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Abstract

We show that the average and typical ranks in a certain parametric
family of elliptic curves described by D. Ulmer tend to infinity as the
parameter d — oo. This is perhaps unexpected since by a result of
A. Brumer, the average rank for all elliptic curves over a function field
of positive characteristic is asymptotically bounded above by 2.3.
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1 Introduction

1.1 Background

Let IF, be the finite field of ¢ elements of prime characteristic p. We consider
the parametric family of curves

E;: y2+xy:$3—td
over the function field F,(t), where d is a positive integer.

Denote by U, the set of positive integers which divide some member of
the sequence p" + 1, for n = 1,2,.... Let ¢ denote Euler’s function, and for
a,b coprime integers with b > 0, let ¢,(b) be the multiplicative order of the
residue class a in the group (Z/bZ)*. We always have £,(b) | ¢(b). Ulmer [18,
Theorem 9.2] has shown that for every d € U,, the rank R,(d) of E, over
F,(t) is given by

Ry(d) = I,(d) — Cy(d), (1)
where
[q(d) = ZZD((?)
eld a

and C,(d) is an explicit correction term that always satisfies 0 < C,(d) < 4.
(Note that d € U, implies that ged(e, q) = 1 for each e | d, so that I,(d) is
defined.) In fact, the proof in [18] contains two (independent) steps:

e R,(d) is the analytic rank of E, over F,(t) for all d;

e the Birch—Swinnerton-Dyer conjecture holds for the curves E,; for d €
U,, so for such d the rank computation holds for both the algebraic and
analytic ranks.

Ulmer [18] considers the specific case d = p" + 1 and ¢ = p. Then
(,(d) = 2n, and each ¢,(e) | 2n, so that

+1
L +1) > Y 2 ple) _ p+1
elpn+1 2n
Thus,
dlogp
R _
(d) 2 2logd



which compares very nicely with the upper bound

dlogp Lo (d(logp)Q)

2logd (log d)?

Ry(d) <

(uniformly over d and p) due to Brumer |[2].

It is interesting that the expression I,(d) occurs in other contexts. For
example, Moree and Solé [11] show that [,(d) is the number of irreducible
factors of t2 — 1 in F,[t] and go on to apply I,(d) to a combinatorial problem.

1.2 Our results

Using (1), we show that on average over all numbers d (without the restriction
that d € U,), the rank is quite large. We do not know how to bound the
algebraic rank from above for integers d & U,, but we can show that the
average over U, is not quite as big as Brumer’s upper bound.

Theorem 1. There exists an absolute constant o« > 1/2 such that for all
finite fields ¥, and all sufficiently large large values of x (depending only on
the characteristic p of Fy),

LS R > )

d<z

Moreover, for x sufficiently large depending on q,

~1
(Z 1) Z Rq(d) < xl—logloglogm/@loglog:p). (3)

d<z d<z
delty €Uy
The constant « in (2) can be explicitly evaluated. Moreover, assuming
the Elliott—Halberstam conjecture about the distribution of primes in residue
classes (described below), we can show that o may be taken as any number
smaller than 1. Probably the upper bound (3) is close to the truth, but we do
conjecture that the “2” in the denominator of the exponent can be removed.
The average order is presumably skewed by a few numbers d where the
rank is especially big, at least that is the way we prove the lower bound in
Theorem 1. One might wonder about R,(d) for a “typical” number d. We
show that for almost all numbers d, in the sense of asymptotic density, the
rank is still fairly large.



Theorem 2. Let F, be a finite field of characteristic p and let € > 0 be
arbitrary. As x — oo, except for o,.(x) values of d < x, we have

Rq(d) Z (logd)(1/3 €) 10gloglogd

It is shown in [2] that the average analytic rank over all elliptic curves
over a function field of positive characteristic is bounded above by 2.3 asymp-
totically. Since by a result of Tate [16] the algebraic rank is bounded by the
analytic rank, the same bound holds as well for the algebraic rank. Thus,
Theorems 1 and 2 show that the thin family consisting of the curves Ey is
indeed very special.

We show that the number of elements in U, up to z is asymptotic to
cp,r/(logw)?3 as ¥ — oo, where ¢, is a positive constant, see Corollary 5
below.

