposition
that quantifies the distribution of integers with a
small radical. Let R(z,y) denote the number of
positive integers n < z with rad(n) < y. Then for
y sufficiently large and z > y, we have

R(z,y) <yexp (3 log loglogy |
loglog x

This rather forbidding expression arises quite nat-
urally. One first fixes a particular integer r < y,
and asks how many n < z can have rad(n) =
r. Say r has the prime factorization qi¢q - - - gk,
where these prime factors are all different. Then

(4)

rad(n) = r if and only if n = ¢f'¢5*---q;*
for positive integers aj,az,...,ar. But n < =z,

so we are counting the number of lattice points
(a1,as, ..., a) strictly in the first orthant and ly-
ing in the simplex Y 2;log ¢; < logz. This number
is clearly majorized by the volume of the simplex,
since each such lattice point is the “upper right”
vertex of some unit hypercube lying totally within
the simplex. This volume is

(log z)*
k!logqiloggs ---logqr
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By replacing each g¢; with the ¢th prime, denote it
pi, we can only make this volume larger. Further,
using the explicit inequalities in [13] mentioned in
the preceding section, one can prove that

1
log py logps -+ -logpy >  (logk)*

for all £ > 3. Summarizing, if r has k prime fac-
tors and k£ > 3, then the number of n < z with
rad(n) = r is at most 4(logz/logk)*/k!. Fur-
ther, an elementary and easily proved inequality
of Hardy and Ramanujan asserts that the number
of positive integers r < y with exactly &k differ-
ent prime factors is at most ¢1 (y/ logy)(loglogy +
c2)*¥71/(k—1)! for certain explicit constants ¢, ca.
Putting these inequalities together, it is now rou-
tine to get (4).

Now we connect (4) heuristically to the abc con-
jecture. Suppose i, 7, k are positive integers, and
consider coprime positive integers a,b,c < x with
rad(a) < e, rad(b) < e/, rad(c) < e*. Using (4)
we have quite rigorously that the number of such
triples is at most

eItk exp (l (\/logi + /log j + \/logk)) ,
where | = 34/log z/loglog z. Say now we sum this

expression over all integer triples i, j, k with i+ 7+
k < (1 —4)logx. There are less than (log x)? such
triples, so the total number of choices for a,b,c < x
with rad(abc) < £'79 is at most

1% (log x)® exp (9 logx) .

For a random choice of a,b,¢ < z and ¢ > /2, the
chance that a + b = ¢ should be about 1/z. Let
§ = 10/+/logz. Thus, we might expect at most

(log z)° exp (\/@ )

solutions to a + b = ¢ with these constraints. Here
we have ¢ € (z/2, z], and now letting x run through
powers of 2, we cover all possibilities. Since the
sum of the last displayed expression as x runs over
powers of 2 is convergent, we thus should expect
at most finitely many solutions. This argument
suggests then that if a+b = ¢ are coprime positive
integers and c is sufficiently large, then we have

rad(abc) > ¢t~10/Viese (5)

which implies the abc conjecture.

A stronger version of this heuristic argument ap-
pears in the thesis of van Frankenhuijsen [15].

One might wonder how the numerical evidence
stacks up against (5). This inequality asserts that
if a, b, ¢ are coprime, a + b = ¢, and rad(abc) = r,
then log(e/r)/+/loge < 10. So, let T'(a,b,c) de-
note the test statistic log(c/r)/+/logc. A website
maintained by Nitaj [10] contains a wealth of in-
formation about the abc conjecture. Checking the
data there for large values of T'(a, b, ¢), the largest
example we find is

a = 7%-41%-311° = 2477678547239
b = 11'9.132.79 = 613474843408551921511
c = 2-3%.5%.953 = 613474845886230468750,
where
rad(abc) = 2-3-5-7-11-13-41-79-311-953
= 28828335646110,
log(c/rad(abc))
T(a,b,c) = —=LT""77 — 2.43886....
(a,,¢) Vg e

Is it always true that T'(a,b,c) < 10?7

One can get carried away with heuristics, for-
getting that one is not actually proving a theorem,
but making a guess. Heuristics are often based
on the idea of randomness, and all bets are off if
there is some underlying structure. But how do we
know that there is no underlying structure? For
example, the above heuristics for the abc conjec-
ture work perfectly well if one considers more than
3 numbers. So let us consider an “abcde” conjec-
ture. Here the heuristics suggest that if a,b,c,d, e
are nonzero integers that are coprime in pairs, and
a+b+c+d+e =0, then for each € > 0, we have

rad(abede)' ¢ < max{|al,|b], |c|, |d], |e|}

for at most finitely many cases. But consider the
polynomial identity

(1-2)+(1+2)°=10(z*+1)* -8

(kindly supplied to me by Granville).
74k

Say ¢ =
— 1 and write 8 = 9 — 1, so that we have an
abcde example where the 5 numbers are pairwise
coprime, the largest in absolute value is 72°%, and

rad(abede) < 210 (7** —2) ((7** —1)* +1)
< 210712k,
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The heuristics are saying that this cannot be, yet
here it is right before our eyes!

What is happening here is that the polyno-
mial identity is supplying an underlying structure.
Granville suggests that for a 4-term abcd conjec-
ture, one should allow for small pairwise ged’s,
since otherwise, e.g., one would be precluded from
using even numbers. With this proviso, Granville
conjectures that for each ¢ > 0, all counterexam-
ples come from at most finitely many polynomial
families. And the number of polynomial families
would grow to infinity as e descends to 0.

There is also a generalization of the abc con-
jecture to many terms where one assumes only
that the various terms as a group have no com-
mon prime factor, rather than looking at pairwise
ged’s. See [10] for references to this and much other
interesting work.

We have looked here at only a small portion of
the field of diophantine equations, and then we
have looked mainly at the interplay of heuristics
and computational searches for small solutions.
For much more on the subject of computational
diophantine methods, see [14].

As mentioned at the start, this article is not
meant to be encyclopedic. In particular the vast
area of computational algebraic number theory has
been omitted. For a wealth of material in this sub-
ject, see [3], [4]
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