We remark that it seems very plausible that using the methods of [5]
and [10] one can show that under the assumption of the Generalized Riemann
Hypothesis for Kummerian fields over Q, we have

R,(d) = (log d)1Fe))legloglogd

for almost all numbers d € U, in the sense of asymptotic density. We hope
to take this up in a future paper.

Perhaps more importantly, it should be interesting to investigate the
situation for more families of elliptic curves than the one family of Ulmer
that we consider here. For example, in Darmon [3] quite general families
are considered each of a similar flavor to Ulmer’s. One does not know the
Birch—Swinnerton-Dyer conjecture in many of these cases, but at least some
statistical information might be gleaned for the analytic ranks.

1.3 Notation

We always use the letters [, p, r, s, and ¢t to denote prime numbers, while
d, e, k, m, and n always denote positive integers. We let P(n) denote the
largest prime factor of n if n > 1, and P(1) = 1.
As usual, we use 7(z;k,a) to denote the number of primes r < z with
r =a (mod k), and we let 7(x) denote the total number of all primes r < x.
Given a set A of positive integers, we use A(z) to denote the subset of
a € A with a < x.



For any real number z > 0 and any integer v > 1, we write log, x for the
function defined inductively by log, * = max{logz, 1} (where logx is the
natural logarithm of z) and log, z = log, (log,_, ) for v > 1.

We use the order symbols O, o, <, > with their usual meanings in
analytic number theory, where all implied constants are absolute, unless in-
dicated by subscripts. (We recall that the notations A < B, B > A and
A = O(B) are equivalent.)

We use v;(n) to denote the (exponential) l-adic valuation of n; that is,
v(n) is the exponent on the prime [ in the prime factorization of n.

2 Preparations

2.1 Structure of U,

Recall that U, is the set of natural numbers that divide p” + 1 for some
positive integer n.

Lemma 3. Let p be a prime number and suppose d € U,.

(i) There is a positive integer k such that va(L,(r)) = k for each odd prime
factor r of d.

(i) If p > 2 and k = 1, then vy(d) < vo(p + 1), while if p > 2 and k > 1,
then ve(d) < 1.

Proof. Suppose d € U, and r is an odd prime factor of d. Since d | p" +1 for
some positive integer n, we have r | p* + 1 and r { p™ — 1. Thus, £,(r) | 2n
and £,(r) 1 n, so va(€,(r)) = v3(2n) = va(n) + 1. Thus, (i) follows with
k = va(n) + 1. For (ii) note that from our proof of (i), k = 1 if and only if n
is odd. But for odd n we have v, (p™ + 1) = va(p + 1), so v2(d) < va(p + 1).
And if k£ > 1, we have n even, so p" +1 =2 (mod 4) and vy(d) < 1. O

For p prime and k a positive integer let U, ; denote the set of integers
d coprime to p such that for each odd prime 7 | d we have vy(¢,(r)) = k;
further, if p > 2, k = 1, then ve(d) < va(p + 1), and if p > 2, k > 1, then
va(d) < 1. Thus, Lemma 3 implies that U, C (J,o; Upx In fact, they are
equal.

Lemma 4. For each prime p, we have U, = Jysq Up k-



Proof. Suppose d € U,,. We may assume d > 2. If d is a power of 2,
then k = 1, p > 2, and d | p+ 1, so that d € U,. If d is not a power
of 2, let d, be the odd part of d and let m = ¢,(d,). Then m is the least
common multiple of the numbers ¢,(r*) where r* runs over the odd prime
power divisors of d. We have £,(r®)/€,(r) | r*~!, so that if r is odd, we have
va(£y(r?)) = va(€,y(r)) = k. Thus, vy(m) = k and we have r { p™/2 — 1. But
r® | p™ —1, so we have 7¢ | p™/2 +1. Thus, the odd part of d divides p™/? +1.
If £ > 1 and p > 2, then vy(d) < 1, so that the even part of d also divides
p™?2 4 1. Further, if k = 1 and p > 2, then vy(d) < v(p + 1). In this case,
m/2 is odd, so that p+ 1 | p™/2 4 1, and so the even part of d again divides
p™? + 1. We thus have that d | p™/2? + 1, and this concludes the proof. [

Let R, denote the set of odd prime members of U, ;. That is,
Rpr = {ran odd prime :r # p, va({,(r)) = k}.

Then, U, is the set of integers d all of whose odd prime factors come from
Ry k. with vy(d) bounded as discussed above. After a classical result of
Wirsing [19], the distribution of the sets U, within the natural numbers
follows from the distribution of the sets R, within the prime numbers in a
way that is made more precise below.

The following result follows essentially from [13, Theorem 1.3], but we
have slightly stronger error estimates and an explicit dependence on p. We
discuss the proof in Section 2.3.

Proposition 1. Let x be large and let p < (log )% be a prime number. Let

xlog,

0= Togayir

For p > 2, we have

#Rya(r) = 1r() + O(B(r)),  #Ryale) = grla) +O(B()),

S #Ryulr) = () +O(B()).

Further, i
#Roa() = oom() T O(B()),  #Raale) = (@) + O(B()),
S #Rok(r) = 11—27T(x)+O(E(m)).

k>3



For p a prime, let

R,1, > 2
Rp _ p,1 p
R2,2 , p=2.

From Proposition 1 we have

#Ry(0) = i) +0 (L) (@)

We can now establish the following result about the distribution of the
sets U,.
Corollary 5. For each prime p, there is a positive constant c, such that
#Uy () ~ cpr/(loga)??
as r — 0.

Proof. 1t follows directly from Proposition 1 and Wirsing’s theorem [19] (see
too [17, Chapter I1.7, Exercise 9]) that there are positive constants ¢, such
that

#HU, 1 (z) ~ cpx/(logm)2/3 for p>2 and #Uss(z) ~ c2x/(logm)2/3

as x — 00. From the same tools, we have

#Us1(x) < x/(logx)T/*, #Uyo(1) < x/(logz)™® for p >3,
4 (U up,k) (z) < z/(logz)* for all p.
£>3
The result thus follows from Lemma 4. O

We need an estimate on the cardinality of a somewhat more specialized
set which we use in the sequel. Suppose m is an odd integer not divisible by
p. Let

Qpm = {reR,:r=1 (mod m)}. (5)
Proposition 2. Let x be large. Assume that a prime p and a positive odd

integer m not divisible by p satisfy the inequalities
log z)"/¢
p < (logz)?® and m < &

log, x

We have

B 3¢%m>”<f”> o <%) |



2.2 Chebotarev density theorem and its applications

We let L be a finite Galois extension of Q with the Galois group G of degree
k =[L : Q] and discriminant A. Let C be a union of conjugacy classes of G.
We define

ne(z, L/Q) = #{p < x : p unramified in L/Q, o, € C},

where o, is the Artin symbol of p in the extension L/Q, see [7].

Combining a version of the Chebotarev density theorem due to Lagarias
and Odlyzko [9] together with a bound for a possible Siegel zero due to
Stark [15], we obtain the following result.

Lemma 6. There are absolute constants Ay, Ay > 0 such that if

logz > 10k(log|A])? (6)
then
m<x,L/@>—j—gh<x> < j—gn () + lIC]lw exp <—A1 lozfx)

with some 3 satisfying the inequality
max{|A['/F,log [A}

0 < 1

where ||C|| is the number of conjugacy classes in C.

We will use Lemma 6 in the proofs of Propositions 1 and 2. It should
be noted that in these applications we will be studying primes which split
completely in certain normal extensions of @@, and so we might have gotten
by with just Landau’s prime ideal theorem. However, to our knowledge the
best explicit form of the prime ideal theorem is that given in the more general
Lemma 6.

In order to apply Lemma 6 we will need an estimate for the discriminants
of certain number fields K C L, which we now present. Let A(L/K) denote
the relative discriminant of L over K and let A(L) = A(L/Q).

Lemma 7. Let n,d be positive integers with d | n and let a be a nonzero
integer. Let h denote the largest integer for which a is an h-th power in Z
and assume gcd(d, h) = 1. For the field L = Q(e*™/", a'/?), we have

[L:Q] = dp(n) or dp(n)/2, |AL)] < (dp(n)]a])=.



Proof. Let K be the cyclotomic field Q(e?™/™). It follows from (2) and (3)
in [13] that [L : Q] = dy(n)/9¥ where ¥ = 1 or 2. When 9 = 2 we have
d even and @'/? € K. Thus, the minimum polynomial for a'/? over K is
27 — o'V = f(z), say. From elementary algebraic number theory we have

A(L) = A SN o(A(L/K)).
Now A(L/K) divides Ny, x(f"(a'/?)) (see [12, Proposition 2.9]) so that

Nica(A(L/EO)) | Nicjo(Neyie(f/ (1)) = Nijg((d/0)a?104)

Since each conjugate of (d/¥)a/?~1/? has absolute value (d/¥)]a|'/?=1/4 we
have

[Nijo(A(L/K))| < ((d/9)|a]?~ VS < (d]a])=2.
It is well-known and easy to see from Hadamard’s inequality for determi-
nants that |A(K)| < ¢(n)?™. Thus |A(K)|EED < p(n)EEle() = p(n)Q,
Assembling our estimates gives the lemma. O

Remark. It is interesting to know when [L : Q] = dp(n). Let a = a,a3
where a; is squarefree. According to [13], [L : Q] = dp(n)/2 exactly when d
is even, a; | n, and a; = 1 (mod 4) or when d is even, 4a; | n, and a; # 1
(mod 4).

For a prime p and natural numbers d,n with d | n, let
Lp,n,d — @(e2m'/n’pl/d)

and let @,(x;n,d) denote the number of primes r» < x with r = 1 (mod n)
and d | (r —1)/€,(r). Thus, wy(x;n,d) is the number of primes r < x which
split completely in L,, 4. We may thus use Lemmas 6 and 7 to estimate
w,(x;n,d).

Lemma 8. For

1 1/6
p < (logx)2/3 and n < %
log,
and any number A > 0, we have
(23, d) ! 1'()+o<5”)
wy(r;n,d) = —li(x )
! Lpna:Ql *\(logz)



Proof. We apply Lemma 6 to the primes that split completely in L, ,, 4. Thus,
#C =1 and #G = [L,,4 : Q]. Using Lemma 7 and the assumptions on p
and n, we have with A = A(L, ,,.4),

Lpna: Ql(log|A[)* < (dp(n))*log(dnp) < n’logya = o(logz).
Thus, for z sufficiently large, the condition (6) of Lemma 6 is satisfied. Also

max{|A[V et @ Jog |A]} < max{dp(n)p, dp(n) log(dnp)}

1
< dn(logz)*? < n*(logx)??® < ﬁ.
2
Therefore,
As(l 2
/6 < 1= 2(1 Og2 x) ’
ogx
so that

- 3 L _
ll(SL’) <2 < (logﬁ)Azloggaf

The second term in the inequality of Lemma 7 is smaller than this estimate
under the above restriction on the size of n, so we have the lemma. O

Remark. One can reduce the limit for p in Lemma 8 and get a much stronger
bound of the error term. However this does not affect our main results.

2.3 Proof of Propositions 1 and 2

We are now in a position to prove Proposition 1. For example, take the case
of Ry for p > 2. Let

N,

e = wp(w; 28 287 — oo (2% 2F)

— (wp(z; 281, 2571 — (a5 281 28))
Then N, is precisely the number of primes r < x with vy(¢,(r)) = 1, and
vo(r — 1) = k. Indeed, the first two terms count those primes r satisfying

these conditions plus some additional primes r for which vy(r — 1) > k, and
the last two terms remove from the count these extra primes r. Thus,

#Rpi(z) = Y Ny (7)

k>1

10



By the remark following Lemma 7 and by Lemma 8 (used with A = 2), if
2k+1 < (log 7)'/%/ log, x, we have

1 1 1 1 . T
Npk = <22k—2 T 92k—1 92k-1 + ﬁ) li(z)+ 0O <(logx)2) - (8)

Note that the coefficient of 1i (z) simplifies to 1/2?*. We apply (8) in (7) for
those values of k with 251 < (log x)'/%/log, x, and for larger values of k we
use that by the Brun—Titchmarsh theorem, see [17, Chapter 1.4, Theorem 9],

m(x
Ny < om(x;2F1) <« % for 2F < 21/2,

and also the elementary estimate

2
Npp < 2m(z;281) < 2—f for 2F > z1/2,

1 xlog,
5710+ 0 (g
The remaining cases of Proposition 1 follow in a similar manner, noting
that when p = 2 we can be in the situation when [L,,,, 4 : Q] = dp(n)/2.
The same method can be used to prove Proposition 2. Indeed, in the
expression for N, put a factor m in the four middle arguments and then
use Lemma 8 if m2**! < (log )'/%/log, =, the Brun-Titchmarsh theorem for
(logz)Y/%/log, x < m2F+' < 2'/2 and the trivial bound for m2*F+t > 2/2,
We suppress the details.

so obtaining

#Rp,l -

2.4 Ranks of curves E;

We need the following inequality which allows us study the rank of E; for an
arbitrary d > 1.

Lemma 9. For positive integers f,d with f | d, we have R,(d) > R,(f).

Proof. 1t is clear that E, contains the subgroup of points (z(t9), y(t9)), where
g = d/f. This subgroup is isomorphic to E;. O

11



For d a positive integer and p a prime, let d, be the largest divisor of d
whose every prime factor comes from R,, that is,

dy =[] r. (9)
TERp
We are now able to combine Lemma 9 with (1) to get the following result.

Proposition 3. Let F, be a finite field of characteristic p. For every positive
integer d we have

N e\dp g‘](e) -

Let A denote the Carmichael function; it is defined for each integer d > 1
as the largest order of an element in the multiplicative group (Z/dZ)*. More
explicitly, for any prime power [”, one has

)\(lu) _ lV_l(p - 1), lf l Z 3 or v S 27
2 if l=2and v > 3,

and for an arbitrary integer d > 2,
Ad) =lem [A(1") : "] d].

Note that A(1) = 1.
If d is coprime to ¢, then as is immediate from the definitions,

lo(d) < A(d).

We conclude from Proposition 3 that for any finite field F, of characteristic
p and any positive integer d, we have

‘P(dp)
d) > —4 1
3 Proof of Theorem 1
We begin with the upper bound (3) since it is easier. Note that
‘P
2 Rld < ) Lid) = ) D
dely () dely (x) dely(z) e|d bl
(e ) 1
<3 A _ng <oyl oy
e€lp(x e€ly(x n<wz e<z
ged(e,g)=1

Lq(e)=n

12



In [14, Theorem 1] it is shown that

$ 1 < gt/ Qs )

m<x
m odd
La(m)=n
for all sufficiently large x, uniformly in n. An examination of the proof shows
that for any integer a and all sufficiently large  depending only on a,
Z 1 < xl—(3+10g3 z)/(2logy )

m<x
ged(m,a)=1
Lo (m)=n

for all n. Using this estimate in the calculation above, we have

Rq(d) < x2—(3+log3 z)/(2logg x) l < x2—(2+log3 z)/(2logs x)
deuzp(x) nzgm n

for all sufficiently large  depending on the choice of ¢. Using Corollary 5
completes the proof of (3).

To prove the lower bound (2) in Thereom 1 we loosely follow the con-
struction from Erdés [4] to construct integers v with many solutions to the
equation ¢(n) = v. When p, the characteristic of F,, is odd, let u be an
integer such that u = 3 (mod 4) and the Legendre symbol (u/p) is —1; and
if p =2, let u=>5. Let 1/12 > § > 0 be a small absolute constant to be
chosen shortly, let z be large, and let

T = [M*% 21279 R = {rprime : r=u (mod 4p), P(r — 1) € T}.

Note that any prime r = wu(mod 4p) is in R,, so in particular, we have
R CR,. Let r,s,t denote prime variables. We have

HR(z) = > > 1= > > 1=58-5,

sel r<z s€L s<t<z/s r<z
r=u (mod 4p) r=u (mod 4p)
r=1 (mod s) r=1 (mod st)

say. Indeed, any integer n < z is divisible by either 0, 1, or 2 distinct primes
that are greater than 2'/2=2% so S; counts 0, 1, or 2 correspondingly if r — 1
has 0, 1, or 2 primes in Z; and S, makes the necessary correction in the case
of 2 primes, or in the case that » — 1 is also divisible by a larger prime.

13



We now recall the Bombieri—Vinogradov theorem which states that for
each A there is some number B such that

E max
=1

ged(a,m)
m<z1/2/1og®B 2z

li(z) < —, (1)

;m7 -
m(zim, a) ©(m) log” 2

see [17, Chapter I11.8, Theorem 11].
Using (11) and p fixed, we have by the Mertens formula

g . log((1—20)/(1~49))
' ¢(4p)

We reorganize Sy by letting (r — 1) /st = a, so that

2.2 2 b

a<z4 s€T s<t<z/as
ast+1=wu (mod 4p)
ast+1 prime

m(z) as z — oo. (12)

Note that since z/as > 2'/273% we have by Brun’s method (see [8, Theo-
rem 2.3]) that the double sum on s and ¢ is

> > 1 <

= ¢(4pas) log (z/as)

sel s<t<z/as
ast+1=w (mod 4p)
ast+1 prime
log((1 —26)/(1 — 48)) =
p(4pa) log” 2
Thus,
log((1 — 28)/(1 — 46)) = log((1 — 25)/(1 — 46))
Sy < ) m(2),
? a§5 ©(4pa) log® 2 o (4p) =)

where we use the estimate




Thus, there is an absolute choice for 6 > 0 such that for all large z
depending on the choice of p, we have Sy < S;/4. We now fix such a value of
J. Note that the identity #R(z) = S; — Sz and the asymptotic formula (12)
applied to z/2 show that #R(z/2) < (1/2+ 0(1))S;. We conclude that for
z sufficiently large, depending on the choice of p, that

log((1 — 20)/(1 — 49))

#(RN|z/2,z2]) > m(z). 13
(RN [2/2,2]) 52(1p) (2) (13)
Let x be large, and let
y = log z and z = yz/(l_%).
log, x

Let M, denote the least common multiple of the integers in [1,y]| and let
Q={reRnNlz/2,2z] : r—1]M,}.

We note for r € Q, we have P(r — 1) < y = z'/279. The number of primes
r < z such that £*|r — 1 for some prime power /¥ > y with k& > 2 is bounded

by
1 1
Z Z gik < 2 Z foy =17k < zy?/gzz‘

2<k<logz/log2 (:tk>y 2<k<log 2/ log 2

Combining this with (13) we have

z

#Q >

14
Hlogz (14)

for z sufficiently large depending on the choice of p, where

_ log((1 —20)/(1 —46))
6(4p) '

{long
m =
log 2z

and consider the set S of all products of m distinct primes from Q. Clearly

We now put

> d > (z/2)" = gl (15)

15



for every d € S. Recalling (14), we also have

b o (FO) 2 (HOYT L () ()T
m m log z z \logz

— rexp (—iogx(logzx + 0(1)))

0g 2

= zexp (— (1/2—8)logz + O(log wlog; x/ log, x)) = x/*Hotell),
Note that for every d € S we have
lo(d) | A(d) | M,,.
Thus, from the prime number theorem, we obtain that
lo(d) < exp((1+0(1))y) = z°M.

By the construction of & and Lemma 4 we have d € U, so that (1) can be
applied to compute R,(d). Therefore, (15) and a standard estimate for ¢(d)
imply that

<,0(d) d1+o(1) Lto(1)

—4 = = .
0,(d) o

Thus, using our estimate for #S, we have

ZRq(d) > $1+o(1)#3 > x3/2+6+o(1)

d<zx
which concludes the proof.

Remark. A key step in the proof is the use of the Bombieri—Vinogradov
theorem (11). We have applied this result in the proof to moduli 4ps with
s € Z. The Elliott—Halberstam conjecture looks superficially the same, but
the range for m is allowed to be much larger: For every € > 0,4 > 0,

E max

o ged(a,m)=1

z

w(z;m,a) — li(z)] <«

w(m) log” 2

Assuming this conjecture, the above proof gives Theorem 1 for every value of
a < 1. The idea is similar to the proof of Theorem 3 in [1] and is also men-

tioned in [6]. Let k be an arbitrarily large integer, let Z;, = [z1/*=1/K 21/k],

16



and let R be the set of primes r = u (mod 4p) with r — 1 divisible by k& — 1
primes from Z. The primes r < z constructed in this way have P(r—1) < 2",
where n = 1 — (k — 1)?/k?. Further, by the Elliott—Halberstam conjecture,
there are at least cj,7m(2) such primes r, where ¢;, > 0 depends only on
k and p. Let y = logz/log,x as before and let z = y'/7. We do not
have to worry about taking only those values of r that are > z/2; since
each r is already guaranteed to be at least 2'77, so that the values of d
formed at the end of the proof are > z!=7t°M) . Each of these values of d
has 1,(d) < 2°1) as before, so that R,(d) > x'~77°1). Moreover, as before,
there are x'7°W) / exp(log z log, x/log 2) = x'~"7°W) values of d, so that the
average in Theorem 1 is at least z'~27t°(1) Since k is arbitrary, this then
proves that the average is z'+o(),

4 Proof of Theorem 2

Our proof closely follows the proof of Theorem 2 in [5]. This result gives
the normal order of A(n), showing that for almost all n (that is, on a set of
asymptotic density 1), we have A(n) = n/(logn)1+te)lessn  Gince for all n
we have n > ¢p(n) > n/log,n, it follows that for almost all n we have

p(n)

) = (logn)!

1+0(1)) logs n

as n — oo.

We first note the elementary fact that
p(m) | ¢(n)

— 2 2 16

= X | 1o

Indeed, by the Chinese remainder theorem, there is an integer a such that

for each prime power [¥ | n we have (,(I) = A(l*). Then {,(n) = A(n)

and £,(m) = A(m). The canonical epimorphism from (Z/nZ)* to (Z/mZ)*

induces an epimorphism from (Z/nZ)* /{a) to (Z/mZ)*/{a), so that (16)

follows.
Let = be large and let y = log, x. In view of (10), it suffices to show that

1
log ¢(d,) —log AM(dp) = Y logy + O,(ylogy y) (17)

for all d < x with at most o,(z) exceptions, where d, is given by (9). (In
fact (17) is somewhat stronger than required in that we really only need a
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lower bound for the left side. Nevertheless it is interesting to know the true
order of p(d,)/A(d,) for almost all integers d.) For all d we have

logp(d,) = Y ulp(dy)logl, logA(d,) = D u(A(dy))logl,
! !
where the sums are over all primes [. It follows from (6) and (19) in [5] that
> ulMd)logl < u(Md)logl = ylogyy+O(y)
I<ylogy I<ylogy

for all but o(z) values of d < x. Using (16), we have for each prime [,

u(p(dy)) — vi(Mdp)) < uil(p(d)) — vi(A(d)).
Also, from (20), (21), and (22) in [5] we have

S () — @) logl < LB2Y (10042
ogy

I>ylogy

for all but o(z) values of d < x. It thus follows that

S (ulpldy) — () logl < L2V 4 (10 )2
logy

I>ylogy

for all but o(x) values of d < z. Thus, to prove that (17) holds for all but
op(x) values of d < z, it suffices to show that

1
> ulp(dy)) logl = 3Ylogy + Oy(ylog, y) (18)

I<ylogy

holds for all but o,(z) values of d < .
As in [5], we prove (18) using the Turdn—Kubilius inequality. We recall,
that for real-valued additive functions g(n) it asserts that if

E(g,z) = Y _ g(iy) (1—%), Vigz) = Y g(::) :

r
rv<wz rv<z

then
> (g(n) = E(g,2))* < 102V (g, ), (19)

n<x
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see [17, Chapter II1.3, Theorem 1]. Let

h(n) = Y wlem)logl, hy(n) = hin,) = Y wlelny))logl,

I<ylogy I<ylogy

so that h and h, are both additive functions. It is shown in [5, pp. 366-367]
that
V(h,z) < y(logy)>.
Since V' (hy, x) < V(h,z), we have V(h,, ) < y(logy)>.
For the determination of E(h,,x) we use Proposition 2. Since h,(r") <
log(r"), we have

E(hyx) = ) —%ff” <1 - %) =D hpT(T) +0(1).
Now

hy (7 v (r —1)logl
DL I PR LU SR DS

r<z I<ylogy r<zx I<ylogy i>1 r<z
r€ERp TERp
v (r—1)=t

The inner sum is O (y/I*), so the contribution for values of i > 1is O(y). We
conclude that

E(hy,x) = Z log ! Z %+O(y). (20)

I<ylogy r<x
T€ERp
r=1 (mod 1)

Recall the notation Q,,,, from (5). We use partial summation on the inner
sum in (20) getting

Z 1 #Qpl / #Qpl
r€Qp (x) "

We use the estimate #Q,,(z) < 7(z;1,1) < 7(z)/l for z < exp(I”), and we
use Proposition 2 for larger values of z, getting that

2. % - 3(zy—1)+0<ngl>'

reQ, i(x)
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Putting this into (20) we get that

ylogl 1
E(hy,z) = 30— 1) +0(y) = gylog(ylogy) + O(y).
I<ylogy

We now use this estimate for E(h,, ) and our earlier estimate for V' in
the Turan Kubilius inequality (19) applied to the function h,. We get that
the number of d < z with

> ylogyy

1
hy(d) = gylogy

is O (zy(logy)?/(ylogy y)?) = o(x). This concludes the proof of (18) and so
proves the theorem.
